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Preface

The monograph text is based on lectures delivered by author during many
years for students of Applied Iechanics Department of Bauman Ioscow
State Technical University. The monograph includes also analitical results of
scientific research obtained in collaboration with industry.

Progress in developing new equipment has called for a better understand-
ing of the physical peculiarities pertaining to the action of designed structures
in real conditions. This is necessary for increasing the accuracy of the analysis
and making these structures more reliable.

It has been found that classical determined perturbations are not principal
and that determinism-based methods of classical mechanics prove insufficient
for understanding and explaining physical effects that arise at the operation
of instruments located on moving objects, the vibration of rocket engines, the
motion of a vehicle, and the action of wind and seismic loads. Therefore the
necessity arose for devising a new physical model to analyze these dynamic
processes and, in particular, for creating a new mathematical apparatus that
would allow us to take into account non-deterministic external excitations.
The theory of random processes that had been developed well enough as
applied to problems of radio engineering and automatic control, where the
effect produced by random excitations appeared to be commensurable with
that of deterministic excitations and where the ignoring of the random ex-
citations would bring about incorrect results, became such an apparatus.
Therefore the theory of random processes began to be used for the solution
of specific problems relevant to radio engineering, in particular, earlier than
for the analysis of mechanical systems where the random excitations were
frequently being ignored. In many applied problems such ignoring of random
excitations, the more so really small ones, is quite allowable and their solu-
tion does not require the use of statistical mechanics. If, however, random
excitations are comparable (in probability characteristics) with known forces
and especially when only random excitations act on the system, the classical
methods of analysis become unacceptable and the obtainment of numerical
results demands the use probability-based methods. Therefore introducing
statistical methods of analysis in practical design is a necessary condition of
making reliable structures.
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It is impossible to increase the reliability of new equipment designed for
operation in extreme conditions and meeting the most stringent requirements
to operation accuracy and reliability, and at the same time to achieve a
reduction in the material input per unit of consumption, without the use of
statistical mechanics.

The first four chapters are devoted to the fundamentals of the theory of
probabilities and random processes. Consideration is given to random quan-
tities and functions and their probability characteristics; probability density
distribution functions; and mathematical expectations and variances. Dif-
ferent types of distribution laws encountered in practical problems are ex-
pounded. Non-stationary and stationary random processes that are of prac-
tical importance in analyzing the vibrations of mechanical systems are ex-
amined. Principal results of the special theory of stationary random func-
tions and the implementation of spectral presentation of stationary random
functions at steady-state vibration analysis are described, and the theory of
Markovian processes is discussed.

Chapters 5—-8 are concerned with the random vibrations of systems with
a finite number of degrees of freedom and of systems with distributed param-
eters. The theory of random vibrations is presented similarly to the classical
theory of vibrations that allows us to establish in the most obvious manner
in what way these sections of mechanics (determined vibrations and ran-
dom vibrations) are related and where they differ. The methods of analyzing
random vibrations presented in the textbook make it possible to investigate
dynamic processes that arise in mechanical systems (i.e. to determine the
probabilistic characteristics of the generalized coordinates of a system and of
their derivatives for a system with a finite number of degrees of freedom, and
to obtain the probabilistic characteristics of the state of stress and strain of
a system with distributed parameters).

The ninth chapter deals with the fundamentals of the theory of reliability
and analyzes numerical methods of determining the probability of no-failure
operation of mechanical systems under a single or small number of loading
cycles and at a confined time of the process.

The use of methods of statistical mechanics in practical design becomes
a possibility only when statistical information about random perturbations
is available, but there are cases where we cannot obtain such information
to the extent required for the design. In our presentation of the theoretical
fundamentals of statistical mechanics we assume that the necessary informa-
tion about random perturbation is known. In engineering practice, however,
the situation may be different due to a very large volume of experimental
investigations involved that sometimes turns out to be unfeasible because of
technical difficulties or inadequate financing. The problem of obtaining the
probability characteristics of perturbations is much more difficult than that
of finding a subsequent solution to equations of the state of a system. There-
fore this textbook,contains,a,chapter,expounding the theory and numerical
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methods of analyzing problems of the dynamics of mechanical systems when
the available information about random perturbations is insufficient for a
design that uses statistical mechanics.

Moscow, June 2002 Valery Svetlitsky
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Introduction

When investigating dynamic processes that arise, for example, in mechanical
systems, we often have to deal with the analysis of possible actions, the nature
of which is not completely clear to us. These actions can be caused by both
external uncontrollable (random) excitations and uncontrollable variations in
the geometry and parameters of a system.

For instance, actions of this kind include the irregularities of a road
or an airfield pavement that cause vibrations of objects moving on them
(Fig.0.1), the gasdynamic and technological misalignments of a jet engine
thrust (Fig.0.2), and the scatters of the parameters of amortization systems
(Fig. 0.2). When these uncontrollable actions of external forces and scatters
of the parameters of a structure do not produce any essential troubles in the
behaviour of a system and can be neglected, we obtain a practically exact
solution. This point of view is characteristic of classical mechanics and, in
particular, of the classical theory of vibrations, where it is usual to assume
that at the given initial conditions (known with certainty) and known forces
for every instant of time there is a unique state of the system and their time
sequence is developed in a uniquely determined “trajectory”. It is common
practice to call such one-to-one relationship between the state of the system
and time as deterministic. A deterministic relationship between the state of
a system and time completely excludes the presence of various uncontrollable
actions in nature. The classical theory of vibrations is confined to determin-
istic processes, practically not focussing attention on the analysis of random
processes.

Fig. 0.1.
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Fig. 0.2.

There was a period in the development of classical engineering when sci-
entists and designers considered randomness an annoying obstacle, which,
theoretically, could be avoided by a more careful conduct of the experiment.
They also believed that the scatters of the initial data and forces were of no
important significance and could be made arbitrary small using more precise
instruments. The microworld was the only domain where they admitted the
true role of randomness (works of Maxwell and Bolzmann on the theory of
gases), whereas in the macrouniverse it was regarded as a consequence of our
superficial knowledge of the laws of nature. Laplace gave an exact wording to
this approach: “An intelligent being that at each given instant would know
all driving forces of nature and have a complete picture of its state could, pro-
vided his mind were able to make a sufficient analysis of these data, express
by one equation both the motion of the world’s largest bodies and that of the
smallest atoms. Nothing would remain unknown to this creature capable of
taking a simultaneous view of both past and future” (Laplace. The Analytical
Theory of Probabilities). Some difficulties arise, however, when one tries to
put this statement in practice. They are connected with the obtainment of
information about the position of the bodies of a system and their velocities
at a given instant of time. It is practically impossible to find out these pa-
rameters. For example, the motion of the molecules of a gas can be described
by differential equations, but to solve them it is necessary to have the initial
conditions at a given instant of time, i.e. we must in a trice get information
on the position of the molecules in space, which is practicable only during its
transmission at an infinite velocity, and this cannot be achieved, because no
signals can be transmitted at a velocity greater than that of light. Therefore
the problem of obtaining information about the position of the molecules
takes on fundamental importance. Another tacitly used assumption to the
effect that absolutely exact measurements are theoretically possible (we can
obtain absolutely exact values of the molecules’ coordinates and of their first
derivatives). This contradicts the Heisenberg uncertainty principle. Thus, it is
in essence impossible to obtain accurate information on the initial state of the
gas molecules, and hence we cannot predict the behaviour in time. A strictly
one-to-one relationship between catise and effect requires continuous copying
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of the surrounding world, which absolutely excludes the occurrence of a new,
qualitatively different phenomenon. If it were really so, the evolution of the
world with its continuous change and qualitative variation in life forms would
be impossible. All this suggests that randomness is not a consequence of our
ignorance but an objective reality. The Gauss principle of least constraint to
derive which we use the methods developed for the analysis of probability
problems can be a good example proving the reality of randomness.

The Gauss principle of least constrain is formulated in the following way
[12, 43]: the actual motion of a system under the action of forces and imposed
boundary constraints without friction differs from motions being executed un-
der the same initial conditions by the property that for the actual motion the
measure of a deviation from a free motion, i.e. the constraint is a minimum.
By the constraint at a given instant Gauss means a measure of deviation of a
system moving under the action of external active forces (with due account of
holonomic and nonholonomic constraints imposed on the system) from a free
motion, which it would have since the considered instant under the action
of the same external forces, if the constrains imposed on it were eliminated
beginning from that instant. Let us first recall the mathematical formulation
and the notation of this principle. Then we consider the positions of a ma-
terial point mass m; at the instants of time ¢t and ¢t + At (Fig.0.3). Now let
us expand the function r; (t + At) in a series and confine ourselves by the
square-law part of expansion

1
r; (t + At) = r; (t) + 1, At + Ei‘iAt2. (0.1)
v, Bm
Fom =
B
r{t + A
".(0 ri(!'+ .ﬂf)

/

Fig. 0.3.

The vector r; (t + At) characterizes the position of the mass m; with due ac-
count of the constraints imposed on its motion. If the constraints were absent,
the position of the point at the instant ¢ + At would be defined by a vector

rl(l) (t + At), which can be presented within the third order infinitesimals as

r ¢+ 4t) = ) () + 1At + JxD A,
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or (as £V () = r; (1), ¥ (¢) = 14 (t))

1
e (t+ At) = r: (1) + 2t + SED AP (0-2)

In the absence of constraints the equation of motion of the point takes the
form

mifﬁl) =Fy, (0.3)
therefore we have

1F;

The distance between the positions of the point at the instant ¢ + At during
the action of constraints and without them is equal to

BOUB = Ar; =1, (t + At) — 1) (¢ + At) = % (r - %) At?, (0.5)

T

The vector Ar; defines the deviation of a material point at its actual mo-
tion from the position in which it would find itself at free motion. For a
measure of deviation of a point from its free motion Gauss takes a quantity
z;, proportional to the square of deviation lArilz, which is referred to as a
“constraint”

1 (. F\°
Z; = §mi (ri _ ——i) . (06)
For all points of the system we have
1 F.\’
== i | ¥ — — .7
=3 2 m <r 1) (0.7)

where

3 2
2(1) _ . Fy
20 =Y (8- 1)

=1

The Gauss principle is that at any instant of time the constraint for the
actual:motionsof-arsystem-ass:compared with a kinematically possible motion
has the least value
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n
z= Z %zf(l) = min. (0.9)
i=1

The idea of the measure of deviation of a system from a free motion in the
form of the sum of quantities proportional to the squares of deviations of
the material points of a system is closely connected with the works of Gauss
on the theory of errors, in particular, with the method of the least squares
allowing us to determine the unknown quantity with the least root-mean-
square error. The method of the least squares relevant to the analysis of
random phenomena results in relationships similar to relationship (0.9).

In the theory of the least squares the basic problem is formulated as
follows: there are unknown functions y; and their known values y;0, then the
measurement errors are

0; = Yi — Yio-

If y;0 have different variances o;, then the multipliers p;, dependent on ¢; are
entered. Assuming that the mistakes d; obey the normal law, the following
theorem is proved. For the unknown y; to have the most probable values, it
is necessary that the expression

k
2= pil}
=1

take the minimal value, and this expression at

p‘i=2> i

and k = n transforms into expression (0.9).

Turning back to the Gauss principle, we can formulate (with due account
of the result adopted from the theory of errors and cited above) in terms
of the theory of probabilities, namely, the true motion of a system differs
from its kinematically possible one by having the greatest probability. The
relation between the method of least squares and the Gauss principle of
least constraint represents something more than a simple analogy, i.e. the
difference between the actual motion of a body and its possible motion is
probabilistic in character. The Gauss principle has an essential advantage
over that of d’Alambert: it enables us to obtain the equations of motion
of a system at any nonholonomic constraints. This means that the Gauss
principle is the most general principle of mechanics and allows a probabilistic
interpretation! In modern physics we have come to realize with the utmost
clarity the irrefutable fact that randomness cannot be completely excluded
from analysis and should be taken into account as a component of any theory.

Not all researchers; however; have shared this point of view. Many physi-
cists and mechanics considered taking randomness into account a temporary
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deviation from classical theories and believed that in the process of storing
knowledge the role of randomness would be reduced to zero. According to
them, a much better understanding of physical processes in the future will
make it possible to explain the phenomena that seem random to us today
as a manifestation of entirely deterministic processes now inaccessible to our
mind.

The proponents of the opposite viewpoint on randomness maintain that
only the probability methods of analyzing the processes can give us a correct
answer. In the opinion of the supporters of the probability interpretation
of the laws of nature, classical mechanics is a particular case of statistical
mechanics impossible to achieve in practice because, in fact, the exact value of
initial conditions and forces cannot be found out not only in the microworld,
but in the macrouniverse as well.

There are also scientists who argue that determinism is a mathematical
convention allowing us to simplify the analysis of many complex processes,
in which we can limit our analysis to mere average values.

Consider a ball (Fig.0.4) [11] moving in the direction z between two
rigid walls positioned at a distance +![ from the origin of coordinates. Let
us assume that at the initial instant of time the ball was in the origin of
coordinates and obtained the velocity #o under the action of an impulse
of force. Theoretically, we can predict the subsequent motion of the ball
and its exact position between the walls at any instant of time ¢ (provided
the sphere is producing a totally elastic impact on the walls). This would
make the motion of the ball completely deterministic. But in a real rather
than theoretical set up the motion acquires a different pattern because it
is impossible to determine the initial velocity with absolute accuracy. We
know this velocity with a certain error Az, no matter how small it may be.
Therefore the position of the ball (coordinate z) will also be determined with
an error equal to

Az = Ai:ot,

which at sufficiently large time will exceed the distance 2] between the walls.
Henceforward:wescamonly tellithatithe ball is somewhere between the walls
— the answer that we can hardly call deterministic.
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The considered points of view are diametrically opposite and have a mere
philosophical value. In the applied context, none of the physical processes
may be regarded as either strictly deterministic or completely random. As to
what category a given specific process falls into, it depends entirely on the
accuracy of the available initial data, on what final results we are after and
on how accurate they must be.

There are many applied problems that can be described by exact mathe-
matical relationships. Practically, we may consider them deterministic (e.g.,
the motion of a satellite in an orbit). However, there is no less extensive class
of physical processes that are obviously not deterministic in character, such as
the vibrations of a vehicle at its motion on a road with random irregularities
(Fig. 0.1 a), the vibrations of elastic systems under the action of a random
wind load (Fig. 0.5), the launch of rockets at random misalignments of thrust
(Fig0.5), etc. In the presented examples the effect of the action of random
excitations plays a rather fundamental and sometimes the determining role.
That is why we must not neglect random excitations. The principal general
properties of random processes are the uncertainty of expected behaviour
for any single realization of a process and the obviously pronounced statisti-
cal characteristics of a set of a large number of realizations. Designers show
less interest than philosophers and theoretical physicists for our world in the
context of it being casual or cause-determined. The former are much more
interested in finding reasonable solutions to applied problems they tackle. If
a designer knows everything that is necessary for the solution of a problem,
can estimate the influence of the initial data’s scatter on the final result and
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establishes that this influence may be neglected, he uses methods of classical
mechanics. If the uncertainty of the initial data or an indeterminacy in spec-
ifying forces that act on the system are great, he has to address himself to
methods allowing him to eliminate this uncertainty, in particular, to methods
of probability theory and statistical dynamics. The idea that some time in
the future this uncertainty will be eliminated is a poor consolation for the
designer at the given moment.

One of the prejudices against the propagation of the probability methods
of analyzing mechanical systems is connected with the impossibility of an un-
equivocal quantitative prediction of the system’s behaviour as it can be done
on the basis of the laws and methods of classical mechanics. Many researchers
hold that the only kind of prediction having the right to be called scientific
is an exact quantitative prediction of the future events. Some complain of
the imperfection of statistical laws to the effect that they do not allow us to
draw certain conclusions and make definite predictions concerning individual
events. However, when it is required to predict results characterizing the be-
haviour of a large number of separate random events, statistical methods give
more substantial information, and a prediction of the behaviour of a separate
body based on these methods is as definite as that made using methods of
classical mechanics.

The possibility of repeated realization of a random event in practically ho-
mogeneous conditions is indispensable for applying probability theory meth-
ods. The use of probabilistic methods of investigation becomes meaningful
only at mass events. When using probabilistic methods in design practice, the
principal difficulty is that the probability characteristics of stochastic func-
tions can be obtained only given a large number of random process realiza-
tions. This can entail large technical difficulties in carrying out experiments
or large economic expenses. In order to obtain the probability characteristics
of random irregularities of a road or an airfield pavement (Fig.0.1 b) we need
a set of records of microprofiles of different sections of the road, and for each
road (earth, Belgian pave, etc.) these records of microprofiles are different.
Their obtainment is a very labour-consuming work. However, the process
of accumulating statistical information about random perturbations goes on
and therefore the role probabilistic methods becomes increasingly important.

Today the correlation theory is one of the principal methods of analyzing
random processes. It allows us to obtain similar probability characteristics
of the output at known probability characteristics of the input. We empha-
size once again that these characteristics are meaningful as those of a set of
processes and not of an individual one. If, for example, 1000 identical auto-
mobiles move at an equal speed on roads of the same type, it is possible to
predict, on the average, how the given type of road (input) acts on this kind
of automobile. For instance, we can determine the mathematical expectations
and variances (output) in sections of the chassis frame. If only one automobile
moves on thelimited sectionof theroad, it is impossible to obtain the proba-
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bility characteristics of the output (without additional assumptions). A single
launch of a rocket illustrates the point even more convincingly (Fig.0.2).

During the motion along the guide random forces caused by the misalign-
ments of thrust (input) act on the rocket, therefore at the moment of leaving
the guide it obtains random scatters (output) of an angle Apy and an angu-
lar velocity Agg. Using the correlation theory we can formally determine the
mathematical expectations (or rather mean values) of the scatters (Aw; and
Aypy) and their variances, but the reliability of these results is very small.

In the rocket-launch example we deal with a more complex problem of
taking into account the uncertainty of variation of thrust misalignments,
because we do not know which of the possible random laws of thrust mis-
alignment variation will be realized at the given single launch. If 1000 rockets
were launched, we could use the probability characteristics of the input (of
thrust misalignments) and obtain the probability characteristics of the out-
put (Apx and Agy) for the whole series of launches. It cannot be done at a
at a single launch, but we may assert that with an increase in the number of
launches the obtained values of the output (Ayx and A¢y) approach, on the
average, ever more closer their theoretical values. Usually, during the analysis
of random processes in mechanical systems, in particular, of non-stationary
processes it is tacitly implied (an assumption enabling us to use the math-
ematical apparatus of the theory of random processes) that the condition
of making the process massive is carried out. As regards stationary random
processes the acceptance of the ergodicity-of-the process hypothesis allows
us to consider only one realization instead of a large number of realizations
and to obtain information sufficient (within the framework of the correlation
theory) to predict the behaviour of the system. This approach to the analysis
of random processes appears to be quite sufficient for many applied problems.
That is why the correlation theory has become so widespread.

Having an algorithm making it possible to determine the probability of
no-failure operation, we can increase this probability by changing the struc-
tural parameters of a system, i.e. to design a more reliable product. It does
not always happen, however, that the probability estimations of quality prove
acceptable. Not infrequently it is required that the warranted performance
criteria of the process be satisfied. For example, during the launch of one
rocket the need arises for it assuredly hitting the given area. The 0.9 proba-
bility estimate of such a hit, for instance, does not guarantee a success.

Any estimation of a random process or of test outcomes by probability
theory methods is not absolute and may have different interpretations de-
pending on the requirements to final results. In one of his poems M.G. Kendall
[4] aptly depicts how varied viewpoints on the same final result can be. The
poem is given in Appendix 4.

So, a designer should independently choose methods of analysis on the
basis of available information about random perturbations.



1. Fundamentals of the Probability Theory
and the Theory of Random Processes

1.1 Brief Information on the Probability Theory

1.1.1 Basic Concepts of the Probability Theory

In many fields of technology we have to deal with special phenomena which
are usually called random phenomena. Let us consider, for example, the pro-
cess of manufacturing parts of the same type. We may establish, that the
dimensions of the parts will vary about a certain predetermined value. Since
these deviations are of random nature, the measurements of the finishéd parts
do not allow us to predict the dimensions of the next part. For large batches
of the parts, however, dimensional deviations begin to follow certain laws,
which are studied by a special mathematical discipline — the probability the-
ory, that reflects the laws inherent in random events (phenomena) of a mass
character. There are many monographs on the probability theory containing
a detailed discussion of the basic concepts and methods of that theory as well
as of the random functions theory. This chapter, therefore, introduces only
those concepts and results related to the probability theory which have been
used in the subsequent chapters of the book. One of the principal virtues of
the probability theory, that enables us to use the latter effectively, for ex-
ample, in the mechanical structures design, is the possibility to estimating
quantitatively such emotional concepts as “probably”, “hardly probably”,
“highly probable” etc. We know, that in order to design a machine, an in-
strument or a flying vehicle, it is necessary to obtain the numerical values
of its structures parameters and of its quality (serviceability) criteria includ-
ing the probability quality criteria. To compare structures according to the
probability criteria we must know the numerical values of probabilities (for
example, the probability of no-failure operation). The probability theory and
the sections devoted to the statistical mechanics of mechanical systems, based
on this theory, allow us to accomplish all of this.

Phenomena that either may or may not occur, are referred to as random
events. For example, an air gust, acting on a television tower (Fig. 1.1) is a
random event. The event, that unavoidably occur, is called a certain event.
An event, that definitely can not occur is called an impossible event. In order
to establish whether some random event will happen or not, it is necessary
to carry out an experiment or, as it usually said, to make a trial.
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Investigations show, that events, random at a single trial, at a large num-
ber of trials (under invariable conditions of trial) begin to follow some non-
random laws, which have come to be known as probability laws. The number
of event occurrences at trials is characterized by the frequency of an event W
occurrence. The ratio of the number of trials n, at which the event occurred,
to the total number of performed trials N is referred to as the frequency of
event W.

This implies, that the results of events in a series of trials are mutually
independent (random events are called independent, if the occurrence or lack
of one of them in no way affects the occurrence of another).

The frequency of events is to some extent an inherent characteristic of
a phenomenon. It is a random quantity, however, depending on a particular
series of trials. At a very large number of trials the frequency W almost ceases
to vary, approaching some quantity P, which is referred to as probability.

It is worth noting, that the character of a frequency approaching the prob-
ability as the number of trials increases somewhat differs from the tend to a
limit as it is understood in higher mathematics. When in higher mathematics
we say that variable x,, tends to a constant limit a with an increase of n, we
mean, that the difference |z, — a| becomes less than any positive number &
for all values n, beginning from some sufficiently large number. We cannot
make such statement about the frequency of an event and its probability,
because it is quite possible, that at a large number of trials the frequency of
an event will deviate considerably from its probability. The more the num-
ber of trials, however, the less probable is such pronounced deviation. The
concept of convergence in probability is introduced in the probability theory,
i.e. the random quantity z, converges in probability to the quantity a as n
increases, when the probability of an inequality |z, — a| < € indefinitely ap-
proaches unity as n increases. This statement is the content of the Bernoulli
theorem — “when the number of homogeneous independent trials increases
indefinitely we may safely say, that the frequency of an event will differ from
its probability as little as one likes”.

Therefore, if event A repeats a large number of times (V) and in so doing
has an indication B in n cases, and the results of the events in this sequence
are mutually independent, the probability of indication B occurrence is

..n

P(B) = Jim -

Knowing the probability of an event, we may predict, without performing
any trials, the frequency of its occurrence at a large number of trials. We may
also state that the probability of an event is a measure of the possibility of
its occurrence at one trial.

The statistical definition of a probability allows us to determine:

1) The probability of a certain event (equal to unity);

2)y Theyprobabilityofrangimpossible event (equal to zero);
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3) The probability of an arbitrary random event A (equal to a positive
number which is not exceeding a unity, i.e. 0 < P (4) < 1).

If we have two events A and B, and the probability of event A does not
depend on whether event B occurred or not, such two events are referred to
as independent. Event A is termed dependent on event B, if the probability
of event A varies depending on whether event B occurred or not. The prob-
ability of event A, calculated on condition that event B occurred, is called
the conditional probability of event A and designated as P (A|B)

Basic Probability Theorems

1. The Probability Addition Theorem The probability of a sum of two
incompatible events is equal to the sum of their probabilities, i.e.

P(A+B)=P(A)+ P(B). (1.1)

2. The Probability Multiplication Theorem The probability of a
product (coincidence) of two events A and B is equal to the product of event
A probability by the conditional probability of event B, i.e.

P(AB) = P(A)P(B|A). (1.2)

The probability of a product of two events A and B can be expressed in
terms of the event A conditional probability. In this case

P(AB) = P(B)P(A|B).

The probability of the joint occurrence of two independent events is equal
to the product of their probabilities, i.e.

P(AB) = P(A)P(B). (1.3)

3. The Formula of Total Probability The corollary of the probabil-
ity addition theorem and the probability multiplication theorem taken to-
gether is a so-called formula of total probability. Let it be required to de-
termine the probability of an event A, which can occur together with one of
the events B; (j = 1, 2,..., n) that form a complete group of incompatible
events, termed hypotheses. Several events in the given trial form a group of
events, if, as a result of trial, only one of them unavoidably occurs. As the
hypotheses B; constitute a complete group, event A can appear only in a
combination with any of these hypotheses, i.e.

A=BA+ ByA+ ...+ BhA.

Since the hypotheses B; are incompatible, the combinationsB;A are in-
compatibleptoomConsequentlypapplying the addition theorem to them, we
get
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n

P(A) =Y P(B;A).

=1

Taking advantage of the multiplication theorem, we finally have for each
of the terms in the right-hand side of the obtained relation

P(4) =" P(B;) P(A|B;). (1.4)

The expression (1.4) is referred to as the formula of total probability.

4. The Bayesian Formula (Theorem of Hypotheses) This for-
mula is a corollary of the multiplication theorem and the formula of to-
tal probability. Let there be a complete group of incompatible hypotheses
B;(j = 1,2,..., n). We know the probabilities of these hypotheses before
trial. They are equal to P (B;). A trial has been performed resulting in the
occurrence of an event A. The question arises: how should we change the
probabilities of the hypotheses in connection with this occurrence?

Let us apply the formula for conditional probability P (B;|A) to each
hypothesis and take advantage of the multiplication theorem

P(AB;) = P(A)P(B;|A) = P(B;) P(A|B;).

It follows from the obtained relation that

B;) P(A|B,)
P (A)

P (B 14) = 2L

Using the formula for total probability, we finally get
P(B,) P(A|B,)
P(B;) P(A|B;)

P(B;|4) =

s

I

j=1

1.2 The Distribution Function and the Probability
Density of a Random Variable

The Distribution Function One of the principal concepts of the probabil-
ity theory is that of the random variable. A quantity will be called random,
if, as a result of trial, it takes this or that value, unknown in advance. A
random quantity can be discrete or continuous. A random variable will be
completely defined from the probability point of view, if we know the prob-
ability of occurrence of each of the values, taken by the random variable.
Such correspondence is referred to as a distribution law of a discrete random
variable. The distribution law of a discrete random variable X, which will
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take one of z;(j = 1, 2,..., n) possible values as a result of trial, can be
presented as a table (or a row of distribution):

Table 1.1.
Iy To2 X3 ... ITn
P P, Py ... B,

Knowing the row of a random discrete quantity distribution, we may
obtain the function defining this distribution, which takes the form

F(z)= Y P(X =uz;). ~ (1.6)

z; <z

The inequality z; < = under the summation sign indicates, that the sum-
mation covers all values of z;, which are smaller than z. The function F'(z) is
referred to as the distribution function of a random quantity z. When a vari-
able z goes through the possible value X, the function F(z) varies stepwise,
and the magnitude of the jump is equal to the probability P; of the value z;
occurrence. The incompatible events z; form a complete group, therefore

F(z)=) P =1,
j=1

i.e. the distribution function can not exceed unity.

For a continuous random quantity the probability of an event means the
probability of an event X < x, where z is some current variable. In this case
the probability P(X < z) is some function of z, which by analogy with a
discrete random quantity is referred to as a distribution function:

F(z)= P(X < 1). (1.7)

Sometimes the function F (z) is called a distribution function or an inte-
gral distribution law. The distribution function is the most universal charac-
teristic of random quantities, both discrete and continuous.

The distribution function should meet the condition

0< F(z)) <1. (1.8)

It follows from the function F' (z) definition (see (1.7)), that at any arbi-
trary large  the function F (z) can not exceed unity (as F (z) is a probability
and the probability can not be more than unity)

F(o0) = lim F(z)=1.

I—>00
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As the probability P (X < z) can not be smaller than zero, it follows from
(1.7), that

F(—o00) = z_lﬁr_p@F(:E) =0.

A F(x)

¥

Fig. 1.1.

. The approximate view of a distribution function for a continuous random
quantity is shown in Fig. 1.1. When solving applied probability problems, we
often find it necessary to determine the probabilities of a random variable
X taking a value limited by a certain interval, for example, that of (a, b).
For definiteness, let us agree to include the left end of the interval (a, b) in
the latter, leaving its right end b outside it. Then, the fact that the random
quantity X falls within the interval (a, b) is tantamount to the fulfillment of
the inequality

a< X <b.

Let us express the probability of this event in terms of the random variable
X distribution function. Let us consider three events: an event , consisting
in that X < b; an event , consisting in that X < a; an event C, consisting in
that a < X < b.

As

A=B+C,

then from the probabilities addition theorem (1.1) we have
P(X<b)=PX<a)+Pa<X<bh)

or

F(b)=F(a)+Pa< X <b).
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Therefore we finally get
Pla< X <b)=F(b) - F(a). (1.9)

Probability Density Let us consider a continuous random quantity X
with a known continuous and differentiable distribution function F (z). Let
us determine the probability of a random quantity falling within an interval
(z, z + Ax)

Plr< X <z+ Az) = F(z+ Az) — F (z), (1.10)

i.e. the probability P is the increment of the distribution functior, in this
section. It is clear, that the smaller Az, the smaller the probability of X
falling within the interval (z, £ + Az). Therefore the left-hand side of equality
(1.10) may be replaced by

AP (z < X <z + Azx).

Let us consider a ratio of a probability AP to the length of an interval at
Az approaching zero
AP : -
im AP _ F (z + Az) F(:c)
Az—0 Ax  Az—0 Azx

Limiting ourselves to the linear part of the expansion F (z + Az) in series
we get
dpP
—— =F'(z). 1.11
= F (@) (L.11)

Let us introduce the notations

F'(z) = f (), (1.12)
therefore
dP = f (z) dz.

The function f (z) is referred to as the continuous random variable X
distribution density. It follows from (1.12) that

F(z)= / f(z) dz. (1.13)

Letting the upper limit to approach infinity, we shall get

o0

F(o0) = /f(x)d:nzl.

— 00
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Af(x)

Fig. 1.2.

The probability of the random quantity X being in the interval (z1, z3)
is equal to

Pz, < X <x9) = /f(x) dz. (1.14)

An approximate form of the probability density function is shown in
Fig. 1.2. The probability P (z; < X < z,) is numerically equal to the shaded
area in Fig. 1.2. The distribution function of a random quantity and its prob-
ability density are different forms of the random quantity distribution law.

1.3 Numerical Characteristics of Random Quantities
and Their Principal Properties

The distribution law given by the function F' (z) or by the density of distribu-
tion f (z) is the exhaustive characteristic of a random variable (or a system
of random variables). In practice, however, this exhaustive characteristic can
not always be obtained owing to the limited nature of experimental results
either because of the complexity of their acquisition or due to of their large
cost. In such cases the approximate description of a random quantity obtained
with the help of the minimum number of nonrandom characteristics reflecting
the most essential features of distributions are used instead of distribution
laws. It is often sufficient to point out only separate numerical parameters
characterizing the essential properties of a random variable distribution, for
example, a mean value, about which the possible values of a random quantity
are clustered or a number describing the degree of the scatter of the random
quantity about its mean value. Such nonrandom characteristics, which allow
us to express the most essential features of a distribution in a condensed
form, are referred to as the numerical characteristics of a random quantity.
Forexampleypsuchmumerical-(nonrandem) characteristics for a single random
quantity X are its mathematical expectation and variance.
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Expectation An arithmetical mean value is the simplest numerical char-
acteristic of a discrete random quantity X in the given series of trials

N
1
MX]=m; = = >, (1.15)
=1

where m/;, is the mean value of a random quantity; NV is the number of trials;
x; are the values of a random quantity, which it toek at these trials; M is an
averaging operation.

In technical literature two more notatlons for an averaging operation are
also used:( ), E. Later on the notation M is taken for an averaging operation.

If some values z;, taken by a random variable X, repeat themselves n;
times, it is possible to divide all values z; into R groups and to present the
expression (1.15) as

R n; k k
Z N 7 ZVijL‘j, Zl TLJ' =N ; (116)
j=1 i=1 i=

where W is the frequency (statistical probability P;) of z; occurrence. There-
fore the mean value of a discrete random variable is equal to

k
m{) = Z x; P;
=1

The mathematical expectation for a continuous random variable X is
equal to

oo

Miz]=m, = /de /:vf (1.17)

-0

Variance It is possible to take the mean value of any positive measure
of a random quantity deviation from its mean value, for example, the square
of a difference between the values of a random quantity and its mean value
for characterizing a scatter of discrete random quantity values in the given
series of trials

k k
M(X?| =D, =3 B(@-m)’ =Y 2% (fi=z-m), (118)
=1 =1

where ©; = z; — m/, is referred to as a centered random quantity.
The quantity D7 is referred to as the statistical variance of a random
guantityX.In practical,calculations,it,is more convenient to use the quantity
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oy, = /DL, (1.19)

which is referred to as a statistical standard deviation.
For a continuous random quantity the variance and the standard deviation
are equal to

D,=M [Xﬂ - 7 (z —mg)? f (z) dz

o, =/ Dg.

It is possible to estimate the probability of a random quantity deviation
from its mean value by some value o using the formula of P. Chebyshev

D,
P(X =mq| 2 @) < —. (1.21)

(1.20)

Principal Properties of Expectation and Variance
1. The expectation of a deterministic quantity is equal to this quantity

Ml = ]ch(z) dm:c]of(m)da::c.

2. The expectation of a random quantity multiplied by a deterministic
factor is

M[cX]= / cxf (x) de = em,. (1.22)

— 0T

3. The variance of a deterministic quantity C is zero
M[x?] = / (& — ma)2f(z) dz = /(c — )2 f(z)dz = 0.

4. The variance of a random quantity multiplied by a deterministic factor
is

M [(c)%)z] = ¢? f(x—mz)zf(x)dm:csz. (1.23)

-0

Example 1.1. A random force with known characteristics mg and Dg
is acting on the rod shown in Fig. 1.3. It is required to determine the expec-
tations and variances of reactions, of the deflection in the point of a force Q
applicationyandrofitheymaximumynormal stress in the rod (in the section K).
The flexural rigidity of a beam is EJ,.
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y_ a__|° b .
YK § -
p%;““n__-_ﬂ!{ﬁ _____ —— Z
a)

Fig. 1.3.

Let us determine reactions R; and Ry and the deflection yx in the point
of force application and the maximum normal stress in the section according
to the formulas obtained for deterministic forces:

b a
1 a+ er R2 a+ an
ab? Mopax ab
Qs Omax = = Q.

Ve = 3EJ, (a+b) W,  (a+b)Ws

Using the previous results, we shall obtain the probability characteristics
of Ry, Rs, yr and Omax :

b a
M= MR = T
a?b? ab o
= ————— 5 mama.x = I 7
T T 3BT (et b) @ @i W, @
-2 b Dn. = a’ Do
R i PR Lt R
2 2b2
D = a’b? ' D,... = “‘J“T’_DQ
v T 3EJ, (a+b)] @ (a+b)" W2

Let us estimate a probability that the difference (0max — Mo, ) Will take
apvaluegexceedingsthegyieldgpointyoizagbeam material. Using the Cliebyshev
inequality (1.21), we shall get
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1.4 Probability Density Distribution Laws

The laws of the probability theory represent a mathematical expression of
real laws manifesting in mass random phenomena. The distribution laws of
random quantities (and more general distribution laws of random functions)
primarily apply to such mathematical laws. As a rule, random quantities
distribution laws are determined on the basis of experimental investigations.
Sometimes, however, the distribution laws can be obtained theoretically. An
example of the theoretical determination of a distribution law is presented at
the end of this paragraph.

1. The Probability Density Distribution Law, when a random quan-
tity X takes a single value z = ¢ with probability P = 1.

In this case

flz)=d(z—a), (1.24)

where § (z — a) is the delta function.
The principal properties of the delta function are given in Appendix 1.
2. Probability Density Normal Distribution Law (Gaussian Law)
(Fig. 1.4). The normal distribution law is a most commonly encountered
practical laws that is characterized by the probability density

f @)=~ \1/% em{—%}. (1.25)

3. Rayleigh Probability Density Distribution Law In many applied
problems random quantities can take only positive values (vibration ampli-
tudes, the potential energy of an elastic system at random deformations, the

Af(x)

Fig. 1.4.
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Fig. 1.5.

kinetic energy of a system at random velocities etc.). For example, an impulse
of a random magnitude J is acting on a mass m (Fig. 1.5), imparting the

o . o mz
latter a random velocity ¢ equivalent to a random kinetic energy 5 that

is independent on the velocity & sign. Random variables taking only positive
values frequently follow the Rayleigh distribution function

1 { 2% } >0

—exXpy—=—= ¢, >0

F(z) = Pl 22 (1.26)
0, z<0.

In this case, the probability density function (Fig. 1.6) is

iex {—ﬁ} r>0
f@ =4 @ P 22 =0 (1.27)

0, z<0.

The mathematical expectation and root-mean-square value of X are equal

to
s R 2 2
T z T
mw:/zf(a:)dm:/zﬁexp{—zﬁ}dx=a 5
0 0
o, = 0,655a.
A f(x)
[s) =x

Fig. 1.6.



24 1. Fundamentals of the Probability Theory

The Rayleigh distribution is a one-parameter distribution, as m, and oz
depend on a single parameter a.

If, as a result of experimental data processing, we obtain a distribution law
which we may consider a Rayleigh distribution law, the parameter is equal
to the maximum value of the probability density (Fig. 1.6). The derivative
of f(z) (1.27) is equal to

df 1 z? 2?2\
E“ﬁ(l_?ﬁ)e"p{“iﬁ =0

Therefore, the extremal value of f () is reached at z = a.

4. Poisson Distribution Law A discrete random quantity X (non-
dimensional) is regarded as distributed according to the Poisson law, if its
possible values are equal to 0, 1, 2,..., n and given the probability that
X = n is expressed by the relationship

P(X =n)= %e_“, (1.28)
where a > 0.

The expectation and variance of a random variable X distributed accord-
ing to the Poisson law are equal to: m, = a and D‘m =a.

This property of the given distribution is used to verify the hybothesis
that a random quantity X is distributed according to the Poisson law. If the
statistical characteristics mg) and Dgl) are close, it confirms the validity of
the assumption, that the random quantity X is distributed according to the
Poisson law.

5. Law of the Rectangular Distribution of Probability Density If
the continuous random quantity possible values fall within some particular
interval and within it all values of the random quantity are equally probable,
the latter is said to have a rectangular distribution (Fig. 1.7).

In this case

f($):{a, T) << Iy <a: 1 )’ (1.29)

0, z<2i0rzT> 129 T2 — I

where a is the density of distribution; (z1, 2) is the interval of the random
quantities possible values.

A7)

Fig. 1.7.
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The mathematical expectation and variance of the random quantity X
that is uniformly distributed within the interval (z1, z3) are equal to

_T1t T

2
rn — I
-~ t o, (@1 —z2)"

Do =75

respectively.

6. Distribution Law of the Probability Density of the Modulus
of a Random Quantity Distributed According to the Normal Law
A random quantity y is equal to the modulus of a random quantity z, i.e.
y = |z|. The random quantity z has normal distribution. The distribution
law of the probability density of Y takes the form:

—my 2 my 2
f)=f(=l) = \/%% [eXp{—%} + {—(y;—ag)—}] , (1.30)

where m, and o, are the parameters of the random quantity z normal dis-
tribution law. The mathematical expectation and variance of the random
quantity are equal to

el (22) o (2]

(%) - ={23}

— | = —exp{ —% 7.

¢ Oz o P 202

The plots of f (y) as a function of m, are presented in Fig. 1.8.
In the particular case of m, = 0,

2
fly) = T%Zexr){—é%} (1.31)

7. The Law of the Logarithmically Normal Distribution of the
Probability Density Let us consider random quantities related by the for-
mula z = lgy. If the random quantity z is distributed normally, then

M}, (1.32)

frlw)= me’(p{_ 207 1g 1]
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o)

\ m, = zo-x

3o y

2c

X

Fig. 1.8.

The behavior of the function f (y) for a number of o values at lgm =1
is shown in Fig. 1.9.
8. Gamma Distribution Law For this law we have

f(a) = m (%)ae"p{‘%} wez0, (1.33)

0at z <0,

o0
where o > —1; 8> 0; and ' (@ + 1) = /e_tt"‘ dt is the gamma function.
0

)

0.16

I
|

‘ 5=0.3
0.08 Z |

A=
0.04

! T
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The parameters of the gamma distribution are

fx)
0.8 <

0.6 \
0.4 L
0.2 P
'\-..\_____ [—
2 4 6 x

Fig. 1.10.

The probability density plots for a« = 0;1; 2 at § = 1 are given in

Fig. 1.10. For large values of o the gamma distribution goes into a nor-
mal one. If we introduce in (1.33) 8 = ;\1— and o = k, where k is an integer

positive number, we get the Erlangian probability density

k
fz) = ’\(2!“") e (z>0), (1.34)

which is used in the reliability theory.

9. Weibull Probability Density Distribution Law The Weibull dis-
tribution function and the Weibull density of distribution at z > z,, v > 0
take the form

F (z) =1—exp{—(x—;f—a—)j—}; (1.35)
JPRRY
f(z)= a:lo (z —24)" ' exp {_@—xzi} ) (1.36)

where z,, o and «y are free parameters.
In the particular case, where z, = 0 and z¢ = 1, we get

f@) =~z e (x>0, v>0). (1.37)

The plot of the function f(z) for a number of v values is shown in
Fig. 1.11.

Therexpectationgandyvariancegofsthe random quantity following the dis-
tribution (1.37) are:
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fx)

1.0

0.5

02:F<7+2) _F2<7+1>

Let us consider the following problem as an example of the probability
density analytical determination.

A point mass m (Fig. 1.12) executes simple harmonic oscillations (steady-
state oscillations under the action of a harmonic force).

Fig. 1.12.

In this case, the mass m displacement at an arbitrary instant is
T = asinwit,

where a is the oscillation amplitude.

It is required to determine the probability density of an event, in which
at'a randominstant the point 7 finds itself at some distance z from the
equilibrium position. We may consider that the probability of the mass falling
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within the interval (z, z + dz) at an arbitrary instant is proportional to the
length of this interval dz and inversely proportional to the point motion
velocity, i.e.

dz dz
dP($<X<17+d£E)—C1? :CId_.'L' :Cldt,
dt
where ¢; is a proportionality factor.
Since
dP = f (z) da,
then by way of manipulation we get
dt
f(z) = gy

Let us use the law of the mass m motion to eliminate time ¢ from this
expression for f (z)

d 2
d—:: = awcoswt = awV 1 —sin? wt = awy[1 — (E) =wva? — 22,
a

therefore

flz) =

C1
wva? — z2

Then we determine c; value from the normalization condition
oo a
/f(x)dm:/f(m) dz =1,
—oo —a

Through calculations we get ¢; = w/m. The final expression for the prob-
ability density is

0= s

The plot of the probability density function f (z) is presented in Fig. 1.13.
The distribution function is

F(z) = if(z) dz = -71; (arcsin%%—%).

The probability of the mass m being in the interval (z1, x2) at an arbitrary
instant is
T2

P($1SX§$2)=/f(m)dx:

1

. Ty .. I
arcsin — — arcsin — |.
a a

=
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A f(x)
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Y

Fig. 1.13.

1.5 Determination of the Probability of a Normally
Distributed Random Quantity Lying in the Given Range

Let us use the relation (1.9) to determine the probability that a random
quantity lies in the range (z1,z3).
The distribution function is

z T 9
Fa)= [ @=L /{(TmL}d (139

__mz

x
Introducing the notation = t, we get the probability integral

F(t):vlg_;]zexp{“g}dt:@(t).

Then

ta 9

P(z1Xxz9) = —— /exp {——} dt = & (t2) - & (t1),
V2
71'7:1

where

1 — My Ty — My

hh=——; = ———=.

o o

The & (t2) and & (t;) numerical values may be found in handbooks on
higher mathematics.

Letyusideterminesthesprobabilitysthat a random quantity X falls within
the o length interval (Fig. 1.14).
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A f(x)
[s) o] %]
-—T S -
m, A
Fig. 1.14.

The probability that z falls within the interval (mg, my; + o) is
P= (mz <z < My +0’) =¢(t2) —@(tl),

where
Me+0—m
tg= ———= =1
o)
Mg — M
=21 o,
o
therefore

Pmy<z<mz+o)=&(1)—(0).
Substituting the values ¢ (1) and & (0), we finally get
P(my; <z <mg;+0)=0,341.

In the same way we determine the probability that z falls within the
following ¢ length intervals:

Pmz+0<X <mgz+20)=%&(2) - (1) = 0,136
P(mz+20 <X <mgz+30)=0(3)~&(2) =0,012.

The sum of the three above-mentioned probabilities is approximately
equal to 0,5 (correct to 1 %). This means that for a normally distributed
random quantity the spread is well within the interval m; & 3¢. The ob-
tained result allows us to determine the approximate range of random quan-
tity possible values on the basis of the known values of their mathematical
expectation and standard deviation. This estimation method is called the
“three sigma rule” and can be used only in cases, where we can ignore the
realization of an event with small probability.

Example 1.2. A periodic force F = Fycoswt with a random normally
distributed amplitude Fj is acting on an inertialess rod (Fig. 1.15). Its proba-
bility characteristicsiare mzy =6;5Nyo r, = 2,4 N. It is required to determine
the probability that this force acting on the rod lies in the 100 = 120 N range.
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Fig. 1.15.

Let us determine the values ¢t3 and ¢; :

120 — 65
ty = —— = 2.292:
2 24 ’ 97
100 — 65
121 7 ,458

The probability that such amplitude of the force occurs within the interval
100 = 120N is

P (100 < Fy < 120) = & (t3) — & (1) = 0,0614.

1.6 Random Quantity Systems and Their Numerical
Characteristics

Let us consider the simplest case of such systems, a system of two random
quantities X, Y.

The probability of a simultaneous fulfillment of two inequalities X < z
and Y <y, i.e

Flz,y)=P(X <z, Y <y). (1.39)

is referred to as joint distribution function of two random quantities X and
Y.

Geometrically, the relation (1.39) is the probability that a random point
falls within the shaded area (Fig. 1.16). A two-dimensional probability density
may be introduced in the same way as that of one dimension:

o PE<X<z+Axy<Y<y+dy & F(z,y)
f ("Ev y) - Ah:ilo AxAy - Or 8y ’

Ay—0
(1.40)

It follows from the relation (1.40), that f (z,y) dzdy is the probability
of a point falling within the infinitely small rectangle (see Fig. 1.16). The
probability,that,a.peint. falls.within some finite area B of the plane is equal
to
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_

Fig. 1.16.

Y

N

7
Z

=Y

P= //f(x, y) dzdy. (1.41)
B

The distribution function and the probability density are related by the
following equation

F(z,y)= ] /y f(z, y) dz dy. (1.42)

—00 —00
From this formula we may obtain the relation

F (z, y)

Soar s =), (1.43)

The function F (z, y) meets the conditions:
)0< F(z,y) <14 '

2) F (o0, y) =0 at any y;

3) F(z, —o0) = 0 at any z;

4) F(z, 00) = P(X < z) = Fi (z);

5) F (o0, y) = P(Y <y) = F2(y);

6) F (0o, 00) = 1.

The function f (z, y) must satisfy the condition

!

/\

/ flz,y)dzdy =1 (1.44)




34 1. Fundamentals of the Probability Theory

o0

fi(z) = / f(z, y) dy; (1.45)

—oQ
o0

o) = / f (2, ) de. (1.46)

— o0

The random quantities X and Y are called dependent, if events consisting
in the fulfillment of the inequalities X < z and ¥ < y are dependent at least
for one pair of z and y values.

Conditional Distribution Laws The conditional distributiog law of
one of the quantities (X, Y) entering a system, is called its distribution law
deduced subject to the condition that the other random quantity has taken
a specific value, i.e.

F(z,y)=Fi(z) B2 (y|X <z)
or
F(z,y)=F(y) Fi(z]Y <y). (1.47)

Differentiating firstly with respect to z, and then with respect to y, we obtain
with the use of the density-multiplication theorem

2F (x
. gw(a?;y) =f(z,9) = fi(2) fa(ylz) (1.48)
’F (z

The relations (1.48) and (1.49‘) are referred to as the distribution laws
multiplication theorem. From (1.48) and (1.49) we determine the conditional
distribution laws in terms of unconditional laws:

_f(m,y)' T :f(x,y)
R R R
or
k) = 00 fly) = Y
[t a [ 1

For conditional densities the following conditions

f(zly) 20 /f(xly)dw:l.
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fylz) =0 /f(y|:c)dy:1.

are fulfilled.

Random quantities X and Y are considered independent, if events con-
sisting in the fulfillment of the inequalities X < z, Y < y are independent
at any values of x and y. For independent random quantities X, ¥ a joint
distribution function (based on the rules of multiplying the probabilities of
independent events) is

F(z,y)=P(X <z) P(Y <) (1.50)
or
F(z,y)= Fi(z) F2(y). (1.51)

Differentiating the relation (1.51) initially with respect to z, and then
with respect to y, we get

2
FFey 0B OB _ ) @) f2(0). (1.52)

dzdy  Ox Oy
Numerical Characteristics of a System of Two Random Quanti-
ties In order to establish a “linkage” between two random quantities X and
Y, a nonrandom numerical characteristic — the correlation moment K, —
is introduced. For discrete random quantities it is equal to

Koy = z;z; (zi = ma) (y; — my) Py,
i=1 j=

where Pj; is the probability that the system (X,Y) will take the value
(z;, y;)- For continuous random quantities, the correlation (cross-correlation)
moment is equal to

ey =M [X¥] = [] (@~ ma) (v~ my) (3, 4) dwdy,

— 00

where f(z, y) is the joint distribution law of the probability density of the
random quantities (X, Y) system. To illustrate the joint distribution law of
two random quantities, we may cite the normal distribution law

f _ 1 _ 1 (z - mz)z
(IZ?, y) - 271'0',7;0'1; /1 — rmy &P 2 (1 it Txy) 012:
o 2@ )Y =) (Y~ gU] } , (1:53)
OOy Ty
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We have the following probability characteristics for two random contin-
uous quantities:

my = ﬁxf (z, y) dz dy;

oo (1.54)
my = //yf(:r, y) dzdy;
D, = ]7@: —mg)” f (2, y) dzdy;
= (1.55)
D= [[ tv=m) £ (@ y) dady
Koy = 7/ (z ~mg) (y—my) f (2, y) dzdy. (1.56)

Since for independent random quantities f(z, y) = fi(z)f2t(y), we get
from the formula (1.56)

Koy = 7f1(w)($ —mg)dz ffz(y)(y ~my)dy

= (mg — mg)(my —my) =0.

Hence, if the correlation moment of two random quantities differs from
zero, it points to the presence of a relationship between them. Random quan-
tities with a zero correlation moment are referred to as uncorrelated random
quantities. It follows from the formula (1.56) that a correlation moment char-
acterizes not only the relationship of quantities, but also their scatter. If, for
example, the quantity X or the quantity Y insignificantly deviates from its
mathematical expectation, their correlation moment will be small irrespec-
tive of the kind of relationship between them. Therefore, to eliminate this
shortcoming a non-dimensional characteristic is introduced, namely the cor-
relation coefficient (or normalized correlation moments):

Koy
050y’

(1.57)

Toy =
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where o, 0, are the standard deviations of the random quantities X and Y.
The correlation coefficient can exceed zero or be less than it. The factor 74,
varies within the limits

~1<rgy <1l (1.58)

To prove the validity of the relation (1.58) let us consider a random quan-
tity z:

z=0,X *+ 0.7,

where o5, o, are the random centered quantities X and Y root-mean-square
values. The random quantity Z variance is equal to

Dy =M [Zz] = UgDz + aiDy + 20,0y Kzy.
The variance is more than zero. Therefore
02Dy + 02Dy + 2050y Kzy > 0
or (as Dy = 02, D, = 02)
0yoy + Koy > 0.
It follows from the last relation that
|Kzy| < 050y
or
eyl < 1. (1.59)

Let us determine, for example, rg, for linearly related random centered quan-
tities Y and X:

Y =aX.

The variance D, is equal to a®D,.. The cross-correlation moment K, is equal
to

Kgy = M [XY] = aM [X?] = aD,.

Therefore

aD,
Ty = =1
a0 0y

The reverseisialso trierif thie'correlation coefficient 7,y is close to unity,
the relationship of the random quantities X and Y differs little from a linear
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one. The correlation coefficient 7, (1.57) determining the degree of correla-
tion between the two random functions, has no strict functional chiaracter.
A correlation dependence and not the functional one is used when one of
the quantities depends not only on the second quantity, but also on a se-
ries of random factors that cannot be taken into account when determining
relationships between the quantities.

The dependence between random quantities X and Y manifests itself in
the fact that a conditional probability, for example, occurrence of Y;, during
the realization of an event zj, differs from the unconditional probability. In
other words, the influence of one random quantity on another is characterized
by the conditional distribution of one of them at a fixed value of another. The
practical use of the correlation coefficient during the quantitative estimation
of a degree of relationship (degree of dependence) between two random quan-
tities is usually satisfied when the law of distribution is normal. In this case,
the independence of random quantities follows from the equality Ky, = 0. It
is impossible to use K, for the estimation of a degree of interdependence of
two arbitrary random quantities, because even with a functional relationship
between the two quantities (ope tosope d@pendence) the correlation moment
can be zero, i.e. the concepts of noncorrelatedness and independence are not
being same.

Let us discuss in greater detail whether the concept of the noncorrelat-
edness of random quantities is equivalent to the concept of independence. It
has already been shown, that two independent random quantities are uncor-
related. The question arises: is the opposite statement true? Let us consider
an example. A system of two random quantities (X, Y') has a uniform prob-
ability density inside a circle of some radius R, see the area D in Fig. 1.17.
The joint density function of the random quantities X and Y is expressed by
the formula

£ ) aat 2 +y% < R?
z,y) = .
Y 0at 22 +y° > R?

From the normalization condition of the function f (z, y) we get

j7f(m,y) dmdy:/ dedy =1
-0 D

therefore

1
TR2’

Let us show, that in this example the random quantities X and Y are
dependent. If the random quantity Y has taken the value of 0, the random
quantity X can with an equal probability take all values from —R to +R.
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Fig. 1.17.

If the random quantity Y has taken the value of R, the random quantity X
can only take a zero value. This means that the range of X possible values
depends on the value taken by quantity Y. Therefore, the random quantities
X and Y are dependent. Now we shall find out, whether they are correlated.
Let us find their cross-correlation moment K, (random quantities X and Y’
are centered

)
1
Ky = zy f (zy) dzdy = =) zy dz dy.
D

D

As axes z, y (Fig. 1.17) are the axes of the area D symmetry, the integral
// zydz dy is zero, that is Ky = 0.

The obtained result indicates that the random quantities X and Y are not
correlated. Therefore, the noncorrelated nature of the random quantities does
not always mean their independence. During practical calculations, however,
the correlation coefficient gives a qualitative information about the interde-
pendence of two random quantities. For example, if 75, > 0, the increase of
one random quantity usually leads to the growth of the other and at r,, < 0
at increase in one random quantity, as a rule, makes the other one decrease.

We may present the variances and correlation moments of two random
quantities as the matrix

Kmx ny

Ko K| (Koo =DeKyy = Dy). (1.60)

s

For a system of n random quantities their variance and correlation mo-
ments may be presented in the way it is done with two random quantities
systems, i.e. as the correlation matrix



40 1. Fundamentals of the Probability Theory

Koymi Kaymg voo Koo

K = : LTI (1.61)
Kinzy Kapzy - Kgpz, |
where K, 5, = Dy,, or as the normalized correlation matrix
1 Tx_wz v Py,
Bk [P l (1.62)
ITI"I! e ey D

Numerical Characteristics of a Sum and a Product of Two Ran-
dom Quantities The mathematical expectation of a sum of two'random
quantities is equal to the sum of their mathematical expectations

M[X +Y]=MI[X]+M[Y]. (1.63)

The variance of a sum of two random quantities is equal to the sum of
their variances plus the double correlation moment

D(X+Y)=Dy+ Dy +2K,,. (1.64)

The mathematical expectation of a product of two random quantities is
equal to the product of their mathematical expectations plus the correlation
moment

MXY|=M[X|M[Y]+ Ky (1.65)
The variance of a product of independent random quantities is equal to
D(XY)=M [X?] M [Y?] - mZm2, (1.66)

where M [X?] = D, +m2, M [Y?] = D, + m2.
For centered random quantities:

D(XY)=D.D, (1.67)

1.7 Complex Random Quantities

When solving applied problems we often have to consider not only real, but
also complex random quantities. This makes us generalize the concepts of
an expectation, a variance and a correlation function to complex quantities.
A _complex random quantity. is defined. as a random quantity whose possible
values constitute complex numbers, i.e.
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Z=X+1iY, (1.68)

where X, Y are real random numbers, ¢ is the imaginary unit. The complex
quantities play an essential role in the theory of random functions.

Considering the expression (1.68) as a sum of random quantities and in
accordance with (1.63), we get the mathematical expectation of the random
quantity Z

m, = My + 1My, (1.69)
The variance of a complex random quantity Z is referred as the gxpecta-
o
tion of the square of a centered random quantity Z modulus:

o

D, =M[z2}, (1.70)

o]
where ' yA ' is the modulus of a centered random quantity.

Under this definition the variance of a complex random quantity is always
real and positive, i.e. the principal property of a variance is retained.
Since

o o o o]
=Z7"=X"+Y?

where % * is a conjugate complex quantity, we get from (1.70)
o2 | 12
DZ:M{X +Y]:D$+Dy. (1.71)
The correlation moment of two.complex random quantities X = X3 +iX>

and Y = Y; +1Y5 in a particular case, where X =Y, should be equal to the
variance D;. This occurs, if we assume that

Kay = M [%5], (72

Q
where Y™ is a centered conjugate random quantity.
Indeed, with this definition of a correlation moment at X =Y we get

o ©
Koy=M [XX*] = D,.
For arbitrary complex random quantities we have:

Kpy=M [(}2’1 +i)22> (131 —7:)32>]

= sz; + Kzzyz +1i (Kzzyl = Kanyz) . (1-73)
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The correlation moment of complex random quantities depends on a se-
quence, in which they are taken, namely, when the sequence of the random
quantities alters, their correlation moment changes into the complex conju-
gate quantity

Koy=M [X 13*} =M [X 13] = K}, (1.74)

1.8 Numerical Characteristics of Functions of Random
Arguments

When solving various engineering problems associated with the analysis of
random phenomena, we often have to consider random functions depending
on random quantities with known distribution laws. Knowing the distribu-
tion laws of the arguments of a composite function, we may determine the
distribution law of this function. During the solution of applied problems,
however, it is usually sufficient to have the numerical characteristics of the
function of random arguments, and they are much easier to obtain, than the
distribution law.

Let us consider the problem of determining the numerical characteristics
of a function Y of random argument z at the known distribution law of
argument z, i.e. it is required to determine m, and D,, if

Y =p(z). (1.75)

For a discrete random quantity X, the probabilities of discrete values z;
occurrences are known, i.e. the distribution law (z; — p;) is known. There-
fore, from (1.75) we obtain the relation (y; — p;), where Y; = ¢ (z;), i.e. we
get the table:

Table 1.2.
w(z1) p(z2) @(z3) ... @(za)
y 41 D2 D3 Dn

It is similar to the table (see section 1.2) defining the distribution law of
a random quantity X. In the presented table, ¢ (z;) do not necessarily go in
ascending order. In addition to this, the coincidences of ¢ (z;) at different x;
are possible, but we always may arrange the quantities ¢ (z;) in ascending
order, to combine columns with equal ¢ (z;) by adding their probabilities,
i.e. we may obtain a table completely corresponding to the distribution func-
tionwThereforepforstherdiscreterrandom quantity Y the expectationds equal
to
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M[Y]=Mlp(z)] = ZSO (zj)pj = mz(,l)- (1.76)

=1

For the continuous random quantity Y

o

Miyl= [ o) f (@) do=m, )

—00

The variance of a function depending on one random argument, is equal
to

o0

D,=Dlp@|= [ lo(@)-m* 1 (@) do (1.78)

—o
For a function depending on two random arguments,
Z=¢(X,Y) (1.79)

the expectation and variance are equal to

M(Z) = / / o (@, ) f (z,y) dody = m,, (1.80)

D.=Dlp(e, ) = [[lo(@ )~ m.]* £ (@, 1) doc. (1.81)




2. Non-Stationary Random Functions
(Processes)

2.1 Introduction

In engineering practice, we have to examine random quantities depending
on continuously varying nonrandom arguments, such as the time ¢ and the
coordinates z, y, z. This kind of random quantities is referred to as random
functions.

Figure 2.1 shows records X (t) of the random function X (t), depending on
time alone. Each particular record is termed as a random function X (t) real-
ization. The set of all possible realizations, which a random phenomenon X (t)
can achieve, is referred to as a random or stochastic process. The pertinent
branch of science, which studies random processes, may be called “random
phenomena dynamics”.

X(®

Fig. 2.1.

The random function X (t), depending on time alone, will be referred to
as a random process, by analogy with the dynamic deterministic process. It is
common practice to term a random function depending on time and space, as
a random space-time process, or, when it does not lead to confusion, simply
as a random process.

Examples of dynamic systems, whose investigation involves the solution of
differential equations of disturbed motion caused by random forces, that vary
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in time, have been given in the introduction. These problems refer to “dy-
namic random phenomena”, i.e. to random processes. For example, scatter
AR of engine thrust R , depending on time (Fig.0.2), is a random function.
It is worth noting that during the study of random processes it is not the
properties of separate random functions X(t), characterizing the process,
that are examined, but the properties of the full set of functions in their en-
tirety. This makes it possible to analyze the motion of a mechanical system
under the action of random disturbances, to investigate its behavior relative
not to any one action, but to a variety of possible random actions.

Let us consider a random function X (¢). Suppose that; n independent
trials have been carried out, as a result of which; n realizations X;(¢) have
been obtained (Fig.2.1). Each realization is a nonrandom function, but be-
fore a trial it is impossible to predict the way X(t) would vary. The X;(t)
variation from zero to t;, which came to light after the trial, doesn’t allow
us to predict X;(t) behavior at t > t;, that is X;(¢) is not determined at
t > t;. If we fix argument ¢ = t; the random function X (¢) will turn into
random quantity X, which is the subject matter of the probability theory.
Let us call this random quantity random function X (t) section corresponding
to a given moment t; (Fig.2.1). At ¢ > ¢; we obtain n values of the random
function. It is possible to fix time and consider the process variation in a
set of trials. Therefore each realization characterizing the process depends on
the following two nonrandom arguments: a realization discrete number and a
continuous time. For example, if we record vertical accelerations at any point
of a car (Fig. 0.2, a}, then during each travel along the same road at one and
the same speed, well obtain one realization X;(t), the set of these realizations
determining the random process.

In engineering practice, a particularly keen interest has been shown for
the analysis of machines, devices and structures random vibrations substan-
tially affecting their serviceability (fatigue strength, reliability and lifetime).
Presently there is no branch of industry, that does not use in their new ma-
chinery designs and analyses some or other sections of statistical mechanics
and, in particular, a main section devoted to the theory and numerical meth-
ods of random processes analysis.

Let us consider the mechanical system vibrations due to random distur-
bances in greater detail. Figure0.2 shows the launching of a rocket from
an inclined guide. Due to random combined technological and gasdynamical
misalignments (linear e and angular @) varying with time, thrust R is not
directed along the rocket axis, this bringing into existence two random distur-
bances — force N, = |R| o and moment M, = |R|e (except for thrust scatter
AR). Figure 0.1 a shows the car moving over the road with random irregu-
larities (h(z)). Taking into consideration that at constant velocity =z = vt,
h(vt) is a random function dependent on time.

Figure 0.5 shows a high-rise structure (for example, television tower or
antennaymast)sunderstheractionsof i wind load, which is a distributed aerody-
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namic force q(t), having a random component due to a random component
of flow velocity, that is

q(t) = qo(t) + Aq(?)

where qg (t) is the deterministic component of the distributed load, Aq (t) is
the random component of the distributed load depending on time.

The loads qg and Aq depend on vy (t) and Av(t) respectively, where vq(t)
is the modulus of the wind velocity deterministic component and Av(t) is the
modulus of the projection of the flow velocity random component on vector
v direction. If wind velocity is constant through the height (does not depend
on z), random distributed load q(t) depends on time only. Generally, wind
velocity v for high-rise structures may be dependable also on coordinate z.
Therefore

v(t,z) =vo(z t)+ Av(z, t)

where Av(z, t) is a one-dimensional vector random function. Distributed
aerodynamic load arising from the action of random wind load on such
structure elements as plates and shells depends on two coordinates and time
(Fig.2.2)

q=q(t’ z, y)

In engineering practice, we have to deal with different random processes,
description methods for these processes largely depending on their nature;

Fig. 2.2.
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therefore it is appropriate to classify random processes in such a way as to
simplify the selection of these methods in applied problems investigation.
This requires the introduction of appropriate terms, making it possible to
answer the question: what specific random process is under consideration?

It will be recalled, that classical analytical dynamics and the theory of
vibrations study deterministic processes, regarding the dynamic process as
the systems response to external deterministic excitation whose variation
with time is known exactly. The main feature of deterministic processes lies
in the fact that process behavior in the future can be predicted exactly, if we
know its behavior in the past.

As stated above, the analog of these processes in statistical dynamics are
stationary and non-stationary random processes similar to deterministic sta-
tionary and non-stationary processes. The classification of dynamic processes
as deterministic or random processes can sometimes cause doubts. Determin-
istic and random processes are two limiting cases. Any real dynamic process
always contains a random component. When its influence on the final result
is insignificant, it may be disregarded and we can consider the process to be
deterministic. Small random components, however, often may give rise to a
great scatter in final results, which can not be neglected.

It is safe to say that all physical processes are not fully deterministic,
because the appearance of a non-controllable random disturbance is always
possible, and it will make the initially deterministic process a random one.
Random dynamic processes that are brought about in mechanical systems,
are the systems response to random external forces which in turn are random
processes.

To investigate the random motion of mechanical system we need at least
minimum of information about random external forces including, for exam-
ple, random processes probability characteristics. That is why this chapter
is devoted to the presentation of the general theory of random functions or
random processes, in particular, random processes describing external loads
(“input”) acting on mechanical systems. It is impossible to obtain “output”
probability characteristics necessary for structure “strength” evaluation with-
out the knowledge of input probability characteristics.

2.2 Probability Characteristics of Non-Stationary
Random Functions

Let us consider random function X (t) (Fig.2.1), a random quantity at each
given argument ¢ value; whose exhaustive probability characteristic is its dis-
tribution law. It is referred to as the one-dimensional distribution law of
random function X. This law depends on parameter ¢, and can be given by
one-dimensional probability density f(z, t). The one-dimensional distribu-
tion law f(z, t), however, does not constitute the exhaustive characteristic of
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random function X (). Function f(z, t) only characterizes distribution law
X (t) for a given, even if arbitrary time t. Knowing f(z, t) we cannot answer
the question about the dependence of random quantities X (¢) at different ¢.
Fuller characteristic of random function X (t) is the two-dimensional distri-
bution law:

f (21, a5 11, t2), (2.1)

which is a two random quantities X (¢1), X (¢2) system distribution for two
arbitrary sections of random function X (¢). This characteristic, however, also
cannot be generally described as exhaustive, because three-dimensional dis-
tribution law may give even a fuller characteristic

f(z1, z2, 35 t1, 12, t3) - (2.2)

Theoretically, we may to increase the number of arguments beyond all
bounds and get even more comprehensive information about the random
function. It is, in fact, impossible, however, to use such cumbersome char-
acteristics that depend on many arguments in practical analysis. Therefore,
only one- and two-dimensional distributions are employed in the solution of
applied problems of random dynamic processes analysis. The theory of ran-
dom functions using one- and two-dimensional distribution laws is called the
correlation theory.

It has been shown in the first chapter that such nonrandom numerical
characteristics of random quantities as mathematical expectation and vari-
ance for one random quantity, mathematical expectations and correlation
matrix for the system of random quantities, play a major role in the prob-
ability theory. The ability of using numerical characteristics is the heart of
the applied probability theory. They constitute a rather versatile and pow-
erful mathematical apparatus, which makes it possible to find rather simple
solutions to many practical problems.

The simplest basic characteristics, similar to the numerical characteristics
of random quantities, are also introduced for random functions, with the rules
of procedure being established for them. This apparatus proves to be sufficient
for the solution of many practical problems.

Unlike the numerical characteristics of random quantities representing
certain numbers, the characteristics of random functions generally represent
functions rather than numbers.

Let us consider the random function X (¢) section at a given t. We have an
ordinary random quantity in this section; let us define its mathematical ex-
pectation. It is obvious that in the general case it depends on t, i.e. represents
any function of t (Fig.2.1)

mg (t) = M [X (8)]- (23)

This means that nonrandom function m,(t), which equals to the mathe-
matical expectation of the random function appropriate section at each ar-
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gument t, is referred to as the mathematical expectation of random function
X(t).

The random function variance is defined in a similar way.

Nonrandom function D, (t), whose value for each t equals to the variance
of the appropriate random function section is referred to as the variance of
the random function X (¢):

D. (t) = D[X (t)]. (2.4)

The variance of the random function at each t defines the scatter of the
possible realizations of the random function about the mean, in other words,
“the extent of randomness” of the random function.

As in the case of random quantities D.(t) is a non-negative function.
Taking the root of this function, we obtain function o, (t) or the standard
deviation of the random function

0z (t) = v/ Dz (2). (2-5)

Mathematical expectation and variance are rather important character-
istics of the random function; these characteristics, however, are not enough
to describe the main features of random functions. To make sure that this is
true, let us consider two random functions X;(t) and X,(t), vividly shown
by the families of realizations in Fig.2.3 a and 2.3 b.

X0

Fig. 2.3.

Random functions X;(t) and X(t) have almost the same mathematical
expectations and variances; however, the nature of the variation of these
random functions realizations is absolutely different. The random function
X (t) is marked by a pronounced dependence between its values at different .
On the contrary, the random function X,(t) is of erratic oscillatory character.
Suchyrandomy functionisimarkedsbyrarapid decline in relationship between
its values at ¢’ and ¢ with an interval ¢ — ¢ increase.
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The internal structure of these random processes is absolutely dissimi-
lar, but this difference is recovered neither by mathematical expectation nor
by variance. Therefore, another nonrandom characteristic referred to as the
correlation function (or autocorrelation function) is being introduced. The
correlation function defines the degree of relationship between random func-
tion sections at two different instants of time (¢'and t).

Let us consider two random function X (¢) sections (Fig. 2.3 a) associated
with different instants ¢ and t’. It is apparent that at close ¢t and t' values
quantities X (t) and X (¢’) are closely related: if quantity X (t) took any value,
there would be the high probability of quantity X (¢') taking the value close
to that of quantity X(t). In general, interrelation between quantities X (2)
and X (') must weaken with an increase of the interval between sections ¢
and t'.

The degree of relationship between quantities X (¢) and X(t') may be
largely defined by their correlation moment.

Thus, the non-random function of two arguments K, (t,t'), which equals
to the correlation moment of the appropriate random function sections at
each pair of values t, t/, is termed as the correlation function of the random
function X (t):

Ko (t, t) =M [X t) X (t')] , (2.6)
where
X)) =X -ma(t), X()=X()-mq ().

()0( (t) and X (t')) are centered random functions.

The random functions X;(t) and X,(t), considered as an example, have
the same mathematical expectations and variances, but totally different cor-
relation functions. The correlation function of the random function X;(¢)
(Fig. 2.3 a) decreases slowly with an increase in the interval (¢, t'); on the
contrary, the correlation function of the random function X,(¢) (Fig.2.3 b)
decreases rapidly with an increase in this interval.

When it arguments coincide the correlation function K, (¢, t') equals to
the variance of the random function.

K, (t,¢)=M [( e (t))z] =Dy (t). (2.7)

Since the correlation moment of the two random quantities X(t) and
X(t') does not depend on the sequence of considering these quantities, the
correlation function is symmetrical about its arguments, i.e. remains the same
when arguments interchange their positions:

K. (t,t) =K, (t,t). (2.8)
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Kt ©)

~ o = ils

Fig. 2.4.

The qualitative variation of K;(¢, t') as a function of ¢t and ¢’ is shown on
Fig. 2.4.

Instead of correlation function K (¢, t'), we may use the normalized cor-
relation function:

K, (t, t)
oz () oz (t')’
which is the correlation coefficient of the quantities X (¢), X (¢'). The normal-
ized correlation function is similar to the normalized correlation matrix of

the random quantities system. It satisfies the condition (similar to condition
(1.59))

s (¢, V) = (2.9)

Ir= (2, ) < 1
because
1Ko (t, )| < 03 (t) 0z ()
At t = t’ the normalized correlation function is equal to unity:

K, (t,1) - D, (t) —
[0 W) lo=@®)]2

ry (t, t) =
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Let us consider how the principal random function characteristics vary
when a nonrandom term is added to the function and when the latter is
multiplied by a nonrandom factor. These nonrandom terms and multipliers
can be either constant quantities or the functions of ¢ (in general case).

Adding the nonrandom term (¢) to the random function X (£), we obtain
the following new random function:

YR)=X(@)+e(t). (2.10)
According to the theorem of adding mathematical expectations, we get
my (t) = mg (&) + 0 (1), (2.11)

i.e., when adding a nonrandom term to a random function the same nonran-
dom term is added to its mathematical expectation.

Let us obtain the correlation function and variance of the random function
Y():

Ky (6, ¢) = M [¥ ()Y (¢)] = MY (t) = my (£) (Y (¢) = my ()]
=M (X (&) + 9 (8) ~ma (6) = 0 () (X (#) + 9 (¢) — e (¢) = 9 (¢))]
=M [(X (&) = ma (8)) (X (¢) = ma (V)] = Ka (4,8).

Dy (t) = Da (8),

i.e., when adding a nonrandom term, the correlation function and variance
of the random function do not alter.
Let us multiply the random function X(¢) by the nonrandom function

o(t) :
Y () =) X (). (2.12)

By factoring the nonrandom function ¢(¢) from the sign of mathematical
expectation, we obtain

my (t) = M [ (8) X ()] = ¢ (t) mz (t) ' (2.13)

i.e., when multiplying a random function by a nonrandom factor, its mathe-
matical expectation is multiplied by the same factor.
Let us derive the correlation function and variance

Ky (t¢) = MY ()Y ()] = MI(Y (t) = my (0)) (¥ (¢) = my (¢)
= M [p(t)p(t)) (X(8) = ma(t)) (X(2) = ma(t))] = 0 (t) p(t) Ka(t, ),

D, (t) = ¢* (t) D (1),
(2.14)
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i.e., when multiplying a random function by the nonrandom function ¢(¢), its
correlation function is multiplied by (t)¢(t'), and its variance is multiplied

by ?(2).

In particular, when ¢(t) = c¢ (does not depend on t), the correlation
function is multiplied by c?.

Example 2.1. It is required to determine the normalized correlation func-
tion, if the random function is

X (t) = Ae™,

where A is a random quantity with the known mathematical expectation m 4
and the variance D 4.
The mathematical expectation of the random function is

my =M [e*] = e **m4.
The correlation function of the random function X(t) is
K, (t,t)=M [(e""t —mae”*) (Ae“"t’ - mAe_“t’)]
=e et \f [(A — mA)z] = e~a(t+t’)DA-
The variance of the random function X (¢) is equal to
D, (t) = Dpe %o,
The standard deviations X (t) for the instants t' and ¢ are equal to

oy (t) = oae™

05 (t') = o4,
The normalized correlation function is

ks (t, t/) 3 DAe—a(t+t') 3
oz (t) 05 (t)  oheol+t)

rg (¢, ) =

The result obtained indicates that there is a linear relationship between
the values of the random function X(t) at different instants ¢’ and ¢.

Example 2.2. It is required to determine the correlation function of the
random function X (%), if

X (t) = Asinwt = Bcoswt,
where A and B are random quantities, for which m 4, mp, 64, o and Kap
are known (m4 = mp = 0). By definition

Ky (t, t') = M [(Asinwt + B coswt)(Asinwt’ + B coswt')]

=M [A® sinwitsinwt’ +-AB sin wt cos wt’

+AB coswtsinwt’ + B* cos wt coswt']
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or
Ky(t, t') = sinwtsinwt’'M [A?] +sinw (t + t') M [AB]
+ coswtcoswt'M [B?].

Finally we obtain
K. (t, t') = 0% sinwtsinwt’ + Kagsinw (¢t +t') + 0 coswt coswt'.
Let us consider a particular case, where K4p = 0, and oi = 0%,

K. (t,t')=0%cosw(t—t').

2.3 Random Function Systems and Their Probability
Characteristics

Let us consider the system of the following two random functions X(t) and
Y (t), characterizing different random processes. For example, the random
force N; and the random moment M; are acting on a rocket at launch
(Fig. 0.2). Therefore it would be useful to be aware of the correlation relation-
ship of this random functions when studying the rockets disturbed motion.
Let us consider the second product moment of the real centered random

functions )2' and }3 for different instants of time:
M[XOF )] = Key (4, 1), (2.15)

where Kz, (t, t’) is a cross-correlation function.

The non-random function of the two arguments t and ¢’ which is equal to
the correlation moment of the appropriate sections of the random function
X (t) and random function Y (t) at each pair of two values ¢, ¢/, is referred to
as the cross-correlation function of two random functions.

The cross-correlation function does not satisfy the symmetry condition
relative to its arguments, i.e.

Koy (t, 1) # Koy (¢, 1),
but at a simultaneous permutation of instants of time and indexes we have
Koy (8, t') = Kyo (¢, 1). (2.16)

If the cross-correlation function K, is not identically equal to zero, the
random functions X and Y are called correlated by analogy with random
quantities; if, however, K, is identically equal to zero, these random func-
tions are called non-correlated functions.



56 2. Non-Stationary Random Functions (Processes)

With respect to applied problems it is convenient to use the following
normalized cross-correlation function

Kgy (¢, t')
oz (t) oy (')

As in the case of two random quantities system we can introduce the
correlation matrix

K, (t, 1) Kay(t, t)
K,z (t, t’ K, (t, 1)

Tay (t, t') = (2.17)

K= (2.18)

For the system of n real random functions we have the correlation matrix
leml Kmlwz e Kﬂ:lzn

. (219

Kz, Kepay - K2,

Considering the random functions X;(t) as the components of the n — th
vector, we can represent the matrix K (2.19) in a more compact form, using
a two-vector dyadic (tensor) product (1.50):

o

K=M [Y(t) ®%(t')] :

For complex-valued random functions, by analogy with complex-valued
random quantities, the cross-correlation function is

Kay () = M [X ()7 ()], (2.20)

where l;* is the centered conjugate random function. In a particular case
where ¢t = t’ and X = Y, the correlation function (2.20) is the random
complex function X variance, which must be positive; this occurs, if we take
the product of the complex function X (¢) into the conjugate function X*(t).

D.(t)=M [X ) x* (t)] M [(X1 () +i X2 (t)) (5’(1 t) —i Xs (t))]
=M [(X% + X%)] .

Let us show that for a complex random function the condition

Koy (t, 1) = Ky, (¢, 1) (2.21)

is satisfied. The correlation functions K, (t, t') and Ky, (¢, t) in their more
comprehensive form are
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Koy (8, t') = M (X1 (t) + X3 () (Y1 (') — iY2 ()]
= Koy, + Kagy, +1 (Kzy2, — Kzzyx) .

Ky (¢, t) = M[(Y1 () +iY2 (') (X1 () — iX2 (2))]
| = Kzlm + szyz -1 (Kﬂ!lyz - Kzzyl) :

Hence the conjugate function K, (¢, t) is equal to Ky, (¢, t').

In accordance with (2.21) the elements of the correlation matrix for com-
plex random functions, symmetric about the principal diagonal, are complex
conjugate functions.

Example 2.3. There are the following two random functions X; =
Acoswit and X3 = Bcoswsyt. The amplitudes A and B are random quanti-
ties with known probability characteristics m4, mpg, D4, Dg and K4p. It is
required to determine the cross-correlation function and its value at t = ¢'.

According to (2.15)

Ky 2, = M[(A—ma)coswit (B —mp)coswat’] = Kap coswit coswat’.

Att =t

Ky z,(t, t) = K4p cosw;t coswat.

Example 2.4. Figure 2.5 shows a beam loaded with concentrated random-
magnitude moments M,, and M,, having known probability characteristics
Mgz, My, Dy, Dy and K. It is required to determine: 1) the mathematical
expectation and variance of the maximum normal stress in an arbitrary sec-
tion; 2) the maximum value of the maximum normal stress in the dangerous
section on the assumption that the maximum stress has normal distribution.

Yi
/1
/] H

N

4 /]
1 I_,"' 3
Z

Fig. 2.5.
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The bending moments in an arbitrary section are

M, =My, (1-3);

M, =M, (1-%).

The maximum normal stress in an arbitrary section is
M, M, z z

S Tff*‘ff = a My, (1— 7) + apM,, (1— 7),

where 11, y1 are the coordinates of the outermost from the neutral line point,

ay = yl/']ma Qg = $1/Jy
The mathematical expectation of the maximum normal stress is

My, = 01 (1—§)m1+a2(1—%)my.

The correlation function of the maximum normal stress is
K, (2,7
z z
=M [(aleo -+ agMyo)z (1 — 7) (1 - 'T):l

!
=(1- ;) (1 - -zl—) |a2M [MZ2,] + 20105 M [Me My] + 3 M [Mjo]]
'

= (1 — ;) = (1 — ZT) (a%Dm + 2a102K5y + agDy) .

The variance of the maximum normal stress in an arbitrary section is
z\?/ o 2
Doy, = (1 — 7) (alDw + 2a102 K5y + asz) .

With the respect to the example considered the dangerous section is the
section at z = 0, therefore we obtain max ., using the three sigma rule

Max Oy, = My, + 30,,, .
If the limit state of the bar is determined by the appearance of plastic

deformations, the structure parameters of the bar at known random loads

must be selected from the condition
o

max o, = —2,

iy

where o, is the yield stress of the bar material, n,, is the safety factor.
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2.4 Random Functions Linear Transformations

Let us consider the linear transformations of random functions, when the
relation between “input” and “output” is established using linear operators
L:

Y (¢) = L[X (8)]. (2.22)

We keep in mind the statistical relation between input and output, when
it is necessary to determine the probability characteristics of the Y (¢) from
the known probability characteristics of the random function X (¢).

Let us consider the linear transformations of random functions most fre-
quently used in the analysis of random vibrations.

1. If the input X and the output Y are random n-dimensional vectors
and related by the linear relation of the form

Y () =B@)X(),

where B(t) is the matrix n by n, whose elements b;; (t) are nonrandom func-
tions, the mathematical expectations of the components y; of the vector Y,
the correlation matrix K (¢, t') and the cross-correlation functions Ky, are
equal to

™07 [Zz (t} S bma () (G=12..0m)  (229)
=1

Ky1y1 Ky1y2 e K‘Ul'yn

Ket)=M[y@wevw)=| " . 7

K, K,

nn ynyz‘ v Kyy,
where
n n
Ky =M [T 0% (6] = 223 by (003 (¢) Koy 1),
p=1v=1

The variance of the vector Y components is

Dy, (t) —ZZW iv @) Koo, (8, ). (2.24)

p=1lv=1

2. The integral of the random function X (t)

Y (t) = / X (1) dty. (2.25)
0
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Assuming that averaging and integration operations are interchangeable,
the mathematical expectation is determined as

my (t) =M |:/th1} "—'/M[X]dtl =/mx (tl) dtl. (226)
0 0 0

The interchange of the mathematical expectation operation and other
linear mathematical operations is used in subsequent transformations.
The correlation function is

Kt ) =M[Y () —my (1) (Y (') - my (t))]

- M {][X (t1) — mg (t1)] dt17 [X (tﬁl)) — mg (tﬁ”)] dt&”} .

0 0
(2.27)

The product of the two integrals under the sign of mathematical expec-
tation in formula (2.27) is equal to the double integral

t

/t (X (01) = mq (12)) (X (87) = ma (7)) dt atf?,
0

0
therefore
K, (t,t)
- M ; t(X(t)— o (81)) (X () = mq (¢7)) dty de{)
o -meen (e (7)o () s
= [ [ 3 e = e ) (3 (£9) e (89t

0
t

= / / K, (b, tﬁl))dt1 . (2.28)
00

Example 2.5. The beam shown in Fig.2.6 is under the action of the
random distributed load g(z). The probabilistic characteristics of the load
are known; in other words, it is the mathematical expectation m,(z) as a
function of z and the correlation function K,(z, ') that are known. It is

necessary to determine the probabilistic characteristics of the reaction forces
R1 and R2.
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jRe

Bhuxt

. |

Fig. 2.6.

Considering the beam equilibrium, we obtain the following two equations

I3 1y

Ri+Rs— / ¢(2)dz;  Rpl= / ¢(2) 2dz. (2.29)

0 0

We determine the mathematical expectations of the reaction forces with
the use of (2.29)

Uy
mg, + Mg, = /mq (2)dz;
0

U
Imp, = /mq (2) zdz.
0

o o
The centered random quantities Ry and Ry are equal to

l

R = / (@(z) =g (2) (1= %) da,

[=]

131

Ry = 0/ (a(z) ~mq () (3) .

The reaction variances are equal to

l]_ ll
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L b
-M [//qo (@) (1-3) (1-2) dzdn

00
Lo

= //M[QO (21) g0 (2)] (1 - %) (1 - %) dzdz

0
[

0

://Kq (2, z1) (1 - ;) (1 — %) dzdz;
0 0
Lo

Dg, = O/O/Kq (2, z1) (;) (Ell) dzdz;.

3. The probabilistic characteristics of the random function Y ()

Y (¢) = a(t)c+/k(t, t1) X (t) dty, (2.30)
0

where a(t), k(t, t;) are nonrandom functions, c is a random quantity with
known m, and D.; X(¢1) is a random function with known m.(t) and

K,(t, t').
The mathematical expectation of the Y'(¢) is

t

my(t)=M[a(t)c+/

k(t, t1) thl}
0

:a(t)M{c]+/k(t, t) M [X]dts
0

¢
—a(t)me+ / k (¢, 1) madty. (2.31)
0
The correlation function with independent ¢ and X is

K, (tt)=M||a(t) 2+/k (t, t1) X1 (t1) dtl)
0

X (a ) ?:—t—/tk (t’,tﬁ”) X (tﬁ”) dt§1>)} =a(t)a(t') M [22]

t ty

= / / k(t, t)k (t’,tﬁ”) K, (tl, tﬁl)) dty dtth. (2.32)
0 0
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4. Let us consider the derivative of the random function

Y(t)= %X (). (2.33)
The mathematical expectation of the Y (¢) is
Mwumﬂ%m=Mrﬁp]=%Mmmpﬂﬁff (2.34)

The correlation function Ky (t, t') is

Ky (t, t) = MY (t) —my (8)) (Y (¢') — my (£))]

_ dax @) (dx @)
A(EHE e

The product of the derivatives under the sign of mathematical expectation
can be represented as

dodg  PXOXE)] -
EEX()@X()—W (2.36)
As a result we obtain
, & [X )X ()]
K 6t) =M\ 55—
_3_2M [)c’((t)_)}(t')] _PE (¢, 1) (2.37)
©otat - atot ’
If the random functions X (¢) and Y (¢) are connected by the relation
2
Y ()= d ()1(;2(t), the correlation function K(t, t') is equal to
K, (t, t)
For the general case when
d" X
Y = —@1—1 (2-39)
the correlation function K, is equal to
o X
Ky = g (2.40)

5. The cross-correlation function of the random function X and its deriva-
tive is
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Koo = M [X ® dx (t')] - m2X (gt,X ®) _ aalt{f. (2.41)

Similarly, we obtain an expression for the cross-correlation function of the
different order derivatives of the random function X (¢)

OPTIK, (t, t')
atrote
where p, q are orders of the derivatives (p=0,1,...,n,4q=0,1,... ,n).
Example 2.6. Determine a correlation function and a variance for the
derivative of the random function X (), if X () = Asint (m4 and o4 are
known).
The correlation function of the random function X (¢) is

K, (t, t') = M[((A—my)sint) (A - m4)sint’)] = sintsint’ o5.

Koo, = (2.42)

Using the formula (2.37) we obtain

K, (t, t)=K;(t, t') = 04 costcost’.
The variance is

D; (t) = D4 cost.

Example 2.7. Determine the correlation function of the random function
dX (¢

v =a@®x @+ 5,

where a(t), b(t) are nonrandom functions; X is a random function with

known characteristics m; = 0 and K (¢, t').
The correlation function is

K(t,t)=M [1? (t)?(t')] ,

K, t)=at)at)MXH)X ) +a@®)blt)M {X @) d);'t(/t’)}
+a(t)b() M [%QX (t’)} +b()b()M [d)fit(t) d)f;t(,tl)} _
Since

M[X(t) d)‘;ét')] aat/M[X(t)X(t)] 8‘2,1{ 1),

after the necessary transformations we obtain

N OK;

ot’

0*K.

)b (t) 5 6:" (2.43)

K, (@t t)= a(t)a(t')Km +a(

+a(t)b(
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2.5 The Probabilistic Characteristics of the Linear
Differential Equations at Non-stationary Random
Disturbances

1. The linear non-homogeneous differential equation of the first order
y+ky=X(1), (2.44)

where X (t) is a random function with known mg (t) and K, (¢t,t').

The equation (2.44) describes the physical process varying in time, such as
the work of an engine, shown in Fig. 2.7. In steady-state conditions, the engine
moment M, (t) is balanced by the moment of resistance M, (w) depending
on angular velocity w and load moment M;. The random variation of the
load moment by AM; will alter the angular velocity by Aw and lead to the

w
occurrence of inertia moment equal to J——, where J is the rotating parts
moment of inertia reduced to the axis of the shaft.

Fig. 2.7.

The equation of the engine disturbed rotation motion is

dA
JE2L — AM, - AM,, (2.45)
dt
where AM, is the moment of resistance variation. At small deviations from
steady-state operating conditions we can assume that AM, = k; Aw.

Then the equation (2.45) will take the form similar to the equation (2.44):

dAw
dt

ky  _ AM,
+ oA = = (2.46)

General solution of the equation (2.46) with arbitrary right-hand side
(putting y = Aw and AM; (t) /J = X (t) is

t
k
Yy = Ce-kt ar /e_k(t-—tl)X (tl)dtl, (k = 71) . (247)
0
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The probabilistic characteristics of the random moment AM; (man, (t)
and Kan, (¢, t')) and hence the X (t) are considered to be known.

At t =0, y (0) = yo, therefore ¢ = yo. The initial value of Y may be both
random and nonrandom.

Let us consider a case where the initial value yg is random, with random
quantity yo and random function X (t) being independent. We consider that
the probabilistic characteristics of yg are known and equal to mg and Dyg.

The mathematical expectation of the equation (2.47) solution and the
correlation function will be:

t
my = M [yoe ] +/M [e"k(t’tl)X(tl)] dt;
0
i
= moe‘kt + /e—k(t_t‘)mz(tl)dtl; (2.48)
0

t
Ky (t,t") =M |{ yoe " +/e“’°(t*‘1))°((t1)dt1
1]
tl
x 4 fpe—kt® 4 / ) (1) a1 (2.49)
0

o] [
Since Yo and X (t) are independent, after the necessary transformations
we get

Ky (t, t’) — Doe—k(t+t')
tl

t
_ 1 _4(1)
+//e"“(t—t1)e k(-4 g, (tl,tgl)) dty dt{). (2.50)
0 0

In order to obtain the variance it is necessary to put ¢’ = ¢ in the expres-
sion (2.50) after the integration.

Let us find the correlation function and the variance of the equation (2.47)
solution, if AM; is the random function with zero mathematical expectation
and constant variance D; (at ¢ = 0,y = 0). After the necessary transforma-
tions we obtain from (2.50)

K, (¢ t)= % (e"kt -1) (e“kt' - 1) ;

Dy, 2
Dy(t)=k—2‘(e 2
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When solving applied problems, it is often necessary to know the prob-
abilistic characteristics of the derivatives . The information that can be
obtained by considering the cross-correlation function Ky, happens to be
useful. From equation (2.44) we obtain an expression for the derivative

y(t)y=—ky@)+ X (t). (2.51)

The same expression can be obtained by the differentiation of solution
(2.47) with respect to t. When differentiating an integral in the right-hand
side of the relationship (2.47), one must use the rule of integral differentiation
with respect to the parameter

R
a=/f(zt,tl)cht1
a(t)

B(¢)
= [ o+ L0 - S5 a0, (2.52)
a(t)

When differentiating (2.46) with due account of (2.50), we obtain

t
y=—k|ce ™+ /e‘k(t_tl)X (t1)dty | + X (2)
0

or
y=—-ky+X(1).
The mathematical expectation and the correlation function for 3 are
my (t) = —kmy (t) + mq (1) ;

d?(t)d?(t')]

Ky:M{ dt ar

=M [(—kfl )+ X ®) (-k¥ () + X (t'))]
= k2K, — kM [5) () X (t')] kM [y (t") X (t)] K,

Since the random initial deviation yg and X (t) are independent, after the
necessary transformations the mathematical expectations will be

t
M [§() % )] = / e KAt E 1 ¢ diy;
0
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M[i#) X (1)) = ] e (' -t) g, (49, 1) aef?.

0

Finally we obtain

t
Ky(t, t') =k*K, (t, t') K, (, t') + /e_k(t““)Kx (tl, tgn) dty
0

t/
e g gap o
0

The cross-correlation function is

Ky t, )= M [13 0 dﬂff")} |

After the necessary transformations we obtain
¢
Ky (t, t) = —kK, (t, ') + / e Rt K (81, ¢) dty. (2.54)
0

2. The linear equation of the second order with constant coefficients and
the random right-hand side
3+ 2ny + ply = X (t). (2.55)

General solution of equation (2.55) can be represented in the form

t
v=ah®+ah®+ [gt-n)Xmd, | (2.56)
0
where
f1 =e ™ cospt, fo = e ™ sin pt;

glt—t1) = e n(t—t1) sinp (¢t — 1), (p =4/pk - n2) .

The expression for the time derivative of y is

t
Y= lel + szz + / @(*);;—tl)X(tl)dtl. (2.57)
0
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The arbitrary constants c¢; and cz can be determined from the initial
conditions (t =0, ¥ = Yo, ¥ = Jo)
c1 = Yo, ¢2 = (Yo + nyo) /p.
Expression for the y takes the following form

i

y=yofiz + %Zfz (t) + /g(t —t1) X (1) dty, (2.58)
0

where
n
fie=fi+ —=fa.
p

In determining the probabilistic characteristics one can use the results of
sect. 2.4.

Considering the initial values yo, %0 and the disturbance X (t) as inde-
pendent random quantities with known probabilistic characteristics, let us
determine the mathematical expectation

i

my = myof12 + mgofz + /g (t - tl) My (tl) dt, (2.59)
0

and the correlation function
K, =M [V (1), )
= fi2 (t) f12(t") Dy, + f2 (t) f2 (t') Dy,

/ / t—tl)g t(”) (t t(”)dtgndtl. (2.60)

3. Let us consider a linear non-homogeneous equation of the second order
with variable coefficients

j+a(t)y+a(t)y==x(t). (2.61)

Assuming that § = 2y, y = 29, let us represent the equation as a system
of two equations of the first order

Z1+a1z a2 =1z,
?;'2 — 21 = 0

or

Z+A(t)Z =f, (2.62)
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where

x
ol

21 .
22’

_ |G azf,

Z= 10}’

f=

The equation (2.62) solution takes the form
Z = B(t)C+/G(t, tl)f(tl) dtq, (263)

where B (t) is the fundamental matrix of homogeneous equation (2.61), sat-
isfying the condition B (0) = E; E is the identity matrix and G (¢, t1) is the
Green matrix

G (t1 tl) =B (t) B_l (tl) ) (264)

C is the initial values vector.

The components of the vector C may be both deterministic and random.
Let us assume that their probabilistic characteristics (vector C is equal to
Z(0)) me;, D, and K, are known. The mathematical expectation of the
vector Z (at random initial values) is

t
m, = mc+/G t tl my tl)dtl (265)
0
or in its scalar form

t
My, = my = byime, + biame, + /911mfdt1;
0
t

My, = My = bayMe, + bagme, + /gzlmfdtl-
0

The correlation functions matrix for the components of the vector Z is

z221 Kzzzz

—_ S d ’ _ KZ121 Kzlzz
K—M[Z(t)®z(t)}—[K |
According to the accepted condition that the components of the C and f
vectors are independent, we have
K=M[B(t)CeB()C]
t’

+//M Gt t)ERG (', t))f(t )} dt, deV. (2.66)
0 0



2.5 The Probabilistic Characteristics of the Linear Differential Equations 71

After the necessary transformations we obtain

t t
K=K+ / / K ;dt,dt}. (2.67)
00

The elements of the matrixes K and Ky are

KC,‘CJ' = 01 (t) b]l (tl) Kclcl + b‘il (t) bjz (t/) Kclc2
+ bi2 (t) b]l (t) K62c1 + bi2 (t) bi2 (tl) Kczcz7
Ky, 1, (t1, t1) = gi1 (81) g1 (1) Ko (81, 8) .
The probabilistic characteristics of the equation (1.155) solution in the

vector-matrix form, obtained by way of this example are readily extended to
a case, where vector Z has n components.
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3.1 Probability Characteristics of Stationary Random
Functions

Random processes that proceed in time with approximate homogeneity and
have the form of continuous random oscillations about a certain mean value
are widespread. Their probability characteristics do not depend on the choice
of time reference point, i.e. are invariant relative to the shift of time. Accord-
ingly, a random function X (t) is defined as stationary, if the probability
characteristics of a random function X (¢ +%) at any ¢’ coincide with the
appropriate characteristics of X (¢). This occurs only when the mathematical
expectation and the variance of a random function do not depend on time,
and the correlation function depends only on the difference of arguments
(t' —t). The stationary process may be considered as a process, that pro-
ceeds in time without limit. In this context the stationary process is similar
to the steady-state vibrations, whose parameters are independent of a time
reference point.

In applied problems, where we have to deal only with the moments of the
first two orders — mathematical expectations and correlation functions — it is
enough to consider a random function as stationary given the constancy of its
mathematical expectation and variance and the dependence of the correlation
function solely on the difference of arguments. Such random functions will be
referred to as stationary functions in the broad sense of the term [29).

A stationary random function X (¢), whose distribution laws of all possible
orders fn (21, Z2,..., Tn, t1, t2,...t,) depend only on intervals t, —ty, t3 —
—t1,..., tp — 1, and are independent of their position on the axis of time,
will be referred to as the stationary function in the narrow sense of the term.

Below we shall interpret stationary functions in the broad context and
discuss only those of them, which are most often used in applied problems.
Let us dwell now on the principal properties of stationary functions.

As indicated above, a random function X (t) is called stationary, if its
mathematical expectation and variance do not depend on time, i.e.

myg (t) = const, D, () = const. (3.1)

Let us consider the correlation moment K, (¢,t') of the random stationary
function X (¢) (Fig.3.1) for two instants of time separated by an interval 7.
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For a stationary process the correlation moment is independent of the specific
values ¢ and ¢, and only depends on their difference t' — ¢t = 7, i.e. (Fig. 3.1)

Ko (t, t') = Ky (t, t +7) = Kq (7). (3.2)

X(®

AN A
/t Ut\/ t

A T o «—t
e - -

Fig. 3.1.

It follows from the relation (3.2) that the correlation function K, (7) of a
stationary random process is a function of one argument 7.
As the correlation function is symmetric (2.8)

K, (t,t)=K;(t,t),
and assuming that ¢ — ¢t = 7, we obtain
Ky (1) = K; (-7), (3.3)

that is the correlation function is an even function.
The random function variance is equal to

D, (t) =K, (t,t).
Therefore, for the stationary random function we have
D, = K, (0). (3.4)

The normalized correlation function

pe (r) = 221 (35)

is often used instead of the correlation function K (7).
As |pz (1)] < 1, it follows from (3.5) that:

|Ky (1)] £ Dy
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The plots of autocorrelation functions K (7) most frequently used in ap-
plied problems are shown in Appendix 3.

Appendix 3 contains, among its other K (1) functions, the following cor-
relation function, proportional to the Dirac delta function and known as
stationary white noise or delta-correlated random process:

K () = So8 (7). (3.6)

where Sy is a constant factor; & (7) is the Dirac delta function (See Ap-
pendix 1).

The white noise is defined as a random process, with the values of the
random function X (t) being non-correlated for arbitrary close instants of
time. A random process of the white noise type cannot be realized in real
conditions, because, firstly, random functions at sufficiently close instants
of time (at very small 7) are, in fact, always dependable and, secondly, as
(3.6) shows, at 7 = 0 the process variance is equal to infinity Therefore the
realization of such process requires an infinite power, that is impossible to
obtain in real conditions. Nevertheless, random processes of the white noise
type are widely used in many divisions of statistical dynamics.

Example 3.1. The task is to determine, whether the random function

n
X(t)= Z (Aj cosw;t + Bjsinw,t) (3.7)
=1

is a stationary random function, if A; and B; are random mutually inde-
pendent quantities with zero mathematical expectations and equal variances
(DAj =Dp, = Dj) :

The mathematical expectation of the random function X (t) is zero.

The correlation function is

n
Ky (t,t)=M Z (A;j cosw;t + Bj sinwjt)
Jj=1

n
X (Z (Ag coswgt’ + By sin wkt')>] )
k=1

Some transformations yield

n
K. (t,t) =) _ Djcosw;(t—t). (3.8)
Jj=1

The obtained expression (3.8) depends only on the difference t — t', i.e.
X (t) is a stationary function. Then the random function X (t) variance will
be
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D, —K.(0)=Y.D;. (3.9)

Jj=1

Example 3.2. The task is to determine the correlation function Kg, if
the random function X is

n
X =" Azevst, (3.10)

where A; = A;j +1Ay; is a complex amplitude; and j is the imaginary unit.
The non-correlated random quantities A;; and A,; have zero mathemat-
ical expectations and equal variances.
Let us take advantage of the formula (2.20), (assuming that Y™ (') =
= X* (')

K, (t, t') =M [X (t) X* (t’)] =M iAjeiwjt . (iAkewiwktl)
j=1 k=1

where A} = Ajx — iAok
By manipulation we shall get

K, (t, t)—ZM 4, A7) (%) Z2De (3.11)

j=1

It follows from (3.11), that the random function (3.10) at my; = mg; = 0,
Dy; = Dy; = D, is a stationary random function for the non-correlated A,j,
Agj.

Let us consider a system of two random functions X; (¢) and X5 ().

The two random functions X; (¢), X2 (¢) of the same argument are called
stationary connected, if their cross-correlation function depends on a differ-
ence of arguments, i.e.

Kgziz, (t1 tl) = Kz, 2, (T)v (T =t - t) . (3.12)’

If condition (3.12) is satisfied for the random stationary functions X; and
X5, they are considered stationary and stationary connected. It follows from
the cross-correlation function property, that

Kz, (L tl) = Kg,q, (T (r ) Ko (=7)

T2

or for real-valued random functions
Kzlfz (T) = Kftz:h (—T) . (313)

Innthergeneralycaseycross=correlationsfunctions are not even functions of ar-
gument 7.
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The system X;(t) (j=1,2,...,n) of stationary and stationary con-
nected random functions is characterized by the correlation matrix

Example 3.3. The task is to determine the cross-correlation functions
Kgy (t, t') and Kyg (2, t') of the random stationary functions

X (t) = A;j coswt + Bj sinwt;
Y (t) = — Az sinwt + Bj cosw,

where A;, B are non-correlated random variables with a zero mathematical
expectation and equal variances D.
The cross-correlation functions (assuming that t' —t = 7) are

Koy (8, t) = M [)of )Y (tl)] = Dsinwr;
Ky (t, t)=M [1?' (t) X (t')] = —Dsinwr.

It follows from the relations obtained, that the random functions X (&)
and Y (t) are stationary connected. If we replace 7 by —7 in the expression
for K, the condition (3.13) fulfills

Kay (1) = Kyo (—7).- (3.14)
K@}
’ S0 Kb
W/ = \/
Fig. 3.2.

The plot of the function Ky, (—7) is a mirror reflection of the plot of the
function K, (7) (Fig. 3.2).

3.2 The Ergodic Property of a Stationary Random
Function

To obtain the stationary random function characteristics (the mathematical
expectation m, and the correlation function K, (7)) we need a considerable
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number of random function X (t) realizations. The approximate values of
mg and K (7) may be determined on the basis of realization records. The
question arises: is it possible to obtain the same characteristics using only
one realization of the random function X (¢). As the random process is sta-
tionary and proceeds in time homogeneously (the mathematical expectation
does not depend on time, and the correlation function is independent of the
origin), we may well assume, that a single realization is sufficient for the ran-
dom function characteristics determination. The possibility of obtaining the
probability characteristics of a stationary random function on the basis of its
single realization is very important in the practical context, as this allows us
to decrease the extent of experimental investigations, and thus to diminish
the expenditures.

Stationary random functions, whose probability characteristics can be de-
termined through their single realization are referred to as random functions
with an ergodic property, or simply ergodic stationary random functions.
The ergodic property is a property making it possible to judge the statistical
properties of all set of realizations of a random function on the basis of its
single realization. The time-mean value (on rather large observation interval)
of a random function X (t) possessing the ergodic property is approximately
equal to the number-of-observations mean value, i.e.

T
mz%/X@M (3.15)
0

T
1
where m,; is the value averaged over the collection of realizations; T / X (t)dt

is time-mean value for a single realization. The task is to find out, ul(l)der what
conditions the approximate relation (3.15) is fulfilled.

The integral in the right-hand side of the relation (3.15) has different
random values for different realizations, therefore

T

w=~/xm@ (3.16)
0

where Y7 is a random quantity.

The necessary and sufficient condition of the approximate equality (3.16)
fulfillment is a small value of the random variable Y7 variance. The random
variable Yr variance is equal to
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DY = M [(¥r - ma)’]

T 2 T T
=M {%/(X—mx)dt} =i2//Km(t—t')dtdt’.
00

(3.17)

It follows from (3.17), that the expression (3.15) for the mathematical
expectation of a stationary random function will be an exact equality at
sufficiently large T

= lim ~ (t) dt, (3.18)
o

only provided that
T T
Jim D[Yr] = Jim —//‘Kz (t—t)dtdt =0. (3.19)
—00
00

Let us transform the expression (3.19) by introducing a new variable
T =t —t. When t and t' vary within the interval (0,T), 7 varies in the
interval (=T, T) . Then

) T T ) T /T—~t
0 0

0 —t

Since K (1) = K, (—7), it follows, that K, (7) is a function of |7|. Chang-
ing the order of integration, we shall get

I—i/T /TK()dt'd—l/T<1—m)K()d (3.21
—T2——T 7] o T—T—T T) »

As (1 - g) and K (7) are even functions,

T
2
-2 / (1- %) K (r)dr. (3.22)
0

It results from (3.22) that for the random stationary function X (¢) to
become ergodic (fulfillment of the ¢omdition (3.19)) its correlation function
must satisfy the following necessary and sufficient condition:
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T

lim = / (1 - %) K, (t)dr = 0. (3.23)

Tooo T
0

The sufficient condition of a stationary random function ergodicity is
an unbounded decrease of its correlation function K (7) absolute value at
[7] = oo.

Since the correlation function K, (7) of a stationary random function can
be represented as

Ko(r)=M [X t) X (t + 7‘)] (3.24)

and does not depend on time ¢, it can also be determined by a single real-
ization through averaging the right-hand side of the expression (3.24) with
respect to time ¢ i.e.

T
1 o
K, (1) =~ / (t) X (t+7)dt,
0

or, through proceeding to the limit

T
Ko (r) = lim = / X (t) X (t+7)dt. (3.25)
0

The relation (3.25) is true, provided the fulfillment of the sufficient con-
dition [29]: at |7| = 00 K (7) — 0.

Example 3.4. Determine, whether the stationary stochastic function
X (¢) with a correlation function

K. (r) = Dyeo,

is ergodic.
By substituting K, (7) in the relation (3.23), we’ll get

T

1 T —aT
T“E;OT/(“?) Dae™"dr
0
— Nt 1 1 —-aT Dﬂ? T —aT 1 —aT 1 -
_Th—{réo—f[ a(e 1) T ( o ozt +a2 =0,

which shows that the stationary random function X (¢) is ergodic.
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3.3 Derivatives and Integrals of Stationary Functions

3.3.1 Probability Characteristics of Stationary Random Function
Derivatives

Let us use the expressions for probability characteristics of non-stationary
function derivatives obtained in section 2.4.

If
Y@:%X@, (3.26)

then the mathematical expectation m, of the stationary function X (t) is
Z€ro

d d
my = M [EX (t)] =M = 0.

The correlation function (2.37) for the stationary function X (t) is

K, (t,t')  9’K, (1)

Kyt t) = =55 = aiov

Since 7 =t/ — t, then proceeding to a derivative with respect to 7, we get

3 d?K, (1)

2 (3.27)

K, (¢, tl) =
Similarly, it is possible to determine the correlation function of the second

derivative and derivatives of a higher-order

d*K, (1)
drt '’

Ky = - LKe (1) (3.28)

K:‘l‘: (t’ t,) = dTG

It follows from (3.28), that stationary function derivatives are stationary
functions, as their correlation functions solely depend on 7.

Let us consider a number of examples of differentiating the correlation
function of a stationary random function.

The task is to determine the correlation functions Ky:

d
Y= ZX(0).

If

1) K = Dge eIl
2) K, (1) = D el 1+ al7]);
3) K, = Dye= "l cos Br.
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As
_&°K,
dr2’

Then after the twofold successive differentiating of K with respect to 7,
we'll get (See Appendix1):

K, =

K, = —dﬁl‘; (—Dma e—alfl%) = Dz‘a% (e_alrlsignr)

=D, [—ae—alrl (sign T)2 + e'o‘l"ldSlinT}

= Do [25 (1) — a (sign 7')2] e~ell,

2) Ky=~D, ar [—ae"’"lsignr 1+ alr))+ ae‘alflsign 7']
- d d
= 2___ |e—alrlgs 2 —alr|
D,a - [e s1gn7'|7-|] = D o I (e T)

= D a? [—-ae_"""lsignT T+ e_alfl] = Dya?e "l (1 - a|r));

3) K, = —ngr— (—ae‘alﬂ%lz_-—lcosﬁf — Be~ el sin57>
_ dir| 2 —alr1 427
— 20—alr| [ 2101 _ alr|Z_171
D, [a e ( I ) cos BT — ae ) cos Bt

+2aﬁe‘°‘|rl%z_-—| sin Br — B%e~ %"l cos ,B‘r]

= Dye~ "l [(%—a?sign’r) cos Br2ad (1) cos Br—2a3sin B|r] ;

lat7#0
sin 3 |7| = sin Brsignr, sign?r = 70,
Oat7=0.

As another example, let us obtain an expression for the cross-correlation
o

function of the stationary random function X (t) and its derivative X (t):

Koo (t, ) = I [)% (t) % X (t’)]
- 5‘% I [X t) X (t')] = %Kz (r) = dK;T(T). (3.20)
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It follows from (3.29) that the stationary function X (¢) and its first deriva-
tive are stationary-connected random functions.
Since K () is an even function of 7, then

dK, (1)

=0
dr ’

=0

i.e. the stationary function X (¢) and its derivative for the same instant of
time are non-correlated random quantities. The correlation functions of the
first two derivatives of the stationary random function X (2) are equal to:

K;; = ‘Kz (1) Kgz = K. ¥

Kiz = —Ko (1), Kiz=Kal(1),
which shows that they are stationary connected.
3.3.2 Probability Characteristics of the Integral of Stationary
Random Functions

Let us consider the integral (2.25) of the stationary random function X (¢),
whose correlation function is equal to

K, (1) = Dy coswr.

The correlation functions Ky (¢, t') and K (¢, t') are related by the equation
(2.28). In the case considered we have (7 =t} — t1)

t t
K, t) = / / K, (t] — t1) dt; dig,
0 0
or

t t

K, t)= //Dx cosw (] — t1) dt; dt].
00

By integrating we get:

1 1
Ky (t, t') = = coswr + — (1 — coswt — coswt') .
w

2 o
It follows from the last formula that the random process Y (t) is not stationary
that is (and it is also trie for the general case) the integral of the stationary
function does not have the stationarity property.
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3.4 The Spectral Representation of Stationary Random
Processes

The plots of realizations of the random functions X; (¢t) and X, (t) (see
Fig.2.3 a, b) shows great differences in the variations of this functions in
time.

A nonrandom function — the correlation function K (¢, t’), or K, (1) for
stationary process, — that reflects the internal structure of a corresponding
random process, for example, the process shown in Fig. 2.3 b, has been in-
troduced to estimate random functions behavior in time. All realizations of
this process have an obvious oscillatory nature. This suggests that we should
characterize this process by its spectral properties, the way we did with the
deterministic oscillatory process. We know, that, if any oscillatory process is
represented as a sum of harmonic functions with different frequencies, the
function describing the distribution of amplitudes in frequency is referred to
as the spectrum of this process. It shows what components dominate in the
given oscillatory process. Let us consider the random function

X (t) = (Ajcoswst + B;sinwjt), (3.30)
j=1

where A;, B; are independent random quantities with zero mathematical
expectations and equal variances (Dg4; = Dp; = D;). It has already been
shown (example 3.1), that X (¢) is a stationary function. Its correlation func-
tion K (1) equals

K, (r)= Z Djw; cos wjT. (3.31)
j=1

At 7 = 0 we get the variance of the random function X ()

n

D, =) Dj(w). (3.32)

=1

The formula (3.32) shows, that the variance D, is distributed in different
frequencies. The qualitative nature of D, distribution in frequencies is shown
in Fig.3.3. The spectrum shown in Fig.3.3, is referred to as the discrete
spectrum. The variance D, is finite; therefore as the number of terms n
approaches infinity, we may consider that amplitude variances D; are small
quantities ADj, i.e.

D, = iADj (w;). (3.33)
j=1
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|Cl

oy 20, ko, o

Fig. 3.3.

As the number of terms increases, the discrete spectrum will approach the
continuous spectrum, where the elementary variance AD; (w;) corresponds
to the small interval of frequencies Aw;. As AD; is small, let us plot the

AD . . . .
ratio ——2, characterizing the average (finite) variance density on the axis of

ij
ordinates.
Let us introduce the notation
AD,

for the average density of variance. The average density of variance is a finite
number. The plot of the discrete average density of variance is similar to that
shown in Fig. 3.3.

The correlation function (3.31) at large n with due account of (3.33) and
(3.34) is equal to

K, (r)= Z Sz (wj) Awj cos w;T.

j=1
In the limit at » — oo we have w; = w; Aw; — dw; Z - /; S(w;) = S (w)
j=1 0
and get
K, (r)= /Sz (w) cos wrdw. (3.35)
0

The function Sz (w) is referred to as spectral density. Since the spec-
tral density characterizes the variance distribution, it is always positive
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(Sz (w > 0)) and an even function of w
S(w)=S(-w). (3.36)

Taking the inverse Fourier transform of the above formula, we obtain another
useful relation

Sy (w) =

3|

/Kgc (1) coswrdr. (3.37)
0

We can obtain a more general relation (3.37) if we consider a random function
of the form

X (t) = f: Ajeist)

=1

where A; are independent complex random quantities with zero expectations
and equal variances. Under these conditions the correlation function K is

n
Ko (1) =) _ Dje™, (3.38)
j=1
oratn— oo
oo
K, (1) = / S, (w) €7 dw. (3.39)
0
Using the formula of the inverse Fourier transform, we get

Se (w) =

2|

/Kz (1) e ™7dr. (3.40)

If we carry out the summation in the expression (3.38) from —n to +n, we’ll
get (at |n| — o)

K,.(r)= / Sz (w) €7 dw, (3.41)
S, () = .217; Ky (r)e=7dr. (3.42)

The relationships (3:41) and (3:42) are referred to as Wiener—Khintchin
formulas. The relationships (3.35) and (3.37) represent particular cases of the
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formulas (3.41)-(3.42), with the imaginary parts of their integrals being zero,
which occurs, when the functions S, (w) and K, (7) are even.

The variance of a stationary function is connected with spectral density
by the relationship

D, =K, (0) = / Sz (w) dw (3.43)

or

D, = K, (0) = z/sz () dw.
0

Let us consider another version of deriving the relationship (3.41). For
this purpose we shall use the representation of a centered random function
X (¢) in a frequency domain (Fourier transform)

o0
X(t) = / Xo (iw) etdw.
-0
‘We determine the correlation function of the complex function

Ky (t, t) = M[X (t) X* ()]
=M [/ Xo (iw) X¢ (iw') €te ™"t dw duw’

or

K, (t,t)=M / / M [Xo (iw) X2 (iw')] €t ) dw du’, (3.44)

For a stationary function the correlation function depends on a difference of
time instants. Therefore, if X (t) is a stationary function, then the correlation
function K, will depend on the difference of time instants, if we assume that

M [ X, (iw) X§ (iw')] = S; (i) § (0" — w). (3.45)

Substituting (3.45) in the right-hand side of the relationship (3.44) and inte-
grating over w’, we get

K (t, t') = / Sz (w) eiw(t=t) g — K, (1), t—t =7).
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3.4.1 Spectral Densities of Stationary Function Derivatives

The following correlation functions of stationary function derivatives have
been obtained in Sect. 3.3:

d’K, d*K,
K,=-27= g, =98z
“ dr?’

Since
oo
K, = / Sy (w) e dw,
—00
we have
o0
K; = / S, () w?e™™ du. (3.46)
It follows from (3.46) that the spectral density of the derivative of the sta-
tionary function X (t) is

S; (w) = Sy (w) w?. (3.47)

Similarly, we obtain the spectral density of the second derivative (and so
forth)

Si (w) = S; (W) w*. (3.48)

3.4.2 Determination of Spectral Density (Examples)

Example 3.5. The correlation function of the random stationary function
X (t) (Fig.3.4) is

K,(r)= Dye~l!

Using formula (3.42), we get

17 D ¥
S:z: (UJ) = E / Dze_alT‘e_indT e 2_7": / e—alTI——indT
oo .
D, | | %
= = / e(a—i‘*’)"'dT +/e—(a+iw)-rd7_
27
oo o
D:D (64
T @@ rw) 4
T (0?4 w?) (3.49)
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The plot of S; (w) versus w is shown in Fig. 3.5.
Example 3.6. The correlation function K, () is equal to

K, (1) = Dge "l cos g7 (a > 0).

Since

cos B = % (ez’fo‘-r + e—iﬁ-r) ,

we get
D oo
8o (w) = 2= / eoTl (o7 | e=i87) g=Tdr
—00

or

89
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By manipulations we get

D a a
_Ds . 3.50
S (w) = 37 a2+(w+ﬂ)2+a2+(w-ﬂ)2 (3.50)

The behaviour of S, (w) as a function of w for: 1) @ =1, 8 =2 and 2) o = 3,
B =2 is shown in Fig.3.6 (at D, = 1).

1 S(®)

0.2+

0.1+

Fig. 3.6.

It follows from the plots, that at @ = 1 (curve 1) the random function
spectrum exhibits a pronounced maximum in the frequency area w = +3. At
a = 3 (curve 2) the spectral density remains almost constant in a considerable
range.

Example 3.7. The correlation function has the form

K (7) = Dge™®"! (COS BT+ %sinﬂlTl)

iBlr| _ g—iBlT]
o _ i€ e
= Ka(zl) (T) + Dz Ee Il —‘5{"'——
The spectral density is
(e o] o0
S, () = SO (w)+ 2= / e—alrl+iBiri—iwr g _ / ealrl—iBlri—iwr 4.
¥ z 4mip

— 00 — 00

The first term St (w) is equal to the spectral density of the previous example.
Let us consider the terms depending on integrals, that can be transformed to

oo oo

/e—aﬂ-r]-zwrd,r_/e—a2|1|—zw-rd7_,

— 00 — o
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where a3 = a — 18, az = a + if.
Thereupon each of these terms is represented as

oo 0 oo

/ e—all-rl—iw‘rd,r — / e(al-iw)‘rdT+ /e—(a1+iw)'rd7.,
—o0 —00 0

oS 0 oo

/ e—a2|7‘|—iw7d7_ — / e(az—iw)-rd,r + /e—(a2+iw)‘rd7_.
—0 —~00 0

The terms obtained are easily integrated and by manipulations we get the
following expression for a spectral density

2D« a? + 3?2
Sy (w) = ==~ . 3.51
S g EWRE R (3:51)
Example 3.8. The correlation function is
K, ()= Dye=7". (3.52)

The spectral density is

o

1 2.2

Sz (w)=Dm% /e @ T,
—00

Let us take advantage of the well-known formula

x
_RB?
/ e~ AT*+2B2-C g, _ /% exp {ACTB} (A >0). (3.53)

In the case considered A = a? 2B = iw;, C = 0.
As a result we get

D, [T w? D, w?
Sz(w)——g gexp{—m}—mexp{—a—a—z-} (354)
Example 3.9. The correlation function is equal to
K, (1) = D,e~'7" cos Br. (3.55)

The spectral density is

(=) oo
S:x: (w) =D$L /e—a21'2——iwr+'i.,3'rd7,+ /e—azrz—iw'r-—iﬁrd,’,
27
—o0 —00
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Using the formula (3.53), we carry out the necessary transformations and get

2 2
Sz (w) = Zf_\z/; [exp {—%ﬂ—)—} + exp {—(—wf(;g)—}] . (3.56)

Let us consider as the last example the stationary white noise, whose
correlation function depends on the Dirac delta function

K, (1) =S80 (7).

Let us determine the white noise spectral density

8y (w) = 2—17; / Sob (1) e ™Tdr

or

_ %

Ss (w) = 5, (3.57)

(as /6 (T)e~*7dr = 1).

Let us recall a transformwise formula relating the Dirac delta function
with the Fourier integral transform, namely

1T T
6(T)=:2—7;/e“'”dw or 6(7‘)=—2—];r- /cosw'rdw. (3.58)

It follows from the result obtained, that the spectral density of the sta-
tionary white noise is constant and equal to Sp. As stated above, the white
noise variance is equal to infinity. It takes an infinite power to produce such
random process, involving, for example, a random force that would continu-
ously obtain random increments with an infinite variance. The concept of the
white noise is therefore a mathematical abstraction. It is highly instrumental,
however, in the solution of many applied problems dealing with generalized
functions.

Appendix 3 contains plots of correlation functions and their corresponding
spectral densities.

3.5 Cross-Spectral Densities and Their Properties

If the cross=correlation functions K3,z (¢, t') of the stationary random func-
tions X (), X, (t) depend on a difference of time instants (¢’ — ¢ = 1), such
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stationary random functions are referred to as stationary-connected functions
(Sect. 3.1).
Using a Wiener-Khintchin formula (3.42), we get a cross-spectral density

Srzja:,, ('Lw /ijz,, (T _lwrd"' (359)

It follows from (3.59) that

o<
. 1 —i i
Sz, (w) = 5—7;/ [szzu (1)e™ " 4+ Ky, (—7)e “"’] dr
0
] oc
= / Kz, () e " “Tdr = /szzu (—1) e“Tdr.
-0
Since
Kzul'j (T) = Ka:jz., (_T)1
then
1 —WwT WT
Sz,m,, (Zw 5’7; zJa:,, 7') e + Kftumj (T) € ] dr. (360)
0

A similar expression will be obtained for the cross-spectral density S, z; (iw)

1

Sz,q; (iw) = o

/ 2oz (7)€% + Ky g, (1) €7] dr. (3.61)
0

By adding spectral densities (3.60) and (3.61) we get

17 |
SszV (’LLU) + SszJ ( ) = é; / (Ka:,a:., + K:z;,,a:]) ( T + e—"‘”) dr
0
or
1 o0
Sz;z, (W) + Sz,z; (W) 2—/ ;20 + Kaz,z,;) coswrdr. (3.62)
™
0

The right-hand side of the relationship (3.62) is a real quantity; therefore,
the sum of spectral densities is a real function of w. Since these spectral
densities can be presented as a sum (just as any function depending on an
imaginary argument,)
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S-'L‘jzu (u‘)) = Sg:z,, (LU) + zs:s:f)a:,, (w) ?
S:z:,,zj ('lLU) = S:S:},):t, (w) + is:l,',,:tj (w)’

it results from the relation (3.62) that

SE, (W) = =82, () (3.63)
therefore
1 ey
Sg)x,, (w) + S_,g)zj (w) = - / (Kzya, + Km,,zj) coswTdr. (3.64)
0

The right-hand side of the relationship (3.64) is an even function of w, there-
fore S;,., and S, z; are even functions, i.e.
Stk @) = 85k, (-w),

S, (@) = 8%, (~w).

TyTj

(3.65)

This prompts us the following general conclusion: real parts of cross-spectral
densities are even functions of w. Let us show now, that imaginary parts of
cross- spectral densities are odd functions of w. It follows from (3.59), that

o0 o]
1 5 .

Sg)zv (w) + isg)zu (w) = o / Kz, coswrdr — qur / Kz;z, sinwrdr.
—0Q

)
(3.66)
It results from (3.66)
1 7 )
Sg)mv (w) = ~ox / K, sinwrdr. (3.67)

— 00

The right-hand side of the relation (3.67) is an odd function of w. Therefore
ngg,, (w) is an odd function

82 (W) =82 (-w), (3.68)

ZTjTy 2j$,,

that is, imaginary parts of cross-spectral densities are odd functions of w.
For a system of n random stationary and stationary-connected functions
X (t) we may obtain a matrix (similar to that of cross-correlation functions)

S (u‘)) — 53;2z1 ........................... Sa;zzn . (3.69)
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The diagonal terms of the matrix S (w) are real non-negative even functions
of w:

S:l:,‘zi (w) = SI‘;:E«,' (—U)) *

Example 3.10. Given a stationary random function X(t) with proba-
bility characteristics m; = 0, Ky (1) = Dy e~2l7l. The task is to find the
cross-spectral density of the stationary function and of its first derivative.
The expression for cross-correlation function (3.29) is

d
Ko = —Kg (1) = —Dyzae™ " sin7dr.
dr

Let us use relationship (3.59) to determine the cross-spectral density

o0
D )
Sy (w) = — :ra / e eIl gionrdr
Dea | [ r
—_ 2z1ra / —(a+iw)T 1) dr + / aT—iwT (_1) dr
L O —-00
- oo o '
— _Dma /e“(a+‘tw)‘rd7_ _ /e—(a—iw)TdT - D, aiw )
2 7 (a2 + w?)
L O 0

3.6 Determination of the Spectral Densities of the
Linear Differential Equations with Constant Coefficients
Solutions

Solving linear differential equations at steady-state excitations may involve
the following cases.

1. An equation (or a set of equations) has coefficients variable in time,
as for example, the equation (2.61). In this case a solution of an equation
with a stationary right-hand side will be non-stationary at any duration of
the process. The launch of a flying vehicle may be an example of the non-
stationary motion of a system, described by the differential equations with
variable coefficients (See Fig.0.2).

2. An equation has constant coefficients, for example, equation (2.55).
In this case, two conditions of the systems motion at stationary excitations
are possible: 1) non-stationary motion and 2) stationary motion. The non-
stationary motion (for example, oscillations) of a system under the action of
stationary random excitations occurs, when the system is at rest before the
action of these random excitations.
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Stationary oscillations occur at stationary excitations after a certain pe-
riod of time has passed since the beginning of oscillations.

Stationary random oscillations are possible in stable systems. Let us con-
sider the algorithm of determining the solution spectral density assuming,
that at stationary excitation the system is under the conditions of stationary
motion. We shall consider only equations of the first and second order (the
case of determining the spectral density of the solutions of n—th order system
of equations is discussed in a broader context in chapter 6).

Let us recall the essentials of operational calculus pertaining to the
Laplace transform. Given a certain function f(¢) of the independent real
variable t, the Laplace transform (g for direct transformation and b for in-
verse transformation) are defined by the formulas

0) folp)= / f @) erat,
- (3.70)

b f(t)= / fo (p) e¥tdp.
0

where p is a certain complex quantity. The function f (t) is referred to as the
original, while the function fy (p) is defined as a transform. The originals and
transforms of the function f (t) and its derivatives as well as of the function
with delay f (¢t — t¢) are given in Table 3.1 at zero initial values. The Fourier
transforms of the same functions are presented in the third row of Table 3.1.

Table 3.1.
. df d*f arf
Original & T Iy
Transform pfo(p) p*fo(p) p" fo(p)

Frequency domain iwfo(iw) (iw)?fo(iw) (iw)™foliw)

Table 3.1 (continuation)

Original Ff(t—to) /f(t)dt fi+fo

Transform e~Ph fy(p) %f o(p) fi(p) + fa2(p)

. 1
Frequency domain e™*% f,(iw) " fo(iw)  for(iw) + fo2(iw)
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The direct and inverse one-sided Fourier transformations are

fo (iw) = /f (t)e~*tdt,

(3.71)
ft) = / (iw) e“tdw.
0
or bilaterial transformations
fo (iw) = / f () e ™tde,
(3.72)
f@ = / fo (iw) e“*dw.
Let us consider the equation of the first order
LA)=Y @) +kY (t)—Ff(t)=0 (3.73)

where f () is a stationary function with a zero mathematical expectation and
a known spectral density. If the function f (¢) has a non-zero mathematical
expectation it may be presented in the form

fit)=ms+F0),

o
where f(t) is a centered random function. Since my is a constant quantity
at stationary oscillations, the mathematical expectation m, will be constant
and equal to

1
my = Emf.

Therefore by manipulations we get the equation (3.73), where f (t) and Y (2)
are centered stationary functions. Using the Laplace transform (at zero initial
values) we get

oC

L) = [ [Y O +kY (- £0)] e ™dt =Y () +KY () - fo () =0,
0

The transform of the function Y (t) is

Y (p) = Gz fo (0) = W (p) fo (), (3.74)

where W (p) is a transfer function.
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In frequency domain we get

Y (i) = (2—(;1:-’5 Fo (i) = W (iw) fo (iw) - (3.75)

Using the inverse bilateral Fourier transform, we get

Y () = / Y (i) €t duo. (3.76)

—o0
Therefore, it is possible to represent the correlation function K (¢, t’) as

Ky(t, t) =My ) Y" ()]

=M K 70 Yy (iw) eiwtw) ( /oo Yy (i) e—iw’t'dw'ﬂ

or
K= [ [ M1y ) v @) e doan, (3.77)

For the function K, to depend on a difference of time instants (¢ — ¢’ = 7),
which is a must at a stationary process, we cannot do without the fulfillment
of the condition

MY (iw)Y* (iw')] = Sy (') 6 (' —w).

Substituting this relationship in the left-hand side of (3.77) and integrating
over w', we get

K, (r) = /Sy (w) e dw. (3.78)

We may obtain the correlation function K, (¢, t') using equation (3.75)
Ky(t, ) =M[Y @)Y (t')]

=M [ / (W (iw) fo (iw) €*'dw) / (W* (i) fi (iw')e-iw't’dw')
K, (t,t) = / / W) W) M [fo (iw) £ (iw')] e (") dw dw'.

— 00 —00
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(3.79)
The function K, (t, ') will depend on a difference of time instants given
M [fo (iw) f5 (iw')] = Sf (@) 8 (' — w). (3.80)

Excluding the mathematical expectation of the product of functions fo and
fo (3.80) from the right-hand side of (3.79), we get

K, (r) = / W (i) W (iw) S5 () 67 du. (3.81)

Since (3.78) and (3.81) are two representations of the same function K, (1),
we should satisfy the identity

/ 1S, () = W (i) W* (iw) S ()] " dw = 0. (3.82)

Therefore, we get from (3.82)
Sy (W) = W (i) W* (iw) 57 (@) = [W ()] S (), (3.89

where |W; (iw)|? is the square of the frequency function modulus. The rela-
tionship (3.83) relates the “input” spectral density Sy (w) to the “output”
spectral density S, (w).

For the second-order equation

YV +a1Y +axY = kf

We get in frequency domain

k

Yo (i) = T—5— Jo (iw) = W (i) fo (i), (384
[(zw) + (iw)a; + ag]
where
W (iw) = i

[(iw)2 + (iw) a1 + ag] .

The relation (3.84) is similar to that of (3.75), therefore the spectral density
Sy (w) is equal to

Sy (W) = [W (iw)|* S5 (w). (3.85)

This result is true for any linear equation with constant coefficients (here an
equation of n—th order is meant), for which the frequency function W (iw)
is equal to
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k
[(i)" a0 + ()" a1 + ()" P ez + -+ an |

W (iw) =

Knowing the “output” spectral density, we may determine the variance
D
y

K,(0)=Dy, = / Sy (w) dw.

In the general case, we may present the spectral density S, (w) as

1 Gw)

Sy (w) = W (iw)[* Sy (w) = o A (3.86)
where

G (iw) = bo (i)™ 2 4+ by (i) ™ + - bpy;

A (1,(4)) = ag (z’w)n + a; (iw)n—l + -+ anp,
therefore

Gliw) (3.87)
/1A (zw)l

The values of integrals I,, are presented in Appendix 2.




4. Fundamentals of the Markov Processes
Theory

4.1 Continuous One-Dimensional Markov Processes

The previous sections dealt with the correlation theory of random functions
and only the first two moments of a random function — expectation and the
correlation function has been considered. Unfortunately, far from all encoun-
tered applied problems can be solved by correlation theory methods. A case
in point is the problem of determining the probability that the ordinate of
a random function will exceed a particular given value, which often arises
during the dynamic systems analysis. These problems become solvable if we
restrict their treatment to processes not only possessing some special proper-
ties, but also interesting in the practical plane. Up to this point we have used
correlation theory methods to analyze systems with a linear input—output re-
lation. In this case the correlation theory enables us to obtain the probability
characteristics of the differential equations solution, knowing the probability
characteristics of perturbations. It is impossible to find a solution of nonlinear
equations by correlation theory methods. However, if we confine ourselves to
the processes possessing some special properties, we can obtain a solution of
nonlinear problems of statistical dynamics. Markov processes, for the exhaus-
tive characterization of which it is sufficient to know only two-dimensional
distribution laws, are classified among such processes.

The theory of Markov processes assumes that the distribution law of the
ordinate of a process at any future time instant ¢; depends only on the value
of the ordinate at a given instant ¢;_; and is independent of the function’s
past ordinates. In other words, additional knowledge of the random function’s
values at ¢ < t;_1 does not alter the distribution character of its ordinates
at t > t;. Physically, this singularity of a random process is equivalent to the
processes without aftereffect (processes independent on previous history).

For a Markov process any multi-dimensional distribution laws can be
expressed in terms of two-dimensional laws. As an example let us consider a
three-dimensional probability density f (zq, t2, 21, t1, Zo, to), a probability
density of the three ordinates of a random process taken at three sequential
instants tg, t1, ta2 (t2 > t; > tg). In accordance with the general formula for
the conditional distribution laws (1.48)

I (22, t2,:x1, t1, Zo, to)='f (22, t2| 21, t1, o, to) f (21, t1, Zo, Lo) . (4.1)
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In its turn,

f (.’El, t1, Zo, to) = f(.’L‘l, tll Zg, to) f(.’Eo, to). (42)

However, since

f (z2, t2] z1, t1, o, o) = [ (x2, ta| 21, 1)

(this is the property only of Markov processes), we finally obtain

f (22, ta, z1, t1, To, to) = f (z2, ta] T1, t1) f (%1, t1| o, to) f (@0, to) . (4.3)

In the same way we may obtain an expression for the n—dimensional
probability density
f(l'nn t’n, ey mOato) =
= f(xny tnlxn—l, tn—-l)f(zn—ly tn*ll$n~27 t'n,—-2) .. 'f($07 tO)y (4~4)
i.e. the probability density of the Markov process of any order ordinates
can be expressed in terms of the conditional two-dimensional probability

densities of the process ordinate at a time instant #;. The relations (true for
any probability density)

[z, tilzim1) 2 0; (4.5)

/ f(.’l)i, til.’ll'i__l, ti_l)da:i =1, (4.6)
—00

should be valid for functions f (z;, t|zi—1, ti—1) .
Besides, the two-dimensional probability density f (i, t;, z;-1, t;—1) is
related to the conditional probability density by the relation
f(@, t1, Tioq, tica) = f (Ti, Gl ziy, tio1) £ (@1, tina). (4.7)
It follows from (4.7) that

(o 0]

[z, ts) = / [, s, Ti_1, tio1)dasq

o0

= / f (@, tl@iza, tic1) f (@ie1, ticr) doie. (4.8)

Let us consider three sequential instants: to, 7 and t(tg <7 <t). At
the instant to (Fig.4.1) the process had an ordinate zy. Then the elemen-
tary probabilities of transition fromithe state zo to a state in the inter-
val (2, z +dz) (where z = z (7)) at the instant 7 and to a state in the
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Fig. 4.1.

interval (z, z +dz) at the instant ¢ are equal to f(z, 7|zo, to)dz and
f (z, t|zg, to) dz respectively.

The probability of transition from the state (2, 7) to the interval (z, = +
+dz) at the instant ¢ is equal to f(z, t| 2, 7)dz. The total probability of
transition from the state (z, x + dz) at the instant ¢t is obtained by inte-
gration of the probabilities product (z, f (z, t| 2z, 7)dz - f (2, 7| z0o, 10) d2)
with respect to all intermediate values z, i.e.

£ (@, |0, to)do = / f (@, 112, 7) (2 Tlz0, to)dz | da

or

o0

f(z, tlzo, to) = / f(=z, t|z, 7) f (2, T| %0, to)dz. (4.9)

— o

In mathematical literature the equation (4.9) is referred to as the Chapman-
Kolmogorov equation, in the literature on physics it is called the Smolukhowski
equation, who obtained it when studying the Brownian motion of a particle.
The equation (4.9) sets a rather strict limits on the form of a transition prob-
ability conditional density, namely, the integration over z should lead to the
elimination of z with the form of the function f remaining unchanged.

The limits of integration should not necessarily be equal to infinity.

4.2 The Fokker—Planck—Kolmogorov Equation

Let us obtain equations satisfied by a conditional probability density
f (z, t| zq, to) (Kolmogorov equations) for a continuous random process. The
process X (t) is considered continuous, if within small time intervals X (t) can
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obtain increments of noticeable magnitude with only small probability. Let
us assume for this purpose that in the equation (4.9) 7 = to+ At (At > 0), i.e.

f(wa t|m07 tO) = / f(xa tl z, tO + At) f(Z, tO + Atlx()a to) dZ. (410)

Let us then expand the function f (z, t| 2, to + At) in a Taylor series in 2
in the neighbourhood of a point z = zy (confining ourselves to the first three
expansion terms):

1o}
f(w,tlz,to+At)=f($,tlxo,to+At)+EE]i(z—z0)
0
10°f 2, 10%f 3
+_3 2( o) +g‘3;g‘(z—.’vo) +... (4.11)

Substituting (4.11) in the equation (4.10), we obtain

T 8
f(z, t| zg, to) = / [f (z, t| zo, to + AL) + b—f— (z — x¢)
zo
10%f 2 18%f 3
g (0 g o)
X f (20, to + AtI xg, to) dz. (412)
Since
/ f (2, to + At| 2o, to)dz =1, (4.13)

then by manipulations we obtain

f (IB, tl Zo, tO) - (JJ tl Zp, to + At)

axo / (2 — zo) f (2, to + At| g, to) dz

_loo

T
A

1
~2— Z to + Atl To, to) dz

a—f z — 33() (Z t() + Atl Zo, t()) dz. (414)

1
6

Dividing both,sides,of the;equationy(4:14) by At and proceeding to the limit,
we obtain
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. Bf (I, tl .’E(),to) af b1 62f C1 63f

g A 0T ad) 4.15
Oty "Bz, 3 ox? *% oz} (4.15)
where
1 =
a; = ay (IL‘(),t()) = A].il’_l’lo Zt / (Z - (L‘()) f (z,to + A tl zo,to) dZ;
)
oo
—_ —_— 3 _ 2 .
b1 = b1 (130, to) = Alir—l)l() (Z .’130) f (Z,to + A tl g, to) dz, (416)
—o0
c1 = c1 (zo,tp) = lim L (z — 20)° f (2,t0 + A t| 2o, 1o) dz.
’ At—0 At ’ ’
—~00

Two of the introduced coefficients have special names: the drift coefficient
for a; and the diffusion coefficient for b;.

We may record these expressions for coefficients a;, b; and ¢; in a more
compact fashion:

Mz — o] _ lim Maz]

M= Alir—xylo At T A0 At
M|(z - :co)2 M [Azz]
= i ~ = = i ————— e 417
b= fim —— Ay a7 (4.17)
Lo MlEml] M4
= A0 At T a0 At

The M [ ] operation in the expressions (4.17) is an operation of conditional
mathematical expectation. The coefficient a; (zg,%0) constitutes the limit of
the ratio of the random process difference mathematical expectation to a
time interval At, for which the ordinates have been taken when the interval
tended to zero, i.e. a; (zo,to) characterizes the velocity of random function
variation. The coefficient b; (zo,%9) determines the limit of the ratio of the
ordinates difference square mathematical expectation to a time interval At as
At tends to zero. In other words, it specifies the random function conditional
variance variation velocity.

The theory of Markov processes usually assumes that the moment of the

third order M [(z - xo)s] tends to zero faster than At, therefore

¢ = lim ——M [(Z _ 10)3]

At—0 At =0 (4.18)

Theradopted conditionei(zgyto)= 0 is not obvious and should be con-
sidered as the assumption that the probability of large deviations z — zg
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must decrease with the reduction of At rapid enough for all moments of this
difference, beginning from the third one, tend to zero faster than A¢. This re-
quirement allows us to regard a random function X (¢) in a system subjected
to the action of random impulses as a continuously varying quantity. Hence,
the solution of the equation (4.15) is true (at ¢; = 0) only for time intervals
At, that far exceed time intervals between impulses.

Finally we obtain the following equation (Kolmogorov’s first equation):

0 0 0?
~5—tf0_:a18—(1‘1f(.)—+b16—:1:§. (419)

The equation (4.19) enables us to determine the conditional probability
density f (z, t| zo, to) as a function of the initial state, since the “past” time
to and the “past” state x( are independent variables.

Let us obtain an equation which allows us to determine the variation of
the conditional probability density in the future, i.e. an equation relating the
derivatives f (z, t| 2o, to) with respect to ¢ and z, rather than with respect to
to and xg, as is the case in Kolmogorov’s first equation. An equation, in which
t and x are independent variables, is called Kolmogorov’s second equation.

Let us take advantage of the conclusion given in work [17] and use in our
consideration some arbitrary function R (z) that in the whole variation range
of the random function X (¢) is continuously differentiable up to the second
order and becomes zero on the boundaries of the x variation interval (a,b)
together with the first two derivatives

R(a)=R(b) =R (a) = R (b) = R" (a) = R" (b) = 0. (4.20)

1t is generally considered (by analogy with a normal distribution law) that
the area of possible z values is equal to (—00,00), i.e. @ = —00, b = co. Let
us consider the definition of a partial derivative

0f (@, tlz0,t0) _ | f (@t Atlzo,to) = § (@, 8]z, t0)

ot = Amy At

(4.21)

As distinct from the derivation of Kolmogorov’s first equation where the
instant T is taken as the one closely spaced with respect to the instant %,
when deriving Kolmogorov’s second equation, the instant 7 is taken close to
the instant .

Let us multiply the relation (4.21) by R (z) and integrate it between —oco
and oo, then

o0

a bl )
/ ————————f (@ ;|t$0 tO)R(m) dx

—o0

= lim

At50 R (z)dz. (4.22)

/ f(z, t+ At|xzo,to) — f (z, t| 2o, to)
At
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Let us use the equation (4.9), in which we shall replace t by t + At and 7
by t. As a result we obtain

F@t+ A t|zo,to) = / Flat+Atlnt) f(ztloote)ds.  (4.23)

Let us eliminate f (z, t| zo,to) that enters the expression (4.22), using the
equation (4.23):

T 8f (z, t|zo, to)
/ 2 PR (@) do

-0

‘A;’Eom/ [/f 2, b+ At]2 1) f (2 t70,to) R () dz

—0o0 — 00

—f(z, tlmo,to)R(-’E)] dz
T At—0 At

= lim {/f (2, t|zo, to) /f(x,t+At|z,t)R(m)dmdz

- / 1 (z, t| zo, to) R(z) dm} . (4.24)

Replacing the variable of integration z by the variable of integration 2 in
the expression (the addend in the formula (4.24))

7f(z,t|xoto) /oof(x,t+At[z,t)R(x)da:dz
woan
7———————6f (=, g'tm“’ %) p(z)da
= lim - /f(w t| zo, to) /f(z t+ At|z, t) R(2)dz — R(z)| dz.
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Let us expand the function R(z) in a Taylor series in powers of (z—2)
near the point z = z:

R(z)=R(z)+ R (z)(z — 2) + %R"(x)(x—z)?'—{—O(m—-z),

where O (z — z) are terms of a higher order of smallness.
Let us consider an expression

7f(z, t+ Atlz, t) [R(x) + R (z — 2)

:O%R" (z-2)*+0 (- z)} de

- 7f(z, t+ At|z, t) R (z) dz

+ R (x) 70 (z - 2) f (2, t + At| 2, to) dz

+ %R” (2) 7 (x—2) f (2, t + At| 2, £) dz. (4.25)

Since

/f(z,t—I—AtIm,t)dz:l,

then, omitting the series terms 0 (z — z), we obtain

[ 0f (a, t|=o,
/ Iz (;ixo to)R(m)dx

(4.26)




4.2 The Fokker-Planck-Kolmogorov Equation 109

oo

a1 = ay (z,t) = hmo—A—z/(:t:—z)f(z,t+At|x,t)dz
dm, M
—
oo (4.27)

1
by =b (x,t) = Ali!_r)lo —A—t / (:r — 2)2 f (Z, t4 Atl Zg, to) dz

—0o0

M |(z - 2)*
- AI%IBO —Lrl

It is assumed in expression (4.25) that

At—»oAt /0 w‘z)f(Zt‘f'At]:L' t)dz_

The expressions (4.27) for the coefficients a; and b; are similar to those
of (4.16) and (4.17), but now they depend on z and ¢.
Integrating the expressions entered in the right-hand side of (4.26)

/ fR’aldx, / fR”bld.’B

by parts, we obtain (at R(—o0) = R (o) = 0)

/falR'dac=—/%(fal)Rdz+(fa1R)
;.
- / —(;C;—I)Rdw; (4.28)

/be”d /R fbl)

Let us substitute (4.28) in (4.26), then

° 2
/ [‘Z{ B(g;n) —é—aa(ifl)}R(x)dm:O. (4.29)

— 00
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Since the function R (z) is arbitrary, the identical vanishing of the left-
hand side of the relationship (4.29) is possible only when

of | 0(far) _18%(fb)
ot Oz 2 Oz

The obtained equation (4.30) is Kolmogorov’s second equation for one-
dimensional processes that allows us to determine the variation of the condi-
tional probability density in the future with a known probability density at
an initial instant.

Kolmogorov’s second equation enjoys the broadest use in problems of
statistical dynamics and the theory of random vibrations. According to the
current classification of partial differential equations, Kolmogorov’s equations
(4.19) and (4.30) are of the parabolic type. For the solution of an equation to
be unambiguous, we must to know the initial and boundary conditions for the
desired function (for the probability density f (=, t|zo,t0)). The function f
must satisfy not only the initial and boundary conditions, but also conditions
true for any probability density

=0. (4.30)

fZOJ /f($,t|m0,t0)d93=1~

Two versions of the initial conditions are possible at ¢ = to : 1) The
values of the random function z = z ordinate are random quantities with
a known probability density f (zo, to); 2) The values of the random function
zo ordinate are given (a nonrandom quantity).

In the first version the condition

[ (z, t|zo,t0) li=t, = f (20, to) - (4.31)
must be fulfilled.
In the second version, where zg is given,

f (.’L‘, t!xﬂvto)lt:to = 5(1‘ - :EO) . (432)

This condition can be obtained as follows. At a given z, the probability
that possible values z are more or less than g, is equal to zero. Therefore,
we may present the probability density at t = %3, which should meet the
condition

/ flz,to)dz=1

as
To—€ zo+e o]
/ f(z, to)dz + / F(z,t0)dz + / f(z,to)dz =1, (4.33)
—00 To—E€ To+E
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where ¢ is a small positive quantity.

The first and the third integrals in the left-hand side of the expression
(4.33) are zero, since they are equal to the probabilities of the occurrence of
z values smaller and larger than zg, therefore

To+E

/ f(z,to)dz = 1. (4.34)

To—€
The relation (4.34) at € — 0 is a condition defining the delta function, i.e.
f(z, to) =8 (x — zo). (4.35)

If a random function z (t) can take any values in the interval (—oo, 00),
then the conditions at +0o0 must be taken as boundary conditions.

When determining the distributions that are homogeneous in time, the
function f and the coefficients a and b do not depend on ¢, therefore the
equation (4.30) takes the form

L
2 dz?

Or, integrating over z

b1 (@) ] - = lan (2) f] = . (436)

< oy (2) /] 21 2) f = . (4.37)

d
If we suppose that at x — oo f and —f tend to zero, then ¢ = 0, therefore
z
the solution of equation (4.36) takes the form

T

f(@)=ciexp —-/ (%) dh }. (4.38)
0

The integration constant ¢; will be determined from the condition
oo
/ f(z)de =1

Let us cite some examples of the equation (4.30) solution.
Example 4.1. Let us consider a particular case at a1 (z,t) = 0 and
b1 (l’, t) = b10 = const :

of 1, &f
ot~ 2 99z2

Itvisirequireditorfindrthersolutiontof equation (4.39) for the x variation
interval z(—o00, co) meeting the conditions

(4.39)
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1) t= 07f($? tlmO,O) = 5(‘7; —x()) )
o0
) /f(:c, t| zo,0)dz = 1, (4.40)

3f=zo0.

The solution of the equation (4.39) that meets the conditions (4.40) has
the form

_ 2
f(z,t]|z0,0) = ﬁexp{—%}- (4.41)

We may transform the right-hand side of (4.41) to the form

I= \/_mexp{ m mO)} ( 2b10)

At t — 0, m — oo, therefore the right-hand side of (4.41) at ¢ — 0 is the
delta function (Appendix 1).

The expression (4.41) obtained for a conditional probability density is a
Gaussian normal distribution law that varies in time and has a mathematical
expectation m, = zo and a variance D, = byot.

Let us consider a random process, when it is homogeneous in coordinate
x, i.e. the probability of passage from the state zo to the state x depends
only on a difference x — xp.

In this case, the coefficients a; and b; do not depend on z.

Therefore, from the equation (4.30) we obtain

Uw)d 0L (.42
Let us introduce a new variable
i t
:v1=x—/A(t1)dt1; t2=/B(t1)dt1.
0 0
Then, the equation (4.42) will change into the form
2
g_% - %%x%' (4.43)

The equation (4.43) solution is similar to that of (4.41) (at the same initial
conditions):

1 [z — zo — by ()]
il t|$0,0)=‘mexp{— 262 (2) },
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where

t

w@) = [Beyd 4w = [A@,

0

The obtained equations (4.19) and (4.30) enable us to investigate the
variation in time of the distribution conditional density. For a full solution of
these equations, however, we must generally have an explicit dependence of
the coefficients a; and b; upon the variables xg, to for the first equation, and
upon z, t for the second equation. As the conditional probability densities,
defined by the equations (4.19), (4.30), describe (in a probabilistic sense) the
state of any object, for example, that of a mechanical system, there should be
a relation between Kolmogorov’s equations and the equations of this systems
motion. In order to establish this relationship, let us consider the equation
of motion of the first order system

z=F(z)+e(t), (4.44)

where € (t) is a random disturbance (the white noise) with known probability
characteristics me = 0,k. = Spd (7). The white noise variance and power
are equal to infinity which contradicts the mechanical and physical notions
of real processes, i.e. the delta-correlated random function is a rather crude
approximation. Nevertheless, the white noise and its properties are widely
used in the theory of random processes, and, in particular, in the theory of
Markov processes. The use of the white noise in theoretical investigations
has allowed us to obtain classical results in the nonlinear systems statistical
dynamics.
Let us integrate the equation (4.44) between t and ¢ + At, then

t+At t+At
z(t+At)~w(t):Ax:$—z=/F(z)dt1+/6dt1,

t

o

or, using the mean-value theorem, we obtain

t+At
Az =z —2z=F(z) At + / edt;. (4.45)

t

The conditional mathematical expectation of both sides of equality (4.45)
is

Mz -2z = /(m—z)f(z,t+At|:c,t)dx,

or
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t+At
Miz—2 = M[F(z) At + M / e(t)dty | . (4.46)
t
As F(z) is taken at the given z,
t+At
Mz — 2] = F(z) At + / me (t1) dty = F (z) At. (4.47)

t

Dividing both parts of the relation (4.47) by At and proceeding to the
limit in (4.27), we obtain the coefficient a,

. 1 Mz - 2]
a] = A}:E}IO ET =F (:L‘) . (448)

Let us determine the coefficient b; (z,t), considering the conditional math-
ematical expectation of the square of a difference (z — 2) :

M [(:r - 2)2]
by = Alir—I}o At
) t+At 2
= lim M | [ F(ea) + / e () dty
t
t+At t+At
= lim F2(m)At2+/ /Ks(tl,tz)dtldtg ;
At—0
t t
since

K, (t]_,tz) =K, (tz — tl) = 5S¢0 (t2 —_ tl),

we obtain
t+ At t+ At
b = Al}:r—I:O E / 6 (ta — tl) dt; dty = Sp. (4.49)
t t

Example 4.2. A liquid damper is shown in Fig. 4.2. A random force € (t)
is acting on the piston rod. Considering the rod and the piston inertialess, we
obtain the equation of the pistons motion az = ¢ (t), where a is a coefficient
of viscous friction; € (t) is a random stationary excitation (force) with known
probability characteristics m, = 0, K, = Spd. (7).

It is required to determine the conditional probability density f (z, t|zo, 0)
of therrodidisplacementizratianyarbitrary instant ¢ that at ¢ = 0 must meet
the condition
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Fig. 4.2.

f(.’B, OI Zo, 0) = (5(:1: - mO)a (450)

and at an arbitrary ¢ must satisfy the normalization condition
[o0]
/ f (@, t|0, 0) = 1. (4.51)
—00

For this problem the condition (4.51) is approximate, since the displace-
ments of the piston are limited (—! < z <) and the coefficients a; and b;
are equal to

a1=0,

t+ At 1+ At

5 (4.52)

1
—5Ke (t2 — 1) dtr dby = =5

by = lim —
L= A0 At o?
t 1
Therefore, the equation for determining the conditional probability den-
sity is of the form

of _ 5 &1
ot  2a20x?’
The equation (4.53) coincides with the equation (4.39).

Taking advantage of the expression (4.41), we obtain the following solution
of the equation (4.53):

o 1 a? (z — zo)?
f (Z, tl Zg, 0) = E 5‘7‘1:2 exp {'— 2Sot . (454)

Let us consider the steady-state (stationary) condition, when the condi-
tional probability density f (z, t|xo,t0) and the coefficients of the equation
(4.30) do not depend on time. This is tantamount to the assumption that

(4.53)
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at large time intervals, elapsed since the beginning of the process, the con-
ditional probability density can be considered independent of the difference
t —tp.

In this case, we obtain from equation (4.30)

142 (b1 f) d _
5 a3 (@) =0 (4.55)

Let us integrate equation (4.55) over x

% (blf) - 2a1f = C. (456)

It has already been shown (equation (4.37)) that ¢ = 0.
It follows from (4.56) at ¢ = 0:

i (%} az - . (4.57)
Integrating (4.57), we obtain

_ C1 al ((L’)
fz)= @) exp {2/ b (@) dm}. (4.58)

We may determine this arbitrary constant c¢; from the condition
o
/ f(z)dz=1.

—o0

Example 4.3. Figure 4.3 shows a body of a mass m moving horizontally
under the action of a force Ry + AR, where Ry is the thrust force nominal
value, and AR is a random component. The equation of the body motion has
the form

mo + F (v) = Ro + AR, (4.59)

where v is a velocity of motion; F (v) is a resistance force. Due to a scatter
of thrust AR the body motion velocity v is equal to v = vg + v;, where vy

R+ AR >
—* ————————————————————————————

x

Fig. 4.3.
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is the velocity of the body at AR = 0,v; is a scatter of a velocity resulting
from the scatter of thrust.

Let us assume, that the random function AR presents the process of the
white noise type with a zero mathematical expectation and the correlation
function Kag = 0 (¢t — t1). It is required to determine the steady-state prob-
ability distribution f (v1) and the variance of a velocity v;.

Let us expand F' (v) in a series near v = v, considering that the resistance
force AF is the odd function of v;:

F()= F o) + 5 . %2371: e (4.60)
As a result, we obtain the following equation

neRE) =c@),  (e0=5). (a.61)
where

F(vn)= 1—1’: <%€: v=voV1 + = ! (231: lv=vo vi") = oqv; + ogvd.

In order to determine the coefficients a; and b; let us integrate the equa-
tion of motion (4.61) between ¢, t + At
t+At
A'Ul = —FlAt + f E(t) di.

t

According to (4.48) and (4.49), the coefficients a; and b; are:

ay = lim —M [A’Ul] = —Fl ('vl)

At— oAt
= I M [Av, (t) Avy (t1)] = So
_A}:IEOZ v (t) Avr (0 m2’

Kolmogorov’s second equation for the above problem is of the form
dzf 2 SO
2 av? [Fl(vl)f]—-o (U =3 )

or
_ + _F‘1 (Ul) f = C. (462)
V1

We may consider that the probability of large values v; occurrence is
small, therefore the probability density should meet the condition
F(01)ly; 5ee = 0-1If; in addition to this| we assume, that the derivative f (v1)
at |v] = oo is also zero, then it follows from the equation (4.62), that ¢ = 0.
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The obtained solution substantiates the adopted assumptions about the be-
havior of the probability density and its derivative at large values of v;. If
this solution meets the adopted assumptions, they may be consider true.

At ¢ = 0, the solution of the equation (4.62) has the following form

U1

2
f = C1 €Xp -—;2— /Fl (vl)dvl . (463)
1]

Let us determine the arbitrary constant ¢; from the normalization condi-
tion

/ fdvl = 1.

For example, in the case on hand at

3
= ayv + agvy

we have
2 v? v}
f=a exp{—;z— <a1~2l+a211>}. (4.64)
df
It follows from (4.64) that f and T at |v1] = oo become zero. As the
1
mathematical expectation M [v1] is zero, the variance will be
T 2
a a
D, =¢ / viexp {——0—5 (%v% + Izvf) } dv;. (4.65)

— 00

At a linear dependence of a resistance force on vy, i.e. at F; = ajv;, the
probability density distribution follows the normal law.

Let us determine an approximate value of the integration constant cj,
assuming that

2a2 4 Qaz 4
ol ~1—-—=v7, 4.66
exp { v } V] (4.66)
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By integration we obtain

VTo az 3/7mo’
Ja 202 5. |’
! 2a1/2

1‘—‘61

whence

- vm
ovA(1-3a0) (4.68)

The approximate value of the variance is

9]

oo

a1 Qa9
D, =c¢ / v? exp {—;Evf} (1 - Qﬁv%) dv, (4.69)

-0
integrating, we obtain
3 15
D,, = &L V™0 - (1 - 0% 02> . (4.70)
2 ( /_011) ajg
By substituting the expression (4.68) in (4.70), we obtain

o? (1 - —15(;2 02)
D,, =02 2 (4.71)

1 = o'vl = .
201 (1 - §—0%02)
4ot

4.3 Multidimensional Markov Processes

The basic concepts of a one-dimensional Markov process may be general-
ized for a case of multidimensional processes. A multidimensional process is
considered a Markov process, if the distribution law of a system of random
quantities X, Xa, ..., X,, taken at an instant £ and calculated given that
the values zi19, Z2g, - .., Zno of the random quantities X3, X5, ..., X, at an
instant f9 are known and do not depend on random functions X; (¢) values
at the preceding instants. Here, as in the case of one-dimensional Markov
process, a two-dimensional conditional probability density

f(z1,22,...,Zn, t| T10, 220, - - -, Tno, t) = f (X, t| Zo, to),

is_an_exhaustive characteristic_of the process, where Z, %o are vectors with
the components z; and z;q.
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For multidimensional processes the Smolukhowski equation has the form

f(fﬂhmz,-'-,iﬂm t| $10,$2o,--.,$n0,t0)
x o0
:/.../f(xl,...,a:n,tlzl,...,zn,r)
-0 — 00
X f(z1,-++y2n, T| 10, - -, Tno, to) dz1, ..., dz,.

Ignoring computations, we present Kolmogorov’s second equation for mul-
tidimensional random processes {17, 40]

T P IR 99 D @)
ot 1 a$i t 2 =1 j=1 8xi6mj K e )
In the specific case of two-dimensional random process, we have

9f | d(arf)  9(azf) 18*(buf) 1% (baf)
ot ox Oxo 2 0z 2 Ozl

_10%(biaf) 10 (barf) -0

4.
2 6z13z2 2 31‘161'2 ( 73)
The coefficients are
M [Az;
a; = lim —l—M [z; — ] = lim [Aa]
At—0 At At—0 At (4 74)
by = bys = Jim, M (=2 (2 = )] = fim, =7

Any solution of Kolmogorov’s equations involves great difficulties (with
the exception of elementary particular cases). These partial differential equa-
tions are classified among parabolic equations. Therefore, in order to obtain
unambiguos solutions we must know the initial and boundary conditions,
which the function f (the probability density distribution law) should meet.

Example 4.4. Let us consider a mechanical system, in cases where the
force of inertia cannot be ignored (Fig.4.4). The motion of a mass m is
described by the following second-order equation:

#+ 20t +piz =€ (). (4.75)

For the complete description of this motion we must know not only the
x value at t = tp, but also the value of the first derivative z, and, hence, the
z value at t < to (a process with aftereffect). Therefore, it is impossible to
use a one-dimensional Markov process for the investigation of such system.
However, if we present the equation (4.75) in the form of two equations of
the first order (taking & = 21,2 = x3)
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m
N

x
Fig. 4.4.
&) = —2nx; — pazs +€ (1) (4.76)
T2 =1 .

and consider z; and z, as the coordinates of a point on a phase plane,
methods of Markov processes can be used for obtaining a solution to the
system of equations (4.76). We may reduce a process with an aftereffect to
a process without an aftereffect by increasing the dimensionality of a phase
space. If we specify the state of a system that is described, for example,
by a differential equation of the second order, by two coordinates x; and
z2 in two-dimensional phase space, we get a process without an aftereffect.
In order to determine the joint probability density f(z1, z2, t) = f (Z,x,t)
for the equation (4.75) we must solve the equation (4.73) with due regard
for appropriate initial and boundary conditions. In the general case we may
always present the following set of mechanical system motion equations

5? = Fl(y, }.’, t) +é&1 (t) (477)
as a system of G; equations of the first order

x1 = F1 (X1, X2, t) + €1;

s = xa, (4.78)
where ¥ = X3; y = Xa.
Introducing a vector x = 2 , we obtain
x=F(x,t) +e, (e = (e1, O)T> , (4.79)
or in a scalar form
& = Fi(Z1, 22,..., Tn, t) +&; (1) . (4.80)

It should be emphasized, that the components €; (t) of the vector &, (t) are
stationary random functions of the normal white noise type (mEJ, =0, Ke,e, =
S03id-(7))«-Only. in this.case the set-of equations (4.78) can be investigated
with the use of Markov processes.
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If the components of the vector & are not a random white noise, for ex-
ample, ¢; (t) are independent and have correlation functions

K., (1) = ole I, (4.81)

the functions ; () should be represented as processes following linear differ-
ential equations of the first order
dEi
dt

+ aie = ae (t), (4.82)

where ¢ (t) is a normal white noise with the correlation function K, (1) =
= Sod (), a; are unknown coefficients. The spectral densities S, (w) are
determined from the equations (4.82)

G?So

Sgi (w) = m

(4.83)
At known correlation functions K., (t) (4.81) we may obtain the spectral
densities S, (w) from the Wiener-Khinchin relation (3.42)

2
g7 0

Se, = —. 4.84
L )= e (484
By equating the right-hand sides of expressions (4.83) and (4.84), we

determine the unknown coefficients a;

2
2 Ji ai
2 = i 4.
a; oy (4.85)

As a result, we obtain a set of simultaneous equations of the first order
(4.78) and (4.82) involving a random function ¢ (t) (a white noise) that can
be investigated by methods of Markov processes.

In order to determine the coefficients of the equation (4.72) let us take
advantage of the equations of motion (4.80). Let us integrate these equations
between t and t + At:

t+ At t+At
Az = /E(xl,xg,...,xn,t)dt—&- / g; (t) dt. (4.86)

t t
Applying the mean-value theorem, we obtain (similarly to (4.45))

i+ AL
Az; = Fj (21,%2,...,Zn,t) At + / g; (t) dt. (4.87)

t

Let us determine the coefficients'a;; b;; of the equation (4.72) using (4.74)
and (4.87):
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a; = lim — [F; (z1,%2,-..,%n,t) At] = F;

At—0 A
1 t+ At t+ At
bij = Al%glo E FiFjAtz + / / ngei (t2 - t1)dt2 dt;| = S()ji.
i t

For stationary conditions, when the conditional probability density f and
the coefficients a;, b;; do not depend on time, we obtain from (4.72)

8 (a:f) 1 P (bif) _
izzl ox; ) ;JX_: Oz; Oz; 0, (4.88)
or for a two-dimensional process
9 (a1 f) + d(az2f) 18 (buif)

Ozq Oxo 2 Oz}

1% (beaf) 10%(biaf) 18%(barf)
2 6(1,'% 2 8(1)1 8332 2 (9.771 6.’1}2

=0. (4.89)

4.4 Determination of the Probability of Attaining a
Random Function Possible Values Area Boundaries

The theory of Markov processes allows us to investigate the problems per-
taining to the analysis of transients in mechanical systems, to which we can-
not obtain a solution by methods of the correlation theory. The problems of
determining the probability of attaining a random function possible values
area boundaries are problems that can be solved by the methods of Markov
processes.

Let us consider a one-dimensional random process. It is required to de-
termine the probability that the condition

is satisfied for a random function X (¢) during a time interval (o, to + t1).
Let us assume that the initial distribution

f (@, t0) = fo(z) (4.91)
is given.

Then the required probability is

z
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The average time of satisfying the condition (4.90) constitutes ¢4, = t —
to. Let us confine ourselves to a case where the coefficients a; and b; do
not depend on time. This occurs, for example, when a stationary random
disturbance € (t) with a zero expectation and K, = Syd () is acting on the
input of a system. We may assume that at the initial instant none of the
process realizations had time to attain the boundary, therefore

P(to) = 1. (4.93)

At a large value of time t any possible realizations of the process will
attain the boundaries, i.e. at ¢ & 0o P(00) — 0. In the independent vari-
ables range (z1 < ¢ < x3); (to <t < o) the conditional probability density
f varies according to the equation (4.30):

of _  8(arf) +162(b1f).

ot oz 2 Ox?
One of the singularities of the given problem consists in a fact that the
range of a random function z ordinates variation is limited, and we must take
it into account when formulating the boundary conditions.
The probability that the trajectory has crossed the segment z, z + Az,
never reaching the boundary for the time ¢ — g, is equal to

(4.94)

AP = f (z, t) Az. (4.95)

Such trajectories are practically absent on the boundary z = ;5 at
t > to, therefore f (z, t) must satisfy the boundary conditions

f(z1,t) = f(22,t) =0. (4.96)

The boundary conditions (4.96) and the initial condition (4.93) define
the function f in a uniquely fashion. Let us suppose, that the solution of
the equation (4.94) satisfying the boundary and initial conditions, has been
obtained. Then, the function P () is known and we may find the probability
Py that z (¢) will reach the boundary within the time period ¢ — to:

Py=P(ty) - P@t)=1-P(1). (4.97)

By differentiating the expression (4.97) with respect to ¢, we determine
the probability density

_dP(#)

= (4.98)

fi(t) =
Setting ¢t = ty + t1, where t; is a random variable, we obtain

ft) = —W- (4.99)
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The relation (4.99) allows us to determine an average time (my,) of the
systems motion before reaching the boundary (¢; > 0):

mg, = /tlfl (tl) dtl = —/tl dP (to +t1) (4100)
0 0

Integrating the right-hand side of the expression (4.100) by parts, we
obtain

mg, = —t1P

+ / P()dt
t1=0 0

or (as P (00) = 0)

my, = / P(t)dt. (4.101)
0

The solution of the equation (4.94) at the given boundary and initial
conditions enables us to determine the probability that the random function
X (t) will reach the boundaries by the fixed instant 7. We determine this
probability from the relation (4.95)

P(T) = / f(z,T) dz. (4.102)

T1

Example 4.5. An equation of motion of an inertialess piston (see Fig. 4.2)
acted by a constant force a and a random force ¢ (t), is of the form

at =a+e(t), (4.103)

where o is a resistance force. The random force £ (t) is a random process
of the white noise type with a zero expectation and the correlation function
K, = Spé (7). It is required to determine the probability that the random
function z(t) (the displacement of the piston) will not go beyond the bound-
aries of the interval (—xo, zo) within the time period , if at ¢t = 0 (0) = 0.

In this case, the coefficients are a1 = a/a; by = Sp / o?. The equation
(4.94) takes the form

8f adf Sy 9%f
Wit S S y 4.104
Ot adx 202 0x2 0 (4.104)

The desired probability density f (z, t) should satisfy the initial condition

f(z,0) =46 (z). (4.105)
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Let us use the Fourier method to solve the equations (4.104):
f=X@)T (). (4.106)

As a result, we obtain the following two equations

dT d2X  2aadX 202X
S+ XNT =0 = T X =
@ % @ 5 @t s, 0,
whose solutions are of the form
T= Cle_Azt;
4.107
X =exp{a§a—m} (c1cos Mz + ¢z sin A z) ( )
0
where
202 )\2 2.2
A= 2 re (4.108)

Sy S

The probability density f (z, t) should satisfy the boundary conditions
(4.96), therefore we obtain two equations to determine ¢; and ca:

X (xg9) = ¢1 cos A1zg + ¢z sin A\yzg = 0;
(z0) 1 1Z0 2 . 1Zo (4.109)
X (—.’BQ) = C; COS /\1.’1,‘0 — C2 SIN )\1580 =0.

The system (4.109) has a nontrivial solution (¢; # 0) at ¢ = 0 and
cos \1zg = 0, from which it follows:

(2k+1) m

4.
R (4.110)

A =
We determine from (4.108)

2 S0 ((2k+1)2 2 a2a2>

k™ 2q2 4 2z ot

Finally, we obtain the following expression for the solution of the equation
(4.104):

_ aa | < k+1) 7z,
flz,t)= exp{sox}kzzo (ckcos 5 moe k) (4.111)

At an initial instant (¢ =to = 0) the obtained expression (4.111) must
satisfy the initial condition (4.105):

exp {;—:x} i (ck cos (—%%-—L)%) =4 (),

k=0
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from which we obtain

Zo

zo
CR/C082 (2—k;—lmdx=/exp{—a§c—y-m} cos(2—k+—1)26(m)dx.

To 0 2zg
—o —Zo

(4.112)

It follows from (4.112) that ¢, = 1/zo.

The expression (4.111) takes the form

aa v 2k+ 1) 7wz _,2
=— e ) 411
flz,t) = exp { 5 } (}; cos 27 e ) (4.113)

The required probability is equal to

P(@t)= /f(m t)dm————/exp{ }f‘g(e—Az &—k—%m)dm

(4.114)

By integration we obtain a relationship that is true for any fixed instant
t="T:

2ch 22 2:0 © - AT (- 1)2+k

S
P(t)=—20 Y2 P (4.115)
= (o)
where b —(Elii—l—)
2 .770

As one would expect, the value obtained for the probability P (T) does
not depend on the sign of the force a. The example considered assumes the
generalized form, when the area boundaries of the possible values of the ran-
dom function z (t) at an initial instant are random (z are random quantities
with known distribution law), e.g.

™ T
= —. 4.116
4 o Cos 23:0 ( )

f (z0)

In this case, the solution (4.111) at ¢ = 0 must satisfy the condition

2k+171':c
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which allows us to determine ¢

x
k k+1
crp = % / exp {—ﬂm} (cos 1T 4 cos M) dz. (4.117)

Zo Zo
o

Having determined the coefficients c, we find f(z,t), and the probability
P (t), as in the preceding case. The obtained expression (4.115) enables us to
determine the average time of the motion of the piston without contacting
the end faces of the cylinder through the formula (4.100):

o
2cha§—a:o 00 (—1)2+kbk
my, = 03" . (4.118)

2.2
o k=0 )\z (.QS_(; + bi)
0

Let us transform the expression (4.118), introducing a non-dimensional

aw . .
parameter y; = —xo and a characteristic time 5. The time tg, during

which the piston covers a distance equal to z¢ under the action of the force
a, is taken for the characteristic time. Since the nonrandom motion of the
inertialess piston is described by the equation

at = a,

the time tj is equal to

a

iy = —xo.
a

Dividing the expression (4.118) by tx, we obtain the non-dimensional av-
erage time of the pistons motion without contacting the ends

2 (=1)** 2k + 1)

- mey
My, = —= = 2chy; - Z 3 (4.119)
tk k=0 (’Y% + b%o)
where
(2k+1)
by, = —

It has been assumed in the example 4.5 that the pistons force of inertia
is less than the resistance force @& and for this reason can be ignored.

Let us consider a mechanical system, whose motion is described by a
differential equation of the first order similar to that of (4.44). Figure4.5
shows a rotating shaft with a disk. A known moment M, and a random
moment € (t) are acting on the shaft. Neglecting any moment of resistance,
we have the following equation of the disks rotation

Jo =My +e(t). (4.120)
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M, =@

Fig. 4.5.

At an initial instant the angular velocity is zero. It is required to determine
an average time m,, at which the angular velocity will reach the value |wp|.
To determine the average time m;, we obtain an expression similar to that
of (4.120), where we should replace zo with wg and o with J.




5. Random Vibrations of Systems with One
Degree of Freedom

The theory of random vibrations of mechanical systems finds an increasing
application in the designing practice of almost all industries. The problems
tackled in this field include analysis of object protection systems under the
action of random disturbances, analysis of vibrations of airborne vehicle struc-
tures elements caused, for example, by the action of atmospheric turbulence,
launch of airborne vehicles, the vehicles motion on roads with random irreg-
ularities, etc. The theory of random vibrations allows us to solve problems,
requiring an estimate of the reliability and lifetime of structures. The theory
of random vibrations plays an important role in vibroacoustical diagnostics.

5.1 Free Random Vibrations of Linear Systems

Let us consider the motion of a deterministic system (a system which does
not contain random parameters), caused by random initial deflections from
the equilibrium position. _

In real conditions it is impossible to implement the motion of a mechan-
ical system with absolutely exact values of initial conditions because of an
inevitable scatter of initial data. Therefore, the real motion always differs
from the designed one, which lead to the necessity of evaluating possible di-
vergences between the two. The simplest problem here is that of determining
the probabilistic characteristics of the motion the generalized coordinates
and their first derivatives — at free vibrations caused by random deviations of
initial data, and to solve it, it is sufficient to know the linear transformations
of random functions set forth in Sect. 2.4.

Let us consider the free vibrations of a linear system with one degree of
freedom (Fig. 5.1) with due regard for the resistance force proportional to the
velocity. They are described by the equation

i+ 2ny + piy = 0, (5.1)

where 2n = a/m; p2 = ¢/m.
The solution of the equation (5.1) takes the form

y = e ™(cy cos pt + ¢y sin pt). (5.2)
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Y _ ]
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it m
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Y z
o
Fig. 5.1.

Att=0 y=yo and ¥ = o (the most general case). Having determined
arbitrary constants ¢; and cs we obtain

y=e ™ |yo(cospt + %sinpt) + %sinpt] . (5.3)

The initial data yo and go are random quantities with known probability
characteristics (we know their expectations my,, my,, variances Dy, Dy,
and correlation moment K, ;). It is required to determine the probability
characteristics of y and of the first two derivatives g and 3.

By differentiating (5.3) we find the following expression for the mass m
velocity and acceleration:

¥ = yof1 + Yo fo; i = yofi + vofa, (5.4)
where
—nt n . |
fi=e " (cospt + > sin pt), fo= ;e sin pt. (5.5)

In order to solve the formulated problem we must find the probability
characteristics of the solution, i.e. m,(t), D,(t) and the autocorrelation func-
tion K, (t, t1). Using the formula for the expectation of a sum of random
functions, we obtain

1
my(t) = M [Y] = my,e ™ (cospt + 2 sin pt) + ;myoe‘”‘ sin pt. (5.6)
p
The autocorrelation function of the solution is
[e] o
Ky =M [V () ¥ (t)]
n
= Dy, e tth) <cospt + - sinpt) x <cospt1 + 2 sinptl)
p p

1
+ ;Kyogo {e_"(t“l) <cospt + 2 sin pt) sin pt;
D



5.1 Free Random Vibrations of Linear Systems 133

Je~ {1 +i) (cosph + L sinptl) sinptl]
p

—n(t‘+t)' (57)

From the expression (5.7) at t = #; we obtain the deflection variance
Dy(t) = Dyo f7 + 2K oy 1 fa + Dy, f3- (5.8)
For non-correlating initial data (K4, = 0) we have

Dy(t) = Dy, f? + Dy, f3- (5.9)

The expressions for the mathematical expectations and autocorrelation
functions of the first two solution derivatives take a similar form:

my = my, f1 + my, f2;

F ; 5.10
My = My, f1 + My, fo; (5.10)
Kyt t1) = Dy, f1(t) fr(ta)

+ Koo (1 f2(t) + f1(8) 2 (8)] + Dy fo(8) fa(11);
Ky(t,t1) = Dy, f1(t) fr(ta (5.11)

)
+ Kyio | i) Fa(t1) + it o8)] + Dy @) fa(tr).

When investigating the random vibrations of systems with one degree
of freedom, we must have two nonrandom functions that characterize the
random vibrations (both free and forced), namely m,(t) and K,(¢,t1), which
differs from the classical theory of vibrations. The later, therefore, may be
considered as the particular case of the theory of random vibrations, where
the conditions

Dy, = Dy, = Kyoyo = 0.

are fulfilled.

‘What practical result can be obtained from the presented probabilistic
characteristics of the solution (5.6-5.9)?

Let us consider the design scheme (see Fig.5.1). A device can operate
normally provided that the maximum normal stresses occurring in the built-
in end at random vibrations do not exceed the yield point of the elastic
element material, i.e.

max(o) < 2¥, (5.12)
Ty
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where o is the yield point; ny is the factor of safety with respect to yielding.
The maximum normal stress omax (in clamped section) is related to the
deflection y by relationship

3EJ;

Omax = my, (5.13)

where is the Young modulus of a material; J,, W, are respectively the
second moment of inertia of the section and the section modulus of the rod.
The expectation of the stress omax and the variance will be respectively:

Mopay = aMy(1);

D = a2Dy(t), (a — 3EJz/l2'lU_£) (514)

Omax

Considering that there is a normal distribution for omax(t) at each instant,
let us use the three sigma rule to determine the maximum stress max(omax) :

max(omax) = amy(t) + 3aoy(t), (oy = /Dy). (5.15)

As the maximum stress depends on time, we should determine such value
t, at which max(omax) takes a maximum value in time. Having determined
t. we obtain the following final condition, the fulfillment of which ensures the
normal operation of the elastic element:

max(0m,) = amy(t,) + 3acy(t.) < %—y—. (5.16)
Yy

The motion of a system after the termination of the short-term random
impulse action (whose time of action is far less than the period of natural
vibrations) can be classed as free vibrations.

Example 5.1. Figure5.2 shows a single degree-of-freedom mechanical
system consisting of an absolutely rigid body, part of which is subjected to
the action of a shock wave. In this case, the impulse of a moment Jjs is acting
on a rod, imparting it some initial angular velocity (at zero initial angular
displacement), i.e. at t = 0, wo = 0, ¢ = g. The impulse of a moment is
related to the initial velocity by the relationship

Ja = Joo, (5.17)

where Jy is the moment of the bodys inertia with respect to an axis perpen-
dicular to the drawing and going through the point 0.

It is required to determine the parameters of the shock-absorption system
(c and @) from the conditions: 1) the maximum angular displacement of the
body under the action of the impulse of a moment should not exceed the
admissible ¢p; 2) in a given time t; the amplitude of the angular vibrations
of the body. should decrease by k times. If the probability characteristics of
the random impulse Jj; are known (m,; and D), then also known are the
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Fig. 5.2.
probability characteristics of the initial angular velocity ¢g (m¢o = %,
0
D,
D¢'0 - ? .
0
The body motion equation takes the form
ad? cl?
b+ —p+ —p=0. 5.18
P+ oot e (5.18)
As ¢y = 0, the probability characteristics of the solution are:
my = Moo o—nt sin pt;
K,= Do o—nit-12) in pt sin pt;;
b= sin pt sin pt; (5.19)

o 12 al?
0p == e M sinpt; ( =P —n% p%={j,—0; "='27€)'

The maximum value of the angle ¢ for any instant (with the use of three
sigma rule) is

3
Pmax = My + 30, = (m‘]—;pa-l]—)e_"t sin pt. (5.20)
0

. . . . w1
The function ¢, attains the first maximum value at an instant ¢; = b

therefore, neglecting the influence of friction forces (e™™ ~ 1, p= po) at a
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time interval (0, ¢1) and using the first condition, we obtain

my+ 30y

5.21
Jopo (5:21)

Pmax = YD =

From (5.21) we determine

_ (my +307)?

5.22
Joppl? (5:22)

The full time (see the second condition)

@k 1)

ty =11 + tg,, (tkl = %

From expression (5.20)

(my+30y)

"1 gin piy, . 5.23
S e sinpt, (5.23)

Pmfz = ppk =

By manipulations we obtain from (5.23)

(2ky — 1)7n n
k\/l—nfzexp{——21——-——~—- 1_—71%1}, (ny = ;D_o) (5.24)

Depending on specific values of k and k,, we find nj, — the root of the
equation (5.24). Knowing ni., we then determine the optimum coefficient of
the viscous friction force in the shock-absorption system

_ 2poJonis

. =% (5.25)

5.2 Forced Random Vibrations of Linear Systems

5.2.1 Non-Stationary Vibrations

An equation of forced vibrations of a linear one degree-of-freedom system
with constant parameters takes the form

. . 1
§ +2ny + ply = —f(®), (5.26)

where f(t) is a random force.
In order to determine the probability characteristics of the solution of the
equation (5.26) we must have the probability characteristics of the input and

the probability characteristics of its initial data, i.e. my, Ky, my,, myy, Kyy0,
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Dy, Dy,, Kyy,, Ksy,. Let us confine ourselves to the case where the initial
data and the random force f are independent, i.e. Ky 4y, = Ky, = Ky, = 0.

We may present the solution of the equation (5.26) for an arbitrary right-
hand side as

[ (cos pt + —sm pt) + gpgsin pt]
1 t
—n(t—7)
— [ e sinp(t — 7)f(7 5.27
me/ (t = 7)f(r)dr (5.27)

The expectation and autocorrelation function of the solution are

n my
my = e ™ [myo (cos pt + — sin pt) + — sin pt]
p P
t

+ =S /e‘"(’“T) sinp(t — T)mydr. (5.28)

n n
K, (t,t)) = e ™t+0) [Dyu <cospt + p sinpt) . (cosptl + = sinptl)
p

1
+FD90 sin pt sinptl]
t t
//e""(t"f) sinp(t — 7)e B "™ sin p(t; — 71) Ky (7, 71 )dr dT.
0

1
+ m2p2
(5.29)
The variance of the solution is
n 2 1
D, (t) = e~ [Dyo (cos pt + » sin pt) + =5 Dy, sin? ptjl
p
t 1

1
o / / e Mt~ ginp(t — 1) sinp(t, — 1)K ydr dr. (5.30)
00

+

In the particular case of yy = yo = 0,

my =

t
1

el —n(t—7) o _ dr: 5.31

mp/e sinp(t — 7)mys(7)dT; ( )

0
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1 t i
K.(t. t —_—— —n(t—7) ,~n(t1—71)
y( ’ 1) m2p2 b/b/e e

x sin(t — 7)sinp(ty — 1)Ky (r, 71)drdm. (5.32)

Let us consider the particular case of a random constant force with a here-
after retained constant value being applied to a system, i.e. f = aH(t), where
a is a random quantity (a force) that has known probability characteristics
m, and D,; and H (%) is the Heaviside function.

In this case, the probability characteristics of the solution are:

t
my = Z—; /e""(t") sin p(t — 7)dT; (5.33)
0

151

t
Ky: D, //e—n(t T) —n(t1 Tl)smp(t——'r)
0 0

m2p?
x sinp(ty — 71 )dr dny. (5.34)
By integrating we obtain

M 1

my = mp T D) [p(1 — cospte™™) — nsinpt e ™]; (5.35)
K, = Do T [-nsinpte™™ + p(1 — cospt e )]
VT m2p? (p% + n?)2
X [-nsinpt; e”™ + p(1 — cospt; e ")) . (5.36)

The variance of the solution is

D,

Dy= ——%
Y m2p2(p2 + n2)2

[-nsinpte™™ + p(1 — cospt e_"t)]2 : (5.37)

If an equation of small vibrations contains coefficients that vary in time,
it is generally impossible to obtain a solution in the analytical form. For
example, the approximate equation of the small vibrations of a rocket engine
(Fig.5.3), caused by a random scatter of the thrust AR due to non-uniform
combustion of a charge, takes the form

m(t)Az + a Az + cAz = —AR ' (5.38)
or

Ai + a1 (t) A + ay(t) Az = f(t), (5.39)
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Fig. 5.3.

where a,(t) = —%; as(t) = %; ft) = _ﬂ_

Let us present the equation (5.39) as a system of two equations of the
first order, setting A% = y;; Az = yy :

ey tay=3 Y2-y1=0, (5.40)
or in the vector form
y+AQ)y =f, (5.41)

where

=[f ao=[55] -l

The solution of the homogeneous equation (5.41) is

yo = K(t)yoo, (5.42)

where K (t) is a fundamental matrix of solutions satisfying to the condition
K(0) = E (F is the identity matrix); and yoo is the initial values vector. We
cannot always obtain the elements of the matrix K (t) in the analytical form,
but there is no need to do so when it comes to producing numerical solutions
to this kind of equations.

Let us find the general solution of the equation (5.41), using the Lagrange
method of variations of arbitrary constants. Considering yoo a function of
time, let us substitute (5.42) in the equation (5.41):

Kyoo + K¥oo + AKyoo = f. (5.43)

As K satisfies the corresponding homogeneous equation, we obtain from
(5.43)

Kyoo =T, (5.44)

whence
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Yoo = /K“I(T)f('r)d‘r + C. (5.45)
0

The general solution of the equation (5.41) with due account of (5.45) is

y=K(@)C+ /G(t, 7)f(r)dT, (5.46)
0

where G(t,7) = K(t)K!(7) is a Green matrix.

The principal difficulty of numerical determination of a solution in the
form (5.46) is the determination of the matrix K(t,7) that depends on the
inverse matrix K ~!(7) necessarily obtained on each step of the numerical
solution process. For equations whose solution can be obtained in special
functions (Bessel equation, Legendre equation, Hermite equation, etc.), we
may represent the matrix K (¢,7) in an analytical form in terms of special
functions.

For equations with constant coefficients, the Green matrix depends on the
difference of arguments

G(t,7)=K(t— 7).

When it is necessary to obtain a solution for the fixed instant (¢ = ¢x), we
can obtain the Green 'matrix G(¢, ) without the determination of the matrix
K~Y(7).

Let us differentiate the identity K(7)K ~!(7) = E :

d

E_—K(T)K_l(T) + K(7)

dK (1) _
dr -

Let us multiply (5.47) from the right by the matrix K(7), then

0. (5.47)

K+KK 'K =0. (5.48)
The matrix K satisfies the equation
K(r)+ A(T)K(1) = 0,
therefore, excluding K, we’ll obtain
-AK + KKK =0, (5.49)
whence

KK '-A=o0. (5.50)
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Let us multiply equation (5.50) from the left by K ! :
K~Y(1) - K Y(1)A(r) = 0. (5.51)

Let us multiply the equation (5.51) from the left by the matrix K'(tx) and
transform it to the form

ad;G(tk,T) — G(tg, )A(T) =0, (5.52)

where G(tx,7) = K(tx) K (7).

Hence it follows, that the Green matrix satisfies the matrix equation
(5.52). Let us apply the conjugation operation (that of transposition for ma-
trixes with real elements), to the equation (5.52), then

Sley .

i (GA)* =0, (5.53)
or (since (GA)* = A*G*)

G

3 A*G* =0. (5.54)

The value of the Green matrix is known at 7 = t;, (since G = K (t) K (1),
G = E at T = t},), therefore it is necessary to introduce a new independent
variable 71 = tx — 7. As a result the equation (5.54) takes the form

dG*
dT1

+ A*(1)G* = 0. (5.55)

As the value of the integral in the expression (5.46) at the fixed limits does
not depend on the direction of integration (7 = t; — 11), a matrix G*(tx, 1),
obtained when solving the equation (5.55) after a conjugation operation is
used in the integral evaluation (the second term in (5.46)).

t

0 b
/G(tk,T)f(T)de —/G(tk,ﬁ)f(ﬁ)dﬁ =/G(tk,7'1)f(71)d7'1-
e 0

0

The outlined methods of determining the solution of the equation (5.41)
and the Green matrix are true not only for the system of the second order
(5.40) (that was used as an example in performing all necessary transforma-
tions), but also for systems of any order. These methods will be applied later
during the investigation of random vibrations of systems with n degrees of
freedom and systems with distributed parameters.

In the process of numerical calculations we may obtain the matrix
K*(tx, 7) in the following way. Let us consider a vector equation of the form

db

a—;; + A*(m1)b = 0. (5.56)
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By solving the equation (5.56) two times (or 2n times for a system with
n degrees of freedom) at the following initial conditions:
1)T1-——0;b1=1;b2=0;
2) 73 =0;by =0; by =1,
we obtain the columns of the matrix G* or the rows of the Green matrix.
In a scalar form, the solution (5.46) takes the form

t
1 = k1101 + kiges + /gll(taT)de;

[}

t (5.57)

Y2 = ko1c1 + kgaco + /gzl(t» T)fdr.
0
Asatt =0 y(0) = yi0, ¥2(0) = ya0, and K(0) = E, the arbitrary
constants are equal to ¢; = y10, 2 = Y20-

Let us find the probability characteristics of the solution (5.57), consid-
ering y10, Y20 and f to be independent:

t
My, = kllmylo + kl?myzo + /gllmde;

% (5.58)

My, = k21my1o + kz?m‘yzo + /g21mde‘
0

Ky, = Dy, k11(t)k11(t1) + Dy,oka2(t)ka2(t1)
t ot
+//gll(t:"')gll(h,T1)de7'd7'1;

° 0 (5.59)
Ky, = Dyyoka1(t)kaz(t1) + Dy,okaz(t)ka2(t1) '

t t1

+//921(t;T)g2l(t1,Tl)deTd7'1.
00

In the general case, the calculation of the integrals involved in the expres-
sions (5.59) offers some difficulties. It is most easy to calculate them when
the autocorrelation function of a force can be represented as a product of two
functions depending only on one argument, i.e.

K¢(r,71) = ap(r1)p(T). (5.60)

If the autocorrelation function of excitation takes the form of (5.60), we
may present the integrals entering (5.59) as
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ty

/gzy(t 7)9i;(t1, 1) Ks (T, 71)d7d™)
0

o .

= ao/gij(t, T)W(T)dTO/gij(tlaﬁ)w(ﬁ)dﬁ- (5.61)

Let us consider several examples of the random non-stationary vibrations
of a system with one degree of freedom.

Example 5.2. Figure5.4 shows a mast with an antenna placed in a
spherical shell transparent for radiowaves. The mass of the antenna is con-
sidered to be point. In order to increase the stiffness of the mast in a plane
ZOY two cables with a tension Ny are attached to it. At an instant tg =0 a
homogeneous air stream whose velocity v is a random variable, has suddenly
acted on the mast with the antenna, resulting in the appearance of a random
aerodynamic force F' constant in time (Fig.5.4b). Let us suppose that the
probability characteristics of the force F' (mp, Dp)are known. We neglect
the aerodynamic forces acting on the mast. It is required to determine the
greatest possible angle v of antenna beam deflection from the given direction
assuming, that the angle v obeys a normal distribution law.

a) b)

Fig. 5.4.

Vibrations caused by the variation of cable forces lead to the appearance
of a force AP depending on displacement y4 (Fig.5.5 a).



144 5. Random Vibrations of Systems with One Degree of Freedom

a) b)
Fig. 5.5.
Let us consider the deflected position of the mast (Fig. 5.5 a). The varia-
tions of forces in cables AN; and AN, (Fig.5.5 b) depend on “elongations”

All and Alz, i.e. ANl = CAll, ANz = CAlz.
The variations in the length of cables are equal to

Aly =yacosf1, Al = ya cosfy. (5.62)

As y4 and 68, are small quantities, Al; = y4 cos Gp.
The forces in cables N; and Ny are shown in Fig. 5.5 b. Projecting N; Ny
on the axis y, we obtain a force AP arising at the vibrations

AP = Nycosf31 — Nycos B3 =
= (Ng + cAly) cos(By — 661) — (N — cAlz) cos(Bo + §52)

or
AP = 2y sccos? By + Ny sin o1 + Ny sin BodFz. (5.63)
It follows from Figure 5.5 a that
1661 = yasin B, 1632 = yasin fo.

Excluding 66; and 683, from (5.63), we obtain
2 No . 2
AP = 2| ccos® B + - sin Bo ) ya = c1ya. (5.64)

Using the force:methodylet-usiobtain the equations of small vibrations of
the mast with the antenna (Fjig. 5.4 a) (ignoring the dissipative forces)
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y=01(—Mij+ F)+ 624P,, (AP, =-AP)

5.65
ya = 001 (=M + F) + dAP;. (5.65)

Excluding y4 (AP, = —c1y4) from the system (5.65), we obtain by trans-
formations the equation

. F
§+r3y =37 (5.66)

where

P = (1 + c1092)
07 M [d22 + c1(011022 — 612021)]

The solution of the equation (5.66) at zero initial data takes the form

t

1 F 1 F
Y 0 0/s1np0( T)]\/IdT p (1 — cos pot) i (5.67)

Using the force method we can obtain the following expression for the
angle of rotation of the mass M (the angle v)

1 [AP(l)l'f’ 4 (J + F)lz]

TTEIT 2 2
or
1 ciyal?  (—=Mj+ F)I?
T=E7 [ 5 + 7 . (5.68)
Excluding y4 and § from (5.68), we obtain after transformations
a Cll%521 l2
= —(- t F =—— 4 —
5 EJ( cospot + 1) F, (a 2(1+01622)+2 ,
where EJ is the flexural rigidity of the mast.
Let us determine the expectation and variance of the angle v
my = ELJ (1 — cospot) mp,
a2 (5.69)
2
D—y = E—Jz (1 - COSpgt) DF.
The greatest possible deflection of the angle v is equal to
max<y = my + 30y = E% (1 - cospot) (Mg + 30F) . (5.70)

Let us'determine the maximum value max v in time. Differentiating (5.70)
with respect to ¢, we obtain
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d(maxvy) a(mr + 307)

it BJ Po Sin pot
The maximum value of the angle + is reached at an instant ¢, = pl At
0
this instant the maximum value of the angle (max ) is equal to
max(maxy) = 2—g—(mp + 30F). (5.71)

EJ

Having determined the maximum value of the angle v at the arising ran-
dom vibrations of the mast with the antenna, we can check up the fulfillment
of the condition of the antennas faultless operation

max(maxy) < Yo, (5.72)

where - is the admissible value of the antenna beam deflection angle.

Example 5.3. Figure 5.6 a shows the elevation mechanism with a mass
m being clamped on the end of an extensible cable. At elevation (the drum
rotates with constant angular velocity wg) the longitudinal vibrations of the
mass m arise because of the random variation of a friction force between the
mass m and the guides. These vibrations give rise to the occurrence of a cable
dynamic tension AN, which fact must be taken into account at the analysis
of cables strength and life. Assuming, that the random dynamic tension is
normally distributed, let us determine the greatest possible tension according
to the formula (at may = 0)

Nmax = mg + 30an, (573)

where g an is the root-mean-square value of the random dynamic tension. It
may be considered that the friction force between the mass m and the guides

Fig. 5.6.



5.2 Forced Random Vibrations of Linear Systems 147
is a force of dry friction. With due regard for random scatter the force of dry
friction is equal to

Fp = Frgsignv — AFy, (5.74)

where AFr is the random component of the friction force; v is the velocity
of the weights motion. The velocity is

v = yg + AZ, (vo = wor = const),

where Az is the elongation of the cable at weight vibrations.
Let us assume, that the velocity vy exceeds the greatest possible random
velocity Az, therefore signw = 1:

Fr = Frg — AFr.

Using the d’Alembert principle, we obtain (Fig. 5.6 b) the equation

J-mg+ N —Fr=0. (5.75)
Since
J = —mwv; N = Ny + AN

No =mg + Fro; AN = —AzEF,

from (5.75) we obtain the equation of the small vibrations of the mass
EF

When determining the length of the cable [, we may neglect the elongation
caused by the weight vibrations. In other words, it is possible to assume that
l= lo - ‘U()t.

The equation of the small vibrations of the mass (5.76) takes the form

AF:
Qi —r B pp AT (5.77)

lo (1 - ”—"t) m m
lo

By replacing the argument ¢ with

EFlo(l—%)Qt> .
t1=2 0 =a 1—'—0t

mvg lo

the equation (5.77) is reduced to Bessels equation.
ThepsolutionyofsBesselsshomogeneous equation can be presented in an
analytical form in terms of Bessel functions:
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Az = c1t1J1 (1) + cot1 Y1 (t1);
2EF (5.78)

At = — [c1dp(t1) + Czyo(tl)]

or, turning back to the argument ¢, we obtain

A = ¢ f11(2) + c2f12(t);

(5.79)
Az = c1 f21(t) + c2 faa(2).
The Green matrix for the given case is
J11(2) f22(7) = fr2(t) for (1) fr2(t) f11(7) — f1a () fr2(7)

D D
T) = 9 580
Kt fa1(t) f22(7) — fa2() far(7) faa(t) f11(7) — fa1(t) fr2(T) (5:80)

D D

where D = f11(7) faa(7) — f12(7) fa1(7).

The solution of the equation (5.77) at zero initial data takes the form

/t [f11(t) fa2(7) — fr2(t) fa1(7)] AFr
Dm

dr; (5.81)

(5.82)

0
/f21 ) faa(T f22(t)f21(T)}AFTdT
Dm
0

Experimental investigations show that the random scatter of a dry friction
force can be presented as a process shown in Fig. 5.7. The random component
of the friction force AFr may be approximately regarded as a stationary
random function limited in absolute value and having random instants of sign
reversal. A realization of such process is shown in Fig.5.7. To generate an
exhaustive characteristic of the process we must also know the distribution of
points of passage through zero (the distribution of zeros), i.e. the probability
P(n,7), where n is the number of zeros on an interval of time 7 ( n is a
random quantity).

The plot of AFr(t) variation in time, presented in Fig. 5.7, is an idealized
one, as the finite quantity of an instant change in a friction force (in a random
component) is impossible. This idealization, however, allows us to use the
Poisson distribution law (see Sect. 1.4)

(wr)™ _
P(n, 1) = Y T, (5.83)
where p is the average frequency of zeros falling at a time interval unit.
We may express therexpectation(parameter ) in terms of y and time ¢,
assuming that @ = ut. This has been accomplished in the expression (5.72).
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AF, A
f A8 f -
>
-Fro
Fig. 5.7

The section of a random function AFr(t) has a distribution law presented
by the series

Table 5.1.
AF; (t) —AFro +AFpo
1 1
Pi(t) 3 5

As the sign reversal instants of the function AFr are in no way related
to the value of the random function, there is no reason for considering any of
the values +AFrp, —AFro to be most probable, therefore

1 1
MAF = +—AFTO — —AFTO =0;
(5.84)
DAF ( AFTO) FTO2 = AF%O

Let us find the correlation function, using its definition (see Sect. 2.2)
Kar, (t tl) =M [AFT AFT(tl)] (5.85)

The product AFr(t)AFr(t1) is equal to —1, if an odd number of sign
reversals occurs between the instants and changes its value to 41 when the
number of sign reversals within this period becomes even. The probability
that an even number of sign reversals will take place in time 7 =, — ¢ is

)2m eHT + e kBT

e o
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The probability that an odd number of sign reversals will take place in
time is
o
_ ( 2m+1 ur ehT _ e—HT
P, mzo(m“ T—e TR (5.87)

Knowing P, and P,, let us determine

Kap,(t, t1) = AF}:oP. — AF2,P, = e 2" AF2,,. (5.88)
The expression obtained is true for ¢; > t. Similarly, at ¢; < ¢, we’ll obtain
Kapp(t, t1) = AFZ e (=7, (5.89)
Let us combine (5.88) and (5.89), then ‘
Kap,(t, t1) = AFZ e 207, (5.90)

The correlation function of the solution is
Kar = //kzl(t,T)kzl(tl,T1)AF72~OE—2”|E‘d’TdTl (e=7-—m1). (5.91)
The variance of the random tension is
o t 2
FF ~2ple|
DAN = —-T kgl t T)k21 t Tl)AFTOe deT1 (592)
0 0

We can only integrate the right-hand side of the expression (5.92) nu-
merically, but to do it we must know the value of the factor x (the average
frequency of zeros), which can only be determined experimentally. Therefore,
let us determine the maximum value oan (or Dan«). It follows from the
structure of expression for Dy that the maximum value of DAy, will be at
e~2#lel = 1, which corresponds to the limit case of x4 = 0. For this limit case

2

EN 2
Dan < Dan- = (TAFTO) /k21(t,'r)d'r . (5.93)
0

As a result of calculations, we obtain an upper bound of the possible
maximum values of the cables tension, assuming that AN* has the following
normal distribution

Nmax, = mg +3can~.

Lietyusyconsiderythepnon=stationaryyvibrations of a mass m (the equation
(5.26)), at a stationary random force of the white noise type
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Kf(t——t]_) = Soé(t-—tl), (594)

where sp is the intensity (spectral density) of the stationary white noise.

The white noise (5.94) is a random function, whose values at ¢ # ¢; are
not correlated. In the physical context of view the condition of the noncorre-
latedness of two values of a random function for an arbitrary small interval
of time is equivalent to the condition of absolute inertialess process, which,
of course, is incorrect. Any real physical process has an inertia, therefore
the values of a random function describing the process, at a given instant
partially determine its values at adjacent instants.

Any physical quantities, including time, are measured with a certain error;
all values of the considered quantity, the difference of which is smaller than
the error, are considered to be coinciding. Therefore, in practical plane we
may regard a random function as a white noise, if the correlation of its values
is only extended to the intervals of the arguments variation that is less than
the minimum discernible one at the assumed accuracy of measurements. We
can use the integration step h = At as the characteristic interval of time.
The correlation function of the stationary random function can be presented
in the following form (r = ¢ —t;)

Kg(r) = Dyo(7), (5.95)

where ¢(7) is the decreasing function of the argument 7 (at 7 = 0 ¢(0) = 1).
The relative variation of the correlation function within the integration step
is ’

A= K—f(h—) = p(h). (5.96)

Dy

If at the assumed accuracy of the solution it is possible to put A = 0,
then the random function f(t) can be considered a white noise.

In approximate calculations, when the process time is much greater than
the interval of correlation, a random function can be approximately consid-
ered a white noise, the intensity of which (a special case of the Wiener—
Khinchin formula at w = 0) is

Sg = / Kf(T)dT,

where K(7) is a real correlation function, differring from the delta function.
For example, if

Kj = Dye @Il (5.97)

then the intensity of the “real” white noise is
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oo
2D
sg = Dy / e olldr = —af.
-0

Let us determine the correlation function K, for the case when K 5 is
defined by the expression (5.94)

t t1

1
K, = W//k(t —7)k(t1 — 11)800(7 — 11 )dTdny (5.98)
00
or
t t
s
K, = m;;)z /k(t -T) /k(t1 —11)8(t — 1 )dmy | dT
0 0
¢
50
= m2p? /k(t = 7)k(t1 — 7)dr, (5.99)
0
where

kt—1)=e " sinp(t — 1),
k(ti —7) = e ™" Dginp(t, — 7).

The variance of a solution is

i

Dy(t) = 5320? / K2(t — 7)dr. (5.100)

0

5.2.2 Stationary Forced Vibrations

If the linear equation of small vibrations of a system with one degree of free-
dom has constant coefficients and the solution of the homogeneous equation is
asymptotically stable, random stationary vibrations (at a random stationary
right-hand side) are possible in such a system.

Let us consider the stationary random vibrations of systems with one
degree of freedom. If the motion of a system is described by linear equations
with constant coefficients and the homogeneous part of these equations has
asymptotically stable solutions, the conditions of stationary vibrations are
possible (at a stationary right-hand side).

It is possible to find the spectral density of the stationary random function
f (the equation (5.26)), knowing its correlation function Ky(7)

o

sf(w)zil; / Kr(ryommrar: (5.101)

— 0
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It has been shown in Sect. 3.6, that the spectral density of the input is
related to the spectral density of the output by relationship

Sy(w) = |W(iw)|* Sy (), (5.102)
where

Wil — 1

W (w)] = \m ()2 + 2niw + 53] |

From the spectral density of the output S,(w) we can find the correlation
function of the output and the variance:

Ky(r) = / Sy(w) coswrdw
1 7 1 2
T m? / (i)? + 2miw 1 pg| 27 (W)coswrdr; (5.103)
1 7 1 2
D, = — . |
Y m? / (iw)? + 2niw + p? Splw)dw (5.104)

In a particular case, where we may approximately consider the random
disturbance to be a white noise (S¢(w) = Sp = const), we obtain

2

o0
So 1
K = . ]
(T) —3 / () T 2ni0 T 12 coswrdr; (5.105)
)
So [ 1 2
D, =— dw. 1
Y om2 / (iw)? + 2niw + p? n (5.106)
—0oQ

We may present the integrals entering the expressions (5.104) and (5.106)
as (3.87)

1 [ Gw)

= ——dw 5.107
" ) | Afw)? (5.107)

The values of integrals J,, are presented in Appendix 2.
If, for example,

Kf(T) = Dfe_am,

then the spectral density is equal to
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2 . 201Df

?+w?) ot iw)

Sp(w) = Df(

Using (5.104), we obtain

o0 2

D — 20Dy / 1 dw
Yooom? (w)? + 2iwn +p¢| |a + iw]>’
or
D, = 221« / dw 5. (5.108)
m= - J|(w)? + (20 + a)(iw)? + (p§ + 2ne)iw + pie]

The integral in the expression (5.108) is a special case of the integral
(5.107) at G(iw) = 1. Using the Appendix 2, we obtain

_ Dy m(2n + a)
"~ m2n(pt + 2na + a?)pg’

y (5.109)

The variances of the first and second derivatives of the solution are

o0

D, = / |W(iw)|2w2Sf(w)dw
or
2Dsa —(iw)?dw
Dy = 2/.3 — ————; (5.110)
m® | (@) + (2n+ a)(w)? + (53 + 2na)iw + plal
2Da (iw)dw
Dy = =L / —— St —— . (5.111)
m*J |(iw)? + (2n + o) (iw)? + (p§ + 2na)iw + pja|
Using the value of J3 (Appendix 2), we’ll obtain
D. = Dia 7r '
Y7 m? n(p?+ 2na +a?)’
D R (5.112)
ra  7(pg + 2na)
Dy =

m? n(p + 2na + a?)’

Example 5.4. In order to determine the horizontal acceleration of a body
there is an accelerometer of a mass m; attached to the body of a mass m
(Fig.5.8) moving with an acceleration. The body moves under the action
ofrarforcenRehavingpanstationarysrandom component AR(t) with a known
correlation function (mag = 0)
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Fig. 5.8.
KAR(T) = DARe_aiTl (COS,BT + %Sinﬁ ITI> . (5113)

It is required to determine the displacement variance of the mass m,
caused by the random component of the force R. The equation of the random
vibrations of the mass m; (neglecting the acceleration of a rocket caused by
AR, as m; < m) is

Ay + 2nAz, + pi Az, = kAR, (k = mi) , (5.114)
1

where Az, is the random relative displacement of the mass m;, caused by
the action of AR.
The spectral density of the thrust scatter

o0

Sar(w) = Dagr / el (cos BT + %sin,@ |7'1> coswrdr. (5.115)

- 00

By integrating we obtain

a(a? + 62)
=4D . .
Sar(w) =4Dar T oz ) 1 deiR (5.116)
We may present the expression (5.116) as
4D 2 2
Sar(w) = ara(@’ +57) (5.117)
[(Gw)? + 2a(iw) + o + 52|
The spectral density of a displacement Az; is equal to
4k.2D 2 2
Saz, (w) = arcla” +F) (5.118)

@) 2niw R )2 + 20(iw) + a2 + B2
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The variance of a random displacement takes the form

o0

_ 4k2DARa(oz2 +ﬁ2)dw
N BT

b

where
|[AGw)|? = |(w)? + 2(a + n)(w)® + (@2 + B2 + 4na + pi(iw)?
+ [2n(a® + 5% + 2apg] (iw) + pa(a® + ﬂz)l2
= |ao(iw)* + a1 (iw)? + o2 (iw)? + asz(iw) + a4|2 :
Using the Appendix 2, we obtain

4k2DARa(a2 + ﬂz)ﬂ'
p3(a® + B?)(aj + alaq — ara2a3)’

DA:tl =

Assuming that Az; has a normal distribution, we can estimate the great-

est possible error of the accelerometer indications (maz, = 0)

A= 30A:n'

Let us consider the stationary vibrations of a mass m, caused by a sta-
tionary force f(t) with a known spectral density Sy (ms = 0) (Fig.5.9). Let
us determine the greatest possible value of a normal stress o,, that arises in
the section of a rod at z = 0,, assuming, that o,, has a normal distribution.
The simplest way to obtain the equation of the small vibrations of the mass
m with due account taken of the damping device is to apply the force method

based on the principle of superposition.

}!

Yk

e

Fig. 5.9.
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By the force method the displacements of masses G and m are equal to
the sum of displacements due to each of the forces applied to a system, i.e.

y=511(J+f)+512N, (J————my)

5.119
yk = 021(J + f) + 022N, ( )

where d;; are the compliances of the system, N is the force of viscous resis-
tance that is equal to

N = —Ozyk.

The force method is one of the most effective methods of deriving equa-
tions of small vibrations (when the stresses arising in elastic elements obey
the Hooke law). For example, it is very difficult to obtain equations of small
vibrations for the mechanical system presented in Fig. 5.9, using the Lagrange
equations of the second kind.

An interesting feature of the given problem is that two differential equa-
tions have been obtained for a system with one degree of freedom. The point
is that the mechanical system shown in Fig. 5.9 belongs to the systems with
a fractional number of degrees of freedoms. The system of equations (5.119)
is a third-order system.

Let us obtain the following images of the equations (5.119) in the fre-
quency area

Y (iw) = —d11m(iw)?Y (iw) — d12a(iw) Yk (iw) + 811 fo(iw);

. g Nk . . (5.120)
Y (iw) = —da1m(iw)?Y (iw) — dagar(iw) Yy (iw) + 821 fo(iw).

From the system of algebraic equations (5.120) we determine the images
Y and Y} in the frequency area

Y(’L(.U) = W1 (zw) fo (’Lw) y

5.121
Y () = Wa(iw) foliw), (121
where
Wi (iw) = 011 + a(iw) (011620 — 512521)’
A
.y _ 021

Wa(iw) = e
A = (14 611m(iw)?)(1 + Sgpa(iw)) — 81202102 (iw)3.
The maximum normal stress in the rod at z = 0 is equal to

M)

= —= 5.122

om(t) = 2, (5.122)

where M is the bending moment, W is the section modulus.
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The bending moment is equal to
M(t) =2U(J + f) + NI
or
M = =2lmj + 2l f — ayl. (5.123)
Having passed to the image (5.123) in the frequency area, we obtain
Mo (iw) = —2Im(iw)*Y (iw) — al(iw) Yy (iw) + 21 fo(iw). (5.124)

Excluding Y (iw) and Yy (iw) from (5.124) we obtain

My (iw) = W3(iw) fo(iw), (5.125)
where

Wg(iw) _ [ZA — Ol(iw)522 — 2m(iw)2(‘i\11 + a(iw)(511622 — (512521)] L

As

s (i) = E?/—MO(W) _ %Wg,(iw) Foliw),

the spectral density and variance of the maximum stress are equal to

m

Som (i) = 355 [Wa(i0)* Sa(w),

o0 (5.126)
Do =75 [ Walio)]® Sy(w)da

The greatest possible value of o, is

maxom, = 3v/Dy,,.

5.3 Vibrations Caused by Random Kinematic Excitation

Let us consider vibrations of one-mass mechanical systems caused by the
forced random displacement (or rotation) of elastic elements discrete points
(Fig.5.10 a) (or sections (Fig. 5.10 b)).

A special feature of the systems presented in Fig.5.10, is that kinematic
excitations are attached to zero-mass points, which complicates the derivation
of equations of lumped masses m vibrations.
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Fig. 5.10.

5.3.1 Non-Stationary Random Vibrations at Kinematic Excitation

Let us obtain the equations of small vibrations of a mass m, using the force
method and introducing an unknown force at linear kinematic displacements
applied to a point & (in Fig.5.10 a the force is shown by the dotted line) or
an unknown moment My at angular kinematic displacements (Fig.5.10 b) as
well as forces of inertia J = —mg and forces of resistance F, = —ag. For
example, for the system shown in Fig. 5.10 a, we obtain two equations

y = 011(—mij — ag) + 012 P(t),

Yk (t) = 621 (—mf — ay) + 522 P(2), (5.127)

where §;; are the compliances of the system and yx(t) is the given function.
Excluding the force from the first equation of the system (5.127) and
carrying out the necessary transformations we obtain the equation

6120 . 1)
y= (511 i 21) (—mij — og) + —yk (5.128)
022 d22
or

§ + 2ny + ply = biyx, (5.129)
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where
1s" doa o11
on=—, pt= , b= ————
m' P m(611022 — 612021) Y m(611692 — 612021)

The solution of the equation (5.129) with the determination of the prob-
ability characteristics of y (at the known probability characteristics of the
right-hand side) is presented in Sect. 5.2 (relationships (5.28), (5.29) and
(5.30)).

Let us consider a problem where it is required to determine the variation
in time of the greatest possible force arising in a section at the non-stationary
vibrations of a mass m at zero initial data. When determining the greatest
possible force , let us assume that the distribution of the probability density
of the force P(t) will obey the normal law. Let us obtain an expression for
the force P(t) from the second equation of the system (5.127)

L, o=

P(t) = sy = 5 (=m§ — ). (5.130)

022
We determine from the equation (5.128)

(—=mij —ag) = (y - él‘zyk)“——az‘z‘*-—*
822777 (611022 — 812021)

Excluding (—mj — ay) from the equation (5.130), we obtain
P(t) = myr — 129, (5.131)

where

Y1 = 511 : Yo = ___—52_1'____
! (611022 — 612021)’ (011022 — 812021)

At zero initial data the solution of the equation (5.129) takes the form

t i

b b
y==2 [ sinp(t = rn(ridr = 2 [ gt~ (e
0 0

The expectation mp(7) is equal to
mp(T) = Y1y, — Yamny.

Let us obtain the correlation function and the variance of the random
force

el

Kp(t, ¢) = M [(n 9tk = v 9(E)(n 94 (t) — 1 3(¢)]

or (omitting the intermediate transformations)
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t t
Kp(t,t') = 72K, (t, 1) + / / ot — )glt' — 7V Kyy (7, 7') dr dr’
0 0

t’ t
”ylfyz/g(t' — 7Ky, (t,7) dTl—’)’l’)’Q/g(t—T)Kyk(t/,T) dr,
0 0

Dp(t) = Kp(t,t') |or=t.

The greatest possible value of the random force P(t) (with the use of the
three sigma rule) is equal to

max P(t) = my(t) + 30,(t).

The mass m connected with the randomly moving foundation is shown
in Fig. 5.11. For greater definiteness we shall assume that the motion of the
foundation began at an instant to = 0.

77\

Fig. 5.11.

The equation of the motion of the mass m is of the form
ij + 2ny + pay = 2nYo + Piyo. (5.132)

The solution of the equation (5.132) at zero initial data is

(5.133)
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where
k(t—7) =e ™ Dsinp(t — 7).

We consider the displacement yo a non-stationary random function with
known probability characteristics m,, and K, (t, t1).

In order to obtain the probability characteristics of the solution we must
know the probability characteristic of the random displacement derivative gq
and that of the product yoyg. The expressions for the probability character-
istics of the product of the random function by its derivative were obtained
in Sect. 2.4

dm, o o oK.
mip = S5 Koo = M [l ()0 ()] = 2
5.134
0Ky, 32Ky0 ( )
vodo = g 0% T 5ay

The probability characteristics of the solution of the equation (5.132) are

t t

my = ‘”/k(t“T)myodT+ —/k(t‘T)myodT§ (5.135)

p / p

L, th
Ky = gg—//k(t - T)k(tl "Tl)Kyode’Tl

P 0 0

2p2 . 0K

n
+ 22 [ [ kit = rphtts - m) e ar
0

t
2npl oK
=+ pfO//k(t—T)k(tl—Tl) 6:0 drdr
0 0
t

4n? %K,
+ =3 //k(t —7)k(t1 — 1) BTBiO drdr. (5.136)
00

As a result of solving the equation (5.132) we have obtained the proba-~
bility characteristics of y at non-stationary kinematic excitation.

Under the action of a stationary kinematic excitation both non-stationary
and stationary vibrations are possible. The first can occur when the time of
process is less than the time ¢, necessary for the practical attenuation of
transients, while the second may take place when the time of the process by
far exceeds the time %,,. -

Tretrusiconsiderthemon=stationarywibrations of a system under the action
of a stationary kinematic excitation (Fig. 5.12). There is a point mass m on
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the end of the elastic element of a measuring instrument rigidly fixed to a
foundation randomly displacing in a vertical direction. The vertical displace-
ment Y is a stationary random function with known probability character-
istics

My, = 0;

5.137
Kyo(7) = Dype 1" (5137

Before the instrument has been turned on the mass m cannot shift from
the foundation because of the rigid tie A. At an instant ¢ = ¢, = 0 the tie
A disappears and the mass begins moving. The position of the mass at an
arbitrary instant ¢ is shown in Fig. 5.12 by the dashed line. It is required to
determine the standard deviation of a difference yo — yx at a given instant
tx. The difference yo — y represents a random displacement of the mass m
relative to the foundation. The equation of small vibrations of the mass is

i+ 2ny + pay = payo + 2ngo. (5.138)

Yo

Fig. 5.12.

In order to determine the correlation function of the solution we can use
the expression (5.136). In the considered case the correlation function Ky,
entering underneath the sign of integrals (5.136), takes the form

Ky, = Dyoe““”’:', (e =1 —m7).

The derivatives of K, with respect to 7 and 7 are

0Ky, . Be ekl delldle|de _ —alelio
r ¥ 5  Tw 3|€| de dt — _Dyoae S1gne;
oKy, de—clel

Iry = Dwogy = Dueae”lsigne.
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The second derivative of Ky, with respect to 7 and 71 is

Ky _

—ale| _
7 o, o L€ [26(g) — o] .

Through transformations the expression for the correlation function of
the solution takes the form

t ot
D
Ky = -;)—;—//k(t ——T)k(tl —Tl)e_alT_Tl
0 0

X [pﬁ + 8n%ad(r — 1) — 4n2a2] drdm

or

D. (p® — 4n2a? ;
K,(t,t) = yo(p°p2 ne’) / / k(t — T)k(t; — m)e~ 7" dr dry
0 0

t
8D, n?
+ —ygf—“ /k(t1 — m)k(t — m1)dmy. (5.139)

The variance is

11

t
D 4 2
Dy(t) = = po nla” / / k(t — T)k(t ~ m)e” "l dr dry
0 0

i

8D,,n’
+ ——%}L—?‘-/kz(t—f) dr. (5.140)
0

In order to determine the standard deviation of the difference Ay = yo—y1
we must find the correlation function Kay(t, t1) :

Kay(t, t1) = M [Ay(t) Ay(ta)] = M [yo(t) — y(t)] [yo(t1) — y(t1)]
= Kyo (t,tl) + Ky(t,tl) — My — Ms,

where

My = M [yo(t)y(t1)] and Ma = M [yo(t1)y(t)].

Substituting the expression of the solution y(t1) (5.133), we find
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t1
1 .
My = M {uolt) - / k(ts — 1) [pyo(m1) + 2ngio(r1)] dmy
0

= mip Pgb/k(h —71)M [yo(t)yo{m1 )] dmy

+2n/k(t1 — 71)M [yo(t)go(r1)] dT 5 . (5.141)
0

We may present the expectations entering under the sign of integrals as

M [yo(t)yo(1)] = Kyo (8, 71) = Dyoe™ "7

M [y0<t>§—zj] = 2 M luo(O(m)]
o

D

- —alt-n| _ —oft—T1 g -
= o o © = aDye sign(t — 71).

Through transformations the expression for M; takes the form

t1
D
M = % / k(t: — m) [p§ + 2nasign(t — m1)] e Tldry, (5.142)
0

Carrying out similar transformations with Ms, we obtain

¢
I?;’" /k(t — 1) [p? + 2nasign(t; — 7)] e" " "ldr, (5.143)
0

M, =

The variance of Ay at an instant ¢ is
ir

DAy(tk)=Dy0+Dy(tk)—2%/k(tk—r) [pg+2nasign(tk—'r)]e_“[t’“"T[dT.

As tg > 7, we have
tr
Day(tx) = Dy, +Dy(tr) — g—lﬁ"—(;og—i—%wz) / k(ty — T)e~ 87l dr. (5.144)
p
0

The standard deviation of Ay is

oay(te) = \/Day(ts).
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Fig. 5.13.

Let us consider the stationary vibrations of a system with one degree of
freedom at a stationary kinematic excitation. Figure5.13 a shows a trailer
travelling along a road with random irregularities at a constant speed v. At
the steady-state conditions of the motion the action of the road on the trailer
can be regarded as a random stationary process. Let us assume that the
point O of the trailers attachment to a motor vehicle has practically no verti-
cal displacements. It is required to determine the probability characteristics
of the stationary vibrations of the trailer (of its angular vibrations about
the point O). In order to solve the problem, we must know the influence of
the road on the trailer at different travel speeds, i.e. we need to know the
spectrum of perturbations coming from the road, which depends on the road
microprofile and the speed of travel. As an example a road section (the profile
of a road section) with random irregularities is presented in Fig.5.14. Many
of roads sections have irregularities with a wide range of shape and length.
The sequence of peaks and valleys of the road profile is random, therefore
the magnitude and duration of the action of force impulses during the mo-
tion of a wheel when it passes these irregularities are random. To analyze
the random vibrations of a motor vehicle during its movement along a road
with random irregularities we must find out the dependence of the function
h on time. To do this, it is sufficient to divide the abscissa of the plot shown
in Fig.5.14 on the travel speed v. As a result, we obtain the realization of
the random function A in time. If we then divide the coordinate z by the

h(x)

N/

Fig. 5.14.
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unit speed (vo = 1 m/sec), the values of the road profile function h(z) will
coincide with the values of the action function h(t). With all other things
being equal, the magnitudes and alternations of the force impulses acting on
the motor vehicle during its movement along a certain section of the road at
a constant speed, do not depend on when the vehicle traverses this section,
hence, the action of the latter on the road will be the same at any instant of
time, i.e. it will represent a stationary process.

The statistical processing of the road microprofiles measurement results
allows us to obtain the probability characteristics of the random stationary
function h(t), i.e. my, and Kx(7) and, what is especially important, the spec-
tral density Sp (w). We cannot obtain the probability characteristics of the
roads action on the motor vehicle true for all types of roads, therefore the
latter are conventionally divided into a number of classes according to the
root-mean-square height of their irregularities. More detailed information on
statistical characteristics of the roads and the methods of obtaining them
will be found in the special literature on the subject. In particular, the cor-
relation functions of the action of roads on the motor vehicle Kx(7) can be
approximated by the following function

Kn(1) = Dpe™%"l cos gr, (5.145)

where a, 3 are parameters depending on the road type and on the travel
speed. We may present the parameters a and § as those bearing an explicit
relationship to the travel speed v, m/sec:

a=ov, B=p0v,

where «a;, 81 are the values of parameters at the unit travel speed that only
depend on the type of a road.

The spectral density of the roads action on the motor vehicle is determined
from the relation (for the assumed function Kjp(7))

4Dpa(e® + 6% + w?)
(@21 022 + 2(a? — A)w? + oA

Sp(w) = % / Kp(T)coswrdr = -

or with due account taken of the dependence of the factors o and 3 on the
travel speed of the motor vehicle v :

4Dpvay (v3y) + w?)
7 [viy] 4 202 yew? + wt)’

Sp(w) = (5.146)
where v1 = of + 33; 72 = of - 5.

The following correlation function describing the action of a derno-
podzolic soil country road on the motor vehicle in dry weather (at v
= 1m/sec) has been obtained by way of processing the results of experi-
mental investigations
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K1, (1) = 61.40e 29627171 £050.1967.

The spectral density corresponding to the function K (7) and depending
on the motor vehicles travel speed is

Sh(w) = 61.40
h(w) 0.00390% & (w 1 0.1960)2 ' 0.003902 + (w — 0.1960)2

(5.147)

0.0627v 0.0627v ]

The plot of Sy (w) versus w at v = 1m/sec is presented in Fig. 5.15.
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Fig. 5.15.

We can transform the expression for Sp(w) (5.147) to the form

. —(iw)? +4.28 - 10~ 2p?
|(iw)? + 0.125viw + 4.2802 - 10-2|*

Sp(w) =78 (5.148)
Neglecting the mass of the chassis, we may consider the trailer as a system

with one degree of freedom. The equation of the small angular vibrations of
the trailer about the point O is (Fig.5.13 a, b)

) . 1 h
@+ 2n¢ + pio :p§7h+2n (5.149)

—l-’
where 2n = al?/Jy; p3 = cl?/Jo.
In the frequency area we obtain

[(w)? + 2niw + p§] p(iw) = %(p% + 2n(iw)) H (iw).
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Therefore. the frequency function for the equation (5.149) is equal to

‘2 .
. Do + 2niw
%4 = . 5.150
() I((iw)? + 2niw + p3) ( )
And so, the spectral density of a solution is
2+ 2ni
So(w) Do F 2w Sh(w). (5.151)

T (w)? + 2niw + p2) | "
Substituting the expression for

7.8v [b1(iw)* + by (iw)? + bs]
w) = ,
12 |(iw)4 + a1 (iw)3 + ap(iw)? + as(iw) + aql’

by = —(pg 4 2n% - 4.3-107%%); b3 =43-10"%v%pf; by = 4n?;
ay = (0.125v 4 2n);  ap = 2n-0.125v + 4.3 - 107 %? + pj;
a3 =pg-0.1250 4+ 2n-4.3-107%0; a4 =4.3- 107 pv>.

The plot of spectral density S, variation against w is presented in Fig. 5.16
at v = 20m/sec, n = 0.3.

Sep()
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Fig. 5.16.

The variance of the angular deflection is

(5.152)
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The values of integrals of the form (5.152) are given in Appendix 2. Using
the Appendix 2 (D, = Jy), we find

ap03
—agai1by + T—(aoag - alag)
4

Dy =2m 2a0(aga2 + a%a4 — aja2a3)

The expression obtained for the variance depending on the parameters of
the system and the travel speed enables us to investigate their influence on the
variance of an angular deflection. The plot of angle ¢ root-mean-square value
variation as a function of v at is shown in Fig. 5.17 a. The plot of ¢, variation
as a function of the viscous resistance force coefficient n at v = 10 m/sec is
shown in Fig.5.17 b. To make an analysis of the trailers suspension we must
know the force acting on it during the travel of the trailer along a road with
random irregularities. For the considered simplified model this force is equal
to

N =¢(h—ol) + a(h — @l) = mlg. (5.153)

The spectral density of the force N (the relations (5.153) and (2.101)) are

Sn(w) = W) Sh(w), (5.154)
where

c(iw)? + a(iw)?

2 _
[Wi(w)|” = [(iw)? + 2niw + p3] |

As the expectation is constant at a stationary process, the expectation of
the random function A derivative is zero and consequently the expectation of
the angle ¢ is constant and equal to

1
m, = —l—mh,, (mny = 0).
S, Ty
17.5
8
\ 15.0
6 12.5
4 \___//—\‘\ 10.0
\ 75
2 B \.
Po——] 5.0 <
5 10 15 20 25 30  vms 24 TARTTAE
a) b)

Fig. 5.17.
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The variance of the force N is
o<
DN = / SN(w) dw.

Stresses occurring in the elastic suspension, are proportional to the force
N, ie. oc=kN.

With the knowledge of the probability characteristics my and Dy of the
force N we can determine the probability characteristics of the stress o :
me =0, 0, = k%0onN.

Expression (5.154) with due account of (5.150) can be transformed to the
form that is convenient for integration

12,50 [(~iw)° + 4.3 107207 (1)’
Sy (w) =

l(z’w)4 + a1 (iw)? + az (iw)? + a3 (iw) + a4|2.

Figure 5.18 a, b shows the plots of variation of the root-mean-square values
on as a function of the trailer motion velocity v at n = 0.3 (Fig. 5.18 a) and
of the coefficient n at v = 10 m/sec (Fig.5.18 b).
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Fig. 5.18.

5.4 The Problem of Overshoots at Random Vibrations

When solving: applied problems, we often have to determine the probability
that a random function will overshoot the given level. A motor vehicle travel
along a road with random irregularities is a case in point. The problem of
determining the probability of a break-down in a suspension has become a
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B o g T W
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Fig. 5.19.

matter of practical interest. Any break-down of this kind involves large impact
loads, which is undesirable. If we consider the relative vertical displacement
of the suspension y, to be a random function, the problem of the probability
of such a break-down is equivalent to that of the probability of exceedance
Yn{t) = Yno, Where yno is a free motion of the suspension (Fig.5.19). This
problem represents a special case of the general problem of overshoots. At
the stationary vibrations of a motor vehicle we can obtain a relationship
connecting the spectral density S, (w) of the relative displacement y,(t)
with the spectral density of the road action Sp(w) :

Sy () = [Wy, |* Sa(w), (5.155)

where |W,,.| is the transfer function modulus relating the input A(t) with the
relative displacement of the suspension.

Considering that there is a normal distribution for y,, we can find the
expectation my, and the standard deviation o,,,.

Knowing the parameters of this normal distribution, we determine the
probability that the relative displacement y, will exceed the value y,, :

2

Pun(®) 2 1) = o= [exn {5 }at=a(e0) = o0),  (5156)

Yno — My,

Oyn

Example 5.5. Let us consider a simplified model (Fig. 5.19) ignoring the
displacement of the motor vehicles body in comparison with the displace-
ments of the suspension. In this case, we may consider the vertical displace-
ment of the suspension separately, which will lead us to a system with one
degree-of freedom (the.design-scheme.is shown in Fig. 5.19). At the designing
stage, the problem of the exceedance of the suspensions structural dynamic

where t; =
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motion y,, is traditionally considered without regard for the influence of
the motion limiting device on the vibrations of the suspension. The dynamic
motion y,, is chosen depending upon the permissible probability of a break-
down in the suspension at a design travel speed in the given road conditions.
Let us determine the probabilities of y,, exceeding the value y,, as a function
of the speed of the motor vehicle travelling along a Belgian pave road.

The numerical values of the system parameters are:

m'=3 kg; c¢=300N/cm; o= 1.5Nsec/cm;

/ / 30
n=0.51/sec; p= %——— 0—§=101/sec; Vn, = 8 cim.

The equation of the motion of the mass m was presented in Sect. 5.3 and
is of the form (the equation (5.138), where yp should be replaced with h)

fin -+ 209 + Poyn = 2nh + pEh, (5.157)

where 2n = a/m; p = c¢/m.
Let us assume that the probability characteristics of the road irregularities
are

mp=0; Kp(r)= 20e %0517 ¢m?;

0.1 (5.158)
S = 20 v 2 .
' (0-00251)2 + w2) , cm” - sec,

where v is measured in m/sec.
The variance is

(o]
2niw + p? dw
D, =2 / : : 5.159
¢ (iw)? + 2niw + P3| |iw + 0.050|? (5.159)
-0
or
o

D 0 / (—4n?(iw)? + p}) dw
= 4V .
o . |(iw)3 + (2n + 0.05v) (iw)? + (P2 + 0.1nv)iw + 0.051}10%]2

Taking the value of the integral J; from Appendix 2, we obtain

o [4712 + (2n + 0.0SU)pg}

0.05vp2
[~0.05vpg + (2n + 0.05v)(pd + 0.1nv)]

Dy, = (5.160)
Figure 5.20 shows the plot of oy, (at n = 0.05pg) variation as a function

ofitravelispeedrofrasmotorsvehiclerandsthe probability p of y,, exceedance the
value ¥, as a function of motor vehicles travel speed is presented in Fig. 5.21.
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For example, at a travel speed of 30 km/h (8.3 m/sec) the probability that
dynamic motion of a suspension will be exceeded equals p = 0.02. This prob-
ability is the probability of occurrence of the limit state (the suspensions
“break-down”), which we cannot consider a mass event, i.e. such probability
does not allow us to judge the quality of a structure. But if we compare two
structures, the optimum one will be that whose “break-down” probability is
lower.

The properly designed normal conditions ought not to result in “break-
downs” or rather the “break-down” probability should be a very small quan-
tity depending on specific operation conditions and structure reliability re-
quirements. The random vibrations of the suspension cause random stresses
in its elastic elements, governing the structures life. Random stresses varying
in time lead to the continuous accumulation of fatigue damage. Therefore, to
make an estimation of life we must know at least the average number of over-
shooting the given level of stresses, for example, the fatigue strength, during
a known period of time ¢x. With linear characteristic of elastic elements of

2]

0.04
74

/T/

4 8 12 16 v, m/s

P

0.02

Fig. 5.21.
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the suspension the stresses are proportional to its relative displacement, i.e.
the overshooting of the given stress level is equivalent to the overshooting of
the given relative suspension displacement, for example y,, in Fig.5.22.

YOA

Yno
n

Fig. 5.22.

Let us consider a differentiable random process with the duration tg
(Fig. 5.23). Such realization has a finite number of maxima and minima with
various values Tmax(t) and Tmin(t) on a finite interval of time. The plot of
the variation of a random function X(¢) can more than once intersect the
fixed level zo both from the bottom upwards (with a positive derivative),
and from the top down (with a negative by derivative). The first intersection
(the function X (t) reaches the given level for the first time) occurs at an in-
stant t,. If the random function X (¢) intersects the level zo from the bottom
upwards, it is usual to call this a positive overshoot and if the intersection
has a top-down trends this is generally referred to as a negative overshoot.

Let us determine the average number of the intersections of a random
process X (t) with a given curve a(t) (See Fig.5.23). A special case of this
problem is the overshooting problem, conditioned by

a(t) = zo = const.

X(® a(f)
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Henceforth we shall consider a(t) as a continuous single-valued function of
t; the random function X (¢) as a differentiable one; and the joint probability
density f(x,%) for the function X (t) and its first derivative X (t) as a known
probability. Let us show that the number of zeros for some function f(¢) on
an interval (o, tx) (Fig. 5.24) is determined by the formula

n= [Ir@islrelat (5.161)

Let us change the variable, setting f(t) = 2.
Then we can transform expression (5.161) to the form (as dz = fdt):

z2

/(5(2) dz 0< f(t) < oo
n={ (5.162)

z2
—/6(z)dz —o00 < f(t) <0,
Z1
where
21 = f(to); zo = f(tk). (5.163)
Integrals (5.162), (5.163) are equal to zero at z # 0. At z, = 0 integral
(5.162) is equal to
Z;+€
8(z)dz=1,

where 2; is a zero of the function f(¢).
Similarly, integral (5.163) at z; = 0 is

zi+e z2;—€

— / d(z)dz = / 4(z)dz=1.

Z2; —E& zit+e
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Therefore the full number of zeros of the function f(t) on the interval
(to, tx) is equal to the sum of integrals, i.e.

n Zzite n ZitE
n=Z/6(z)dz——2/6(z)dz:n++n_,
=1,"¢ =1z ¢

where n, is the number of zeros on the interval (¢o, tx) with a positive deriva-
tive (f(t) > 0) and n_ is the number of zeros on the interval (to, tx) with a
negative derivative (f(t) < 0). Let us take advantage of the obtained results
in order to determine the average number of the intersections of a random
function z(t) with a nonrandom curve a(t). For this purpose, let us enter the
function

£(2) = e(t) - a(t).

The intersections of the random function X () and the given curve a(t)
on the interval (¢, t2) coincide with the zeros of the random function (),
therefore

tr
n= /[m —alé(z — a)dt.
to

The number of zeros n will be different for different realizations of the
process, hence, n is a random variable randomly varying from one realization
to another, therefore the average number of zeros is equal to the expectation
of n, i.e.

Ly

N=M|n}= / /7 |z —a|é(z — a)f(z,2)dzd | dt. (5.164)

to

The joint probability density f(z, %) of the random function X and its first
derivative & enters in expression (5.164). The methods of determining f(z, &)
are presented in [31]. In the general case, determination of a joint probabil-
ity density (for non- stationary random processes) involves great difficulties
because it requires a large body of information on the behavior of a random
function. The problem of obtaining a joint probability density becomes easier
to solve, if we know that the random process is normal.

For a normal random process, the joint probability density (at an in-
stant t) is

f(:l?,(i:)‘: !

2m0505/1 — kus
1 |:(93—m1:)2  2kzi(z —me)(E—ms) (- m¢)2] } ,

X exp {_ 2(1-k2,) o2 0203 o2

(5.165)

where k;; iS a normalized cross-correlation function.
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For a stationary process, the cross-correlation function kzz (if z and & are
taken at the same instant) is equal to zero (see Sect. 3.3), therefore the joint
probability density takes the form

exp {_l(w—"—”x—)i} exp {_&%’;X} = F(z)F().

2 o2
(5.166)

f(.’L',.’L‘) =

2M0 04 -

We can simplify the expressions for N (5.164) by integrating over z (using
the property of the delta function), i.e.

o0

/ f@)b(z — a)dz = f(a).

—00

Some manipulations give us
tr o0

N= / / i — 4| f(a, 2)di | dt.
to )

Let us assume that t; are instants corresponding to an intersection of the
random process by the curve a(t) on an interval (to, tx), i.e. £(t;) = a(t;). As
has been shown above, the total number of intersections n is equal to

n:n+—|—n_,

where
ny = / (& — a)3(z — a)dt (&> 0);
n_ = /(a'; —&)d(z —a)dt (& <0).

The average number of intersections is: with a positive derivative

it [ oo
Ny =Miny] = (t)f(a, @+ €)dé| dt;
a

with a negative derivative is

Ty 0

N_=Min_] =~ / / e@)f(ay o+ £)de | dt.

to — 0O
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The total average number of intersections is
N=N;+N_.

Let us determine the average number of intersections of the given level,
if a(t) = const = ¢ (see Fig. 5.23). In this case

tx
ny = /5’(5(5 —x9)dt (¢ > 0);
to
tr
n_=— /5'6(5 —xzg)dt (€ <0).
to
The average number of intersections is
tx [ oo
Ny = / / £ (z0,¢)de | dt;
to LO
Bl o (5.167)
N_ = / / Ef(xo,€)dé| dt.
to L—OO

If o = 0, then the average number of zeros of the process z(t) on the
interval of time (to, tx) is

ty o] ty 0
N =N, +N_ :/ /éf(a:o, £)de dt—/ /éf(zo, ¢)de| dt. (5.168)
to 0 to 00

In order to obtain a numerical result from formula (5.168) we must know
the probability density distribution law of the random function e(t) deriva-
tive. For stationary random processes the expression for Ny and N_ become
simpler (because the internal integrals in (5.168) do not depend on time):

Ny = (8~ to) [ éf(ao,e)des
0 (5.169)
N_

0
—(tk—to)/éf(ao,é)dé.

Expressions (5.169) allow us to determine the average number of inter-
sectionsiof thergivemlevelianditherrandom stationary function z(t) in a unit
of time:
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o] 0
Nzﬁfig:=/éﬂ%¢m@-/éuma&. (5.170)
k — Lo
0 - 00

Let us determine the average number of intersections of a normal station-
ary process z(t) with a horizontal straight line o = const, using relations
(5.169) and joint distribution law (5.165). In this case k,; = 0, therefore from
(5.167) we obtain

(te — to) (2o — ma)? /oo . 2
N = e—— _—— —_—— d M
t 7 2nog0s exp 202 Texp 202 i
0

0
_ (tx — o) (zo — mg)? / . @2 .
N_= Cy—— exp 252 I exp 552 dz.

z

(5.171)

It follows from (5.171) that N, = N_, hence the total average number of
intersections of the given level and the normal stationary processis N = 2N,.
By calculations we obtain

N = Mexp{_@__’nzﬁ}. (5.172)

Oy 202

Let us determine the average duration of the stay of the random function
z(t) above the level zy [31]. The probability of this is

HX>$@:/fhmMm

Let us divide up an interval (%, t9) into n equal small intervals A¢; each
of which is located near the instants t;. Let us consider the intervals At; so
small that it is possible to neglect cases where the function (z — ag) reverses
sign within them. Let us introduce a system of random variables A; each
of them being equal to the corresponding interval At; or 0 depending on
whether the random function in this interval is more or less than zg. Then,
the total time of the random function being above the given level zg is

The average time of the random function being above the given level zg
for a time (¢ — tg) is

o0

T, =M |tz | = iM VAR MiA;} = Ati/f(x)dx . (5.173)

i=1 Zo
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In the limit at n — oo we obtain from (5.173)

tr oo

Ta=//f(:1:)dxdt. (5.174)

Let us determine the average duration of an overshoot, dividing the ex-
pression (5.174) by the average number of positive overshoots N, i.e.

tx oo

/ F(z)dz dt

Ta. to Zo
Ta = N—+ = . poy . (5175)

/ /x’f(a:o,x)da'c dt

ity 0

For a stationary random process the expressions for T, and 7, take the
form:

T, =t~ to) [ f(a)ds (5.176)
/f(x)da:
Ta = o, (5.177)
0

For a normal stationary random process

T, = (te=t) [1 iy <?59:_Tz)] ; (5.178)

2no, Oz

MO (zog —myz)? Tg — Mg
Ta = = exp {———203 } [1 -9 (——Uz )] : (5.179)

Example 5.6. The correlation function of an angle ¢ (see Fig.5.13) at
the normal stationary vibrations of a trailer (m, = 0) is

K,(t) = oie—alrl <cos BT + %Sinﬂ |7‘|> .

It is required to determine the average number of exceedances by the
angle ¢ of the allowable value ag = o = £5° for 10 minutes and the average
duration of an overshoot 7,. The numerical values of parameters are known:
o, =2°%a=0.11/sec; B=0.61/sec.
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As
d2K.
0‘2P == dT2<P l“'=0 = G.Z(a2 +,82),

then using formula (5.172), we obtain

2 2 2 6
N=S0VeE+S {_i’%} =800 61.0.043 5.
T 20, T

The average duration of the overshoot is

2
’ra:—-——-————?r exp{—‘poz} [1~¢(@)].
A /az -+ ,62 20'(‘_., U‘P
By substituting numerical values, we determine

™
= T _93104(1-0. ~ 0.7 sec.
Ta = 5618 3.104 (1 — 0.9948) =~ 0.7 sec

5.5 Nonlinear Random Vibrations

Nonlinear mechanical systems loaded with random forces are extensively
practiced in mechanical engineering and, among other things, include nu-
merous shock-absorption and damping devices for machines, instruments and
structures; nonlinear control systems; and nonlinear problems of the dynamics
of flying vehicles. Solving nonlinear problems, as a rule, involves great diffi-
culties. It is an open secret that we cannot obtain a solution to a general-type
nonlinear equation in an analytical form. This is true even for the simplest
second-order equation, not to mention the system of nonlinear equations of
the motion of mechanical systems loaded with deterministic random forces.
It was usual to believe not so long ago that any solution of nonlinear
equations can only be deterministic at deterministic loads and random at
random loads. Recent investigations of nonlinear dynamics carried out in
years with the use of computers have made it possible to establish new
physical phenomena that earlier seemed absolutely impossible in the field
of traditional mechanics. It has been discovered that chaotic (unpredictable)
motions are possible in a deterministic nonlinear system. This means that
nonlinear systems can themselves, without external random actions, gener-
ate random processes. Moreover, approximated numerical methods of finding
a solution, generally based on various simplifications and assumptions, are
not only fraught with quantitative errors but can produce qualitatively dif-
ferent results as well. Therefore, the earlier developed approximate numerical
methods of solving equations of nonlinear random vibrations (for example,
thexmethodrof statisticalrlinearizationrand that of moment functions) cannot
always ensure the required accuracy of a solution. At small nonlinearities,



5.5 Nonlinear Random Vibrations 183

however, approximate numerical methods of solution can be effective. Meth-
ods using the theory of Markov processes and the method of statistical tests
allow us to obtain exact numerical solutions to nonlinear equations of statis-
tical dynamics without a linearization of initial equations. This paragraph is
devoted to three methods of solving nonlinear equations of the first and sec-
ond order — the method of a statistical linearization, the method based on
Markov processes and the method of statistical trials (Monte-Carlo method)
that enjoy the greatest popularity in computational practice.

5.5.1 The Method of Statistical Linearization

Figure 5.25 a shows a one degree of freedom system, whose elastic characteris-
tic of the spring is a nonlinear function of a displacement z (Fig. 5.25 b). The
resistance force F(#) (the friction force between the mass and the guide)
has a nonlinear dependence on a motion velocity .

XA

Fy(x) 4 .

=Y

b)

The equation of the forced oscillations of the mass m is
mi + F(z, %) = fot), (5.180)

where F(III,.'B) = F] (il)) + Fz(.’l))
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In each case there is an explicit specific dependence of functions F1 and
F, respectively on z and #. For example, we may assume that for the conic
spring, shown in Fig. 5.25,

F(z) = cx + 123 (5.181)

up to a specific value of = (Fig.5.25 b).
At the quadratic resistance law we may present the function F3 as

Fy() = ai’signi.

Let us consider the method of statistical linearization, which consists in
the replacement of a nonlinear random function F(z, ) by a linear one, i.e.

F(z, ) = F, = a1 + asxg + a3y, (5.182)

where z¢ and Z, are centered random functions; a; are arbitrary coeflicients,
determined from the condition of the minimum variance of a random function

AF = F(z,%) — F,. (5.183)

The statistical linearization method is applicable to stationary nonlin-
ear vibrations that are possible only in cases, where an external force f,(t)
is a stationary random function. In addition, we assume that the solution
(z, £) has a normal distribution. Any stationary solution of a linear equation
(for example, of equation (5.26)) with a stationary random function fo(t),
having a normal distribution law, its would necessarily be normal because
linear transformations do not change the normality of a distribution law.
The solution of a linear equation at a normal law for a stationary random
function f,(t) is not normal. It is possible to suppose, however, that at small
nonlinearities it differs little from a normal one.

If vibrations are stationary, the variance of the random function AF takes
the form

o
M [(AF)?] = // [F(z, &) — a1 — agxo — asdo)’ flz,&)dzdi, (5.184)
—0o0
where f(z, ) is the joint probability density of z and & that does not depend
on time for stationary random functions.
Since f(z, ) is an unknown function in formula (5.184), we have to assume

that the function f(z,4) is close to a two-dimensional normal distribution
law of independent random functions, i.e. we may consider that

N1 (x —myz)?  4?
flz, ) = omocos &P {— [ 552 + 22| [ (5.185)

as for a stationary process m; = 0.
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Let us determine the arbitrary parameters a1, a; and a3 from the condi-
tions

M {(AFV]

= =1, 2,3). 5.186
G =0 (=123 (5.186)

By transforming we obtain the following values of coefficients from (5.186):

F(z,%) f (z, %) dz dz;

2
i
Isqt\v'"‘ é\g
1\8 83 é\g
8 ~—~—3

F(z,2)(z —mg) f (z, ) dz dz; (5.187)

Q
[N)
|

F(z, z)&f (z,z)dzdz.

&
|
qul =

|
8

From (5.187) we determine the relationships
ai = a; (Mg, 0z,04) - (5.188)

As a result of the averaging operation of the function F'(x, #) we obtain
the following linear equation in place of equation (5.180)

ai

1 ¢ mys —
Bo + o + Zag = — fo (1) + A2 (5.189)
m m m m

(o]
As zo and f are centered random functions, by performing an operation
of mathematical expectation on both parts of equation (5.189), we obtain
ms—a; =0, (a1 = a1 (mg, 01, 03)) . (5.190)

Finally we obtain the equation

. ,G3. | ag 12
—= —xg = — t). 1
Zo + To + Zo fo ( ) (5 91)

The spectral densities of z and = will be:
So (@) =W ()" S5 (), Sz (w) =W (1) w?S; (w),

therefore the root-mean-square values of x and % are determined from the
relations:

= / W (iw)]? Sy dw; (5.192)
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o2 = / |W (iw)]? w?S s dw. (5.193)

- 00

As a result, we obtain three equations (5.190), (5.192), (5.193) for the
determination of three unknowns m;, o0, and o; as a function of my and oy.

Example 5.7. It is required to determine the average number of ex-
ceedances NN of a level ap by the center of gravity of a mass m for a given
time tx. The characteristic of the spring is nonlinear. Let us consider the
stationary random vibrations of the mass presented in Fig. 5.25 a, assuming
that the characteristic of the spring Fj (z) can be presented as (5.181), and
the resistance force linearly depends on z.

The stationary random force of the normal white noise type acts on the
mass m i.e.

mg, = const, Sy, = sp.

The equation of the motion of the mass m at a nonlinear resistance force
takes the form

9) . (5.194)

. . 1 o
&+ 2n3 + pia + pa® = = (fo+my.), (n
m m

At p = 0 equation (5.194) becomes linear, and its solution is a normal
stationary process. At p # 0 the solution of equation (5.194) is not a normal
process, but at small values of 4 we may assume that it differs little from
a normal process, which enables us to use formulas (5.187) for the determi-
nation of coefficients a1, az and a3. Having evaluated integrals (5.187) we
obtain

ay = pmg (M2 +302); az=3p(m2+02); a3=2n. (5.195)

The linearized equation takes the form

(5.196)

o
.. . +m
Fo + 2ndo + pi (zo +mg) + azzo + a1 = I—Q——T;l—fg.

From (5.196) we obtain
Mo )

2
PgMg + a1 =

Using expression (5.195) for a1, we obtain the first equation relating my
to my and o :

— DyMs (5.197)

pmg (m2 + 302) = %

Having isolated the constant components from equation (5.196) we obtain
the following equation with respect to the centered random functions
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io + 2ndo + (p§ + a2) zo = fngz' (5.198)

In the considered case the spectral densities of z and % are equal to

S0
Sm = 2 2 )
m2 |(zw) + 2niw + pg + a2'
SQQ)Z

Si: 2 2
m?2 1(zw) + 2niw + pg + ag’

therefore from (5.192) and (5.193) we obtain

9 S0 2 80
= ; ° = . 5.199
% = 4nm? p% + 3p (m2 + o2)] % = tpm? ( )

Let us determine m;, o, and o; from equations (5.197) and (5.199). In a
particular case when m; = 0, we obtain

2 4
2_ _Po Po S0 _ 2 (—1 V1+6 )——1 =02 h
%= "6y T\ 365 T Tonmen - Tz \THT VA OB ) o= oggh,
(5.200)
9 . . ) 2nm?2
where o, = 202 is the variance of the solution at u = 0; a = ;
apgy So

By = —'L% is the non-dimensional small parameter.
ap

0
Using formula (5.172), we determine the number of the level ag ex-
ceedances, (the number of these exceedances is half as large as the number
of intersections of the level ag):

N koe ) (a0 — my)*
270, P 202 '

Example 5.8. Figure 5.26 shows the outlines of an accelerometer repre-
senting a mass m elastically attached to springs with a linear characteristic
(with a total rigidity c). A stationary excitation f, (t) setting up the vibra-
tions of the mass m is acting on the latter besides a slowly varying inertial
force (that is to be measured by the accelerometer). In order to decrease the
influence of a random disturbance on the indications of the accelerometer the
mass m is placed in a cavity filled with a liquid. During the motion of the
mass the resistance force is proportional to the square of a velocity . As
the nominal force acting on the mass m, varies in time very slowly, the mo-
tion'velocity of thermassiisilow inmoniinal conditions and we can ignore the
resistance force, therefore the later primarily influences random vibrations.
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Fig. 5.26.

Denoting by Az the displacement of the mass m from its nominal position
let us write the following expression for the resistance force

F. = oy Az%signAz.

We consider the random disturbance probability characteristics to be
known:

2
2a0 %

mg, = const; Sfo = m,

(5 = ceer).

It is required to determine the expectation m ., the standard deviation
oAz of the random displacement of the mass m, considering that stationary
random vibrations occur. The equation of the motion of the mass m takes
the form

a
A% + ny Ai?sign A + pEAz = i, <n1 = ~1-) . (5.201)
m m
Let us replace the nonlinear resistance force n; Az%signAz by a linear
one:
ny Ai’sign Az & a1 + azAdo.

Let us determine a; and a3 from formulas (5.187). By calculations we
obtain
4n1 m
a =0 6=—"=0as Mas= “o
As aresult, we obtain a linear equation in a centered random displacement

o

A + azAzg +p(2,Am0 = % (5,202)

The variances Azg and Az are respectively equal to:
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4
VT - 20% (a + _%LGAi>
20 —=0Az0+ &
\/— A (po \/2—”5 Ax )
2
TOOo
Dps = 0% = vmao; (5.204)

In, .
20 Az —=0 A0+ O
V20,4 (Po \/2— Az )

We determine o a; from expression (5.204) and then oa, from formula
(5.203).

The method of statistical linearization presented above produces an ap-
proximate solution to the simplest problems of the dynamics of nonlinear
systems that is true at a number of limitations imposed on the input ac-
tion and the mechanical system. These limitations include: the smallness of
nonlinear terms in the left-hand side of equation (5.180) and the supposition
that the distribution law of the solution is close to normal. They substan-
tially reduce the information on a random process, allowing us to obtain
only approximate values of the probability characteristics of a solution. The
method of statistical linearization is not applied to cases where the nonlin-
earities cannot be considered small, as well as to analyses of non-stationary
processes.

In order to answer the question about the true distribution law of the
solution of (5.180) type equation with the stationary right-hand side, we
must use the theory of Markov processes.

5.5.2 The Solution of the Nonlinear Equations with the use of
Markov Processes

The method of statistical linearization, described in the previous item, allows
us to reduce a nonlinear equation to a linear one. However, it is impossible
to answer the question of how the accurate the obtained solution is. For this
purpose, we must know the exact solution, which, for example, in a number
of cases can be obtained, using the theory of Markov processes.

Let us consider equation (5.194), which we may present as a system of
two equations of the first order, putting £ = ¥, z = y2 (Let us confine
ourselves to the case where my = 0, and fo is an excitation of the white noise
type with K¢ = 508 (1)):

Y1 + 2nyy + PRy + pys = %; Y2 —y1 = 0. (5.205)

Kolmogorov’s second equation (4.73) for a stationary process is

s(,(')f

. .206
2 E)yl =0 (5.206)

af of 9 3, Of
— I f Oy T
Y1 s nf —2ny, B (Poyart 1Y3) = B,
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We may present equation (5.206) as

0 2 3 so Of
o0 [(poi‘ﬁ + ) f+ B9
15] 0 sqg Of
N —e — ) =0. 5.207
+ [ Oya +2n6y1] (y1f+ 4nm?2 6y1> 0 ( )

For the solution of equation (5.207) let us put

f(,92) = fi(y) f2 (y2)

i.e. we assume that y; and y. are independent.

In this case, the two-dimensional distribution law can be presented as a
product of one- dimensional distribution laws (1.52). As a result, we obtain
the equation

aiyl{fl [(p3y2+py§’)fz+ %0 afz]}

Anm? dy,

0 0 so O0f1\]| _
*( 555“"55) [fz <y1f1+4nmza—y1)] =0 (5.208)

which becomes an identity if the functions f; and f; meet the equations

dfs . (P} + py3) 4nm?

dw s fa=0;
d?f 2 0 (5.209)
nm

a“l + y1f1=0.

Y1 So

The solutions of equations (5.209) takes the form:
4nm?
fi=crexp {—T—-yf} ;
So

| \ \ (5.210)
fa = cpex 4nm22ex _4nm”

2 = C2€Xp 250 PoY2 Py —H 45, Ya ¢ -

The arbitrary constants ¢; and ¢y are determined from the conditions

o0 [= 0]

1) /f1 (y)dy =1; 2) /f2(y2)dy2=1. (5.211)

—o0 — 00

From the first condition (5.211) we determine

2
e =4/ 2nm? (5.212)
T
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It follows from the obtained expressions for f; and fo that the distribution
law of y; (first derivative of ¥) is normal, but the distribution law of y3 is
not normal according to the earlier mentioned supposition of the statistical
linearization method. Only at 4 =0 f, transforms to a normal law.

Knowing the distribution laws of f; and f» we determine the variances

o0

Dy, =0i=¢c / v2 f1 (1) dy; (5.213)

—00
o

Dy, =0 =c / Y3 f2 (y2) dys. (5.214)

—o0

From expression (5.213) we obtain an expression for the variance o2 that
exactly coincides with expression (5.199) obtained by the statistical lineariza-
tion method. Expression (5.208) enables us to determine o2 numerically at
any u as opposed to expression (5.200) that is true only for small values of

I
Let us consider the algorithm of solving the example 5.8 with the use of
the theory of Markov processes. The key feature of this example consists in
a fact, that the random disturbance is not a white noise because the spectral
density Sy depends on w.
We may always present any process with the correlation function

2 —alr|

Ky =o%e

as a result of the passage of the white noise through a linear first order system
of the form (Sect. 4.3)

fo+afo=V2a0se(t), (5.215)

where ¢ () is a stationary random disturbance of the white noise type with
me =0, K. = 506 (7).

From equation (5.215) we obtain the spectral density of the random func-
tion f, which coincides with the example 5.8:

s 2a012,
F= oy we
Equation (5.215) should be considered together with equation (5.201) that
can be presented as a system of two equations of the first order. As a result,
we obtain a system of three equations:

. . 1
g1+ myisigny + piys = —ys;

oo s = 0; (5.216)

Y3 + ays = V2aose (t),
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where y; = Az, yo = Az, ys = fo.

Set of equations (5.216) describes a three-dimensional Markov process.
Considering that the stationary vibrations of a mass m occur, Kolmogorov’s
second equation for this case takes the form (special case of equation (4.88)):

o 1 .
[(EyB - nly%&gnyl - P3y2) f]

oy
) ) 1, ,0%f
_ _ 2 oI _o. 21
+ay2 (11 f) o (aysf) 22aafay§ 0 (5.217)

If the coefficients a; linearly depend on y; and provided that b;; are con-
stants, we can obtain a solution of equations of (5.217) type in an analytical

form. A method of solving equations of multidimensional Markov processes
for the case where

n
a; = ag; + E @iYj; b,,;j = const,
j=1

is presented in [35]. It will be recalled that a; and b;; are coefficients of
equation (5.217).

5.5.3 The Method of Statistical Trials (Monte-Carlo Method)

In Sects. 5.5.1 and 5.5.2 two methods of solving nonlinear equations of the
first and second order were presented — the method of statistical linearization
and the method using Markov processes. It has already been mentioned that
the former is an approximate method and for this reason does not allow us to
estimate the accuracy and certainty of its results.To secure ourselves against
rough results we make a reservation to the effect that this method produces
acceptable results at small nonlinearities, for example, at small u entering
equation (5.194). We cannot, however, establish the interval of u variation,
when it may be considered small, as well as the error of solution for this
interval.

Another limitation of the statistical linearization method is the necessity
of postulating the unknown distribution laws of a solution. As we have no
information on the distribution laws of the “output” before obtaining a solu-
tion, we cannot but introduce probability hypotheses, for example, consider
that the distribution laws of the “output” are normal. It is impossible to
substantiate the reliability of such assumption. The method of statistical lin-
earization enables us to determine a solutions accuracy only when we know
the exact solution. But if we have it, any approximate solution becomes su-
perfluous. Therefore, the sphere of using this method in applied problems
(when one bears the responsiblility for calculation results) is very limited.
Itvisvexpedient; however; torberaware of its main idea — the replacement
of nonlinear terms in an equation by linear ones, because this principle is
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also applied when linearizing nonlinear equations of deterministic vibrations
(generally those of the second order). The use of the statistical linearization
method to solve systems of nonlinear equations, when we have to introduce
multidimensional distribution laws into the algorithm of a solution, leads to
practically insurmountable computation difficulties.

The method of Markov processes allows us (theoretically) to obtain at
any instant exact distribution laws for the components of the state vector of
a nonlinear dynamic system whatever its dimensionality may be and exact
values of vector-of-the-state components probability characteristics. Unfortu-
nately, this is far from being so in practice. In fact, we cannot produce the
exact solution of a Kolmogorov’s equation for a real nonlinear mechanical
system with several degrees of freedom, especially when it comes to the ne-
cessity of taking into account real random disturbances (and not the white
noise). Therefore, again we have at our disposal only approximate methods
of solving Kolmogorov’s equation that make us introduce simplifications and
assumptions into the algorithm of a solution. And that brings about a dis-
crepancy between approximate and exact solutions the way it happens when
we use the statistical linearization method. This discrepancy cannot be es-
timated because we have no exact solution. These disadvantages are absent
from the method of statistical trials (Monte-Carlo method) based on the
numerical solution of initial nonlinear equations without simplifying them.

Let us dwell at length on the algorithm of solving nonlinear equations by
this method and consider as an example an elementary system (see Fig. 5.27 a)
with one input z and one output y. Having obtained n solutions for n re-
alizations of a random function z(t), we determine the expectation and the
variance of a solution from the following formulas of mathematical statistics:

i (8) = = 3" 0 0

1 L2
Dy(t)=—=> (3 —my)".
n—14
i=1
The accuracy of the obtained probability characteristics of a solution for
mathematical expectation and variance depends on the number of solutions
n and is estimated by standard deviations of estimations using the mathe-

matical statistics formulas:

O, (8) = (Dy (t)) / n; | (5.218)

op, = \/n—i—lf)y (t). (5.219)

A _more comprehensive estimate of the accuracy of the results produced
by a solution can be obtained on the basis of on evaluating the confidence
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probabilities of the various deviations of i, and D, estimations from corre-
sponding true probability characteristics. Given that the distribution laws of
the estimations are close to normal, these probabilities can be approximately
estimated according to the following formulas:

P=P (l’l’hy — myl < El) = 29 <UE-1 ) ; (5220)
_ A — 2
P =P (IDy Dy|<es) =20 (UD) , (5.221)

where P;, P, are the confidence probabilities; €1, €5 are the given boundaries
of the deviation of estimations; @ (51 / a,,-ny) and ¢ (52 / o Dy) are probability

integrals.
Using the relations (5.218) and (5.219), we obtain

P20V,
Dy
P, =20 <___ ﬂ:ﬁ)
Yy

The figures given in Tables 5.2 and 5.3 represent the values of the number
of trials (solutions) n necessary for producing results with the given relative

deviations vy = g, / \/f?y, Vy = €9 / f)y and accuracy P; and P;.

The above tables show that when the requirements to the accuracy of
the probability characteristics 7y (t) and D, (t) become stricter, the neces-
sary number of solutions n increases considerably. In the past, this circum-
stance impeded the widespread adoption of the Monte-Carlo method in de-
sign practice, because then there were no high-speed computers. Today, the
performance of large number of computation experiments offers no serious
difficulties.

Table 5.2. Number of trials for the determination
of mathematical expectations at various values of

vi.
vi 02 015 010 0.05 0.01
Py
0.6 18 31 70 281 7000
0.7 27 47 108 431 10800
0.8 41 73 164 651 16400

0.9 68 121 272 1090 27200
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Table 5.3. Number of trials for the determination
of variances at various v;.

v, 02 015 0.10 0.05 0.01

P,

0.6 37 63 141 563 14000
0.7 55 95 217 863 21600
0.8 83 147 239 1300 32800
0.9 137 243 545 2180 54400

If we need to obtain a distribution law of the output quantity y (Fig. 5.27 a)
at an instant tg, we break up the obtained numerical values y; (tx) corre-
sponding to random functions z; (Fig.5.27 b) into division groups (intervals
of y,, (t) values) and count the number k; of values y; (tx), falling within the
v-th interval. Then we divide this number by the total number of solutions
and obtain the frequency P, of the occurrence of the solution numerical value
¥: (tx) corresponding to the given interval (y,, yu+1) (P, = %) . As a result,
we get the histogram (Fig. 5.28). Increasing the number of solutions n we can
reduce the size of the intervals (y,,%,+1), and increase their number. This
will lead to the histogram approaching some curve that can be regarded as
the probability density of a function y (¢x) at an instant t5. When consider-
ing a mechanical system with a finite number of degrees of freedom and one
random function at the “input”, we can obtain one-dimensional distribution
laws for generalized coordinates and their first derivatives at any instant.

X0 xo
X 4 t it
Y(0) Y
. 1
a) b)

Fig. 5.27.
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Fig. 5.28.

The information on the distribution laws of the generalized coordinates and
their velocities obtained by the method of statistical trials is sufficient for
the solution of complicated applied problems when we do not need to know
the multidimensional distribution laws of the mechanical system state vector
components.

The method of statistical trials can be applied both to nonlinear systems,
where it is especially effective, and linear ones irrespective of the dimension-
ality of both. When using this method with respect to nonlinear systems,
we should take into account all acting random disturbances in each math-
ematical realization, since the principle of superposition does not work for
nonlinear systems.



6. Random Vibrations of Systems with Finite
Number of Degrees of Freedom

6.1 Free Random Vibrations of Linear Systems

As a rule, the presentation of a real mechanical system as a system with
one degree of freedom is approximate. For example, the system shown in
Fig. 6.1 usually considered that with one degree of freedom is a system with
two degrees of freedom (if we neglect the inertia of the rod and examine the
motion of the mass only in the plane of the drawing), as the real lumped
) ot Tt T tral axis that is

YA

8 J

Fig. 6.1.

Using the force method we obtain the following two equations of motion
(Fig. 6.2):

y = o (—my) + d12(—Jo®);

¥ = 021(—mP) + d22(—Jo®), (6.1)

where

B+

Bly(ly — 1) _
3EJ,(l1 + I2)2

012 = 001 = m; 022

(hiz)?

e TR PEAAL

The system of equations (6.1) can be presented in a vector form as:

AM +y =0, (6.2)
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Yy J;
Ry
|

M;
| kﬂ\\ i -
zZ
2 L
Fig. 6.2.
where

011 012 m 0 y
A= ; M= ; = .
[521 022 0 Jo Y= le
The vector form of presentation substantially simplifies the study of os-

cillatory systems with many degrees of freedom because the equation (6.2) is
also true for systems with any final number of degrees of freedom:

My+Cy=0, (C=4"1 (6.3)
or

¥4+ Ay =0, (6.4)
where

A =M"1C.

For a computer solution of equation (6.4) it is necessary to present it as a
system of two equations of the first order which can be done by introducing
new unknown vectors z; = ¥, z2 = y. As a result, we obtain a system

%1 + Az = 0; (6.5)
Zy — Z1 = 0;
or
Z+AZ =0, (6.6)
where

A= [_OE %1] ; Z= [2] : (z = (% % ¥, w)T) :

ThewectorsZrhasydimensionalitys4s and is referred to as a system state
vector. The first n (1, 2,..., ») components of the vector Z are derivatives of
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generalized coordinates with respect to ¢, and the subsequent n components
(n+1,n+2,..., 2n) are generalized coordinates.

The system of equations (6.5) ignores the forces of resistance. In order to
take them into account (if we assume that the resistance forces are propor-
tional to the first derivatives of the generalized coordinates), it is necessary
to introduce one more BZ term into the equation (6.3), where B is a matrix
whose elements b;; are coefficients of the friction forces.

With due account of resistance forces the equation (6.3) becomes

M§ + By + Cy = 0. (6.7)

If we include the friction forces in the equation (6.6), only the matrix A
changes, namely

_ [M1BA,
A=)

Further on, we denote the elements of the matrix M~ !B by b;;. During
random free vibrations the initial data at £ = 0 represent random quantities,
whose probability characteristics we consider to be known, i.e. we know their
mathematical expectations m,,, and variances D,,,. In the more general case
where the components of the vector Z at the initial instant of time correlate
with one another, we know the correlation moments K, The solution of
the equation (6.6) takes the following vector form

10250 °

Z = K(t)C, (6.8)

where K(¢) is the fundamental matrix of solutions of the system of homoge-
neous equations and C is an arbitrary vector.

When numerically solving the equation (6.6), we may choose such algo-
rithm of getting the columns of the matrix K(t) that at ¢ = 0 makes the
matrix K(0) equal to the identity matrix, namely, K(0) = E. In this case, the
arbitrary vector C equals the initial values vector Zy, i.e.

Z = K(t)Zo. (6.9)

All previous mathematics and representation of the solution of the equa-
tion (6.6) in the form (6.9) hold true for deterministic initial data. Let us
determine the mathematical expectations as well as the correlation and cross-
correlation functions of the components of the vector Z.

The mathematical expectation of a vector Z is

M [Z] = m, = K(t)m,,, (6.10)

where m, is a vector whose components are the mathematical expectations
of the:.componentsiof thevectorZrandim, is a vector whose components are
the values of m;.
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The mathematical expectations of the components of the vector Z are

2n
my, = Zkijmz(,j. (611)
j=1

In order to determine the correlation and cross-correlation functions of
the components of the vector of solutions let us present the solution (6.9) in
a scalar form

2n

zi(t) =D kij(t)2s,0- (6.12)

Jj=1

Knowing the mathematical expectations m, we can obtain the expression
for the centered random components of the solutions vector:

% (t) =2z (t) —ma, () = ) kijijo;

=1

on on (6.13)
M [é’l (t) z) (t’)] =Kapz =M || D ki (£) Zo (Z ko (t) 2,0>
j=1 v=1
For the special case of K,,,,,, = 0, we have
2n
Kz«;zk = Z ki (t) Ky (t/) Dlvo;
v=1
Kaiz Z kw kkv t ) D, o (6.14)

= Z kzzv (t)Dluo'
v=1

As a result, we have obtained all probability characteristics of the com-
ponents of the state vector of a linear system with a finite number of degrees
of freedom at random free vibrations induced by random initial data.

In the design we are most interested in the random dynamic stresses
that arise in structure elements, for example, the normal stress arising in the
section & of the rod (Fig. 6.2). Let us determine its probability characteristics
(Fig. 6.2)

. _ R
max Wz )

(6.15)

where R; is the reaction in the hinge.
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Using d’Alembert’s principle, we get

l

Ry = ———
YT+ 1)

(=Ji + M), (6.16)
where J;, M; are respectively the inertia force and the moment,
Ji = —mgj, M.,, = —Jo(ﬁ.

From the equations (6.1) we determine:

Y 12 _ )
y= mAy mA(p (A = 611022 — 512521) ; © 17)
021 o '

=727 1

Performing transformations with due account of (6.16) and (6.17), we
obtain

OTmax = b1y + bay, (618)

where

(021 +dala) 1y |
W, (l1 + l2) A’

(011 + d12la) Iy

by = .
! We(h+1l)A

by = —

In order to determine the greatest possible value of oy, that depends
on two random functions y and ¢ we must known the joint distribution
law f (y, ¢, t). Considering the joint distribution law of y and ¢ a normal
distribution law, we can determine the parameters of distribution law of the
random function omax, the latter being linearly dependent on the random
functions y and ¢ (6.18). In this case, the omax distribution will also be a
normal one with the following parameters:

Mo, (1) = bimy (£) + bamy, (8); (6.19)

Y
(Tomme)” = blo2 (t) + b307 () + 2b15:Kyy (1), (6.20)
where
Ky‘/’ = K2324 (t) t) . (621)

The cross-correlation function (6.21) is a special case of (6.12) at n = 2
(if the initial data are independent).

Having determined normal distribution parameters for omax, we find the
greatest possible value of the normal stress omax at each instant

max (Omax (t)) = ms,,,, (t) + 300, (1) (6.22)
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6.2 Vibrations at Random Pulse Loading

When solving applied problems we often have to consider the motion of a
system induced by the action of a random impulse of force (or a system of
forces). A case when a vehicle drives into a single asperity markedly differing
in height from other road asperities is shown in Fig.6.3. At a high speed
of the vehicle horizontal motion the action of this asperity is equivalent to
a single impulse of force, which results in a sharp change of total velocity
vector v = vpi; + yip and the angular velocity w = ¢.

Fig. 6.3.

During the vehicles motion we consider that the displacement of the center
of gravity (point 0) and the rotation of the vehicle as a rigid body occur in
the plane of the drawing.

In the general case, a wheel may collide with the asperity, resulting in
an onset of spatial vibrations (if there were some vibrations in the plane of
the drawing before the collision). The ultimate goal of the design may vary
depending on the specific conditions of a problem and the designation of
the structure. For example, in the design of the structure shown in Fig. 6.4
the following two points may be of concern to its designers, provided that
the structures pulse loading is J;: the greatest possible displacements of the
masses from the vertical position and the greatest possible dynamic stresses
arising in the structure. Let us consider each of them in succession. During
the action of the pulse loads J; on the masses m; (Fig.6.4) the latter obtain
velocities equal to (at J; = J;i;)

J;

&35 (0) = — (i=1,2, ..., k) (6.23)

after the action of the impulse has terminated.
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=
<

) A

a) b)

Fig. 6.5.

We assume that the distribution laws of J; are known (Fig. 6.5 or 6.6).
Let us first consider the simplest case of J; directions being known, for
example, that of a = 0. After the action termination of the impulses of forces

has come to an end, masses obtain the following velocities (for example, at
Ji = Jiih)

(6.24)
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1) A1) A

a) b)

Fig. 6.6.

They can be considered the initial data of the systems subsequent free mo-
tion. (At pulse loading the displacements x;; become equal to zero after the
termination of the impulse action). In this case, the vector of the initial data
takes the form

. . . T
Xo = ($11,$12, e ,IEln,O...O)

i.e. the given problem can be considered a special case of the previous prob-
lem. Therefore the probability characteristics of the components of the vector
Z are equal (at k = n) to

n
Z kijMag, = Z (6.25)
n
z,z, Z kl] t)kw Zkosz‘ (6.26)
k=1

Example 6.1. Let us consider a system with two degrees of freedom
ignoring resistance forces (Fig. 6.7).

Fig. 6.7.
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A random short-term impulse J (with known mjand D;) has suddenly
acted on a mass m, at t = 0. After the termination of the impulse action the
mass m; has obtained a random velocity y;0.

It is required to determine the mathematical expectation and variance of
the displacement of the mass m; at an arbitrary instant of time, i.e. to find
my, (t) and Dy, (t). Making use of the force method, we obtain the following
equations of motion:

Y1 = 011 (—mad1 — c1y1) + 012 (—mada — cay2) ;

Yo = 621 (—mudh — c1y1) + b2z (—maie — caya) ; (6.27)
or
a1191 + a1z + b11y1 + bioye = 0; 0
a2191 + az2¥2 + ba1y1 + bazaya = 0,
where

ay; = 01imy; @12 = 61ama; by =1+ 116y
b1z = d12¢2; ag1 = 01my;  age = daamny;
b1 = d21€1;  baa = 14 dgg0s.

The system of equations (6.28) can be reduced to a system of first-order
equations, but in this particular case we can obtain the solution for the initial
system right away. Assuming that

y1 = Ajcospt; ys = Ay cospt (6.29)
or

y1 = Bysinpt; ys = Bysinpt (6.30)

we obtain from the system (6.28)

(b11 — a11P%) Ay + (b1 — a12p?) A2 = 0;

6.31
(b21 — a219°) A1 + (baz — agep?) A3 = 0. (6.:31)

Having determined p; and p, from (6.31), we find the following coefficients
of distribution

K — A21  big — ayap?
1= =
Ay b1 — a11p3 (6.32)
N ‘

Az b1 —anp?
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As a result, we obtain the solution of the system (6.27)

y1 = A1 cospit + By sinpit + As cos pat + Bs sin pot;

6.33
yo = A1ky cospit + Bk sinpit + Agkg cospat + Boks sinpat. ( )

Asatt=0 1y =ys =92 =0, and g, = 710 then, having determined the
arbitrary constants A;, B; we obtain

kigiosinpit  kagigsinpat
= — i 6.34
p1 (k2 — k1)  pa(k2 — k1) (6.34)

The mathematical expectation and variance of y; are equal to

n

my, (8) = { kisinpit  kasinpot ]m- '

! pr(ka—k1) palhka—k1)] (6.35)
D, (t) = [ kisinpit  kosinpyt rD‘

' p1 (k2 — k1) pa(ka — ki) vro

respectively.
my,, and Dy, entering the expressions (6.35) are related to the proba-
bility characteristics of the random impulse by the equation

myg .DJ
My, = —; g = -
Yio my ’ Yio m%

Assuming that the displacements y; and their first two derivatives have
normal distribution, we obtain the greatest possible deviation of the mass m,

1 k‘l sinplt _ kz sinpgt
my | p1 (k2 — k1) pa(kz — ki)

Let us consider a case of pulse loading of a structure, where the direction
of impulses J; is random (see Fig.6.4), for example, with vectors J; being
parallel to the plane z;x3 and having arbitrary direction (a # 0). The impulse
of force acting on a mass m; imparts it a velocity (at J; = Jiz, i1 + Jig,i2)

max (y1) = ] (my+30y).

.. J; .
W0 = Z10i1 + T20i2 = #: (i=1,2 ..., k). (6.36)
In the case of the vectors J; being arbitrary directed in the plane z;z5 we
consider that the distribution laws of the modulus |J;| are known (see Fig. 6.5,
6.6). The projections of J; on the axes z; and z3 (Jiz,, J;z,), which are
related by an additional condition

(Jiz1)2 + (Jizz)2 = IJi|2 : (637)

will enter in the equations of motion. In this case we must know the distri-
bution law of the:modulusiof anormally distributed random quantity whose
probability density obeys the law
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A 14D

Fig. 6.8.

i — M. 2 i my. 2
FOID = —= (exp{—%} +exp{—%}> , (639)

where mj, and o, are the mathematical expectation and the standard de-
viation of the initial normal distribution law [30] for J;. The plots of f (|J;|)
for a number of m, values are given in Fig. 6.8.

Considering that the components of the vector Z have normal distribu-
tions, we take advantage of the three sigma rule in order to determine their
greatest possible values at any instant of time

max (z (t)) =my, +30;, (i=1,2,...,2n). (6.39)

The first n relations (6.39) are the greatest possible velocities of the masses m;
with subsequent (n+ 1, n+2, ..., 2n) relations being the greatest possible
deflections of the masses from the state of equilibrium. In order to obtain
the greatest possible accelerations of the masses m; (the overloads) from the
equation (6.6) we determine (with due account of (6.9)) the derivative of the
state vector

Z = —AKZ,. (6.40)

The first n components of the vector Z are the accelerations (in this exam-
ple they represent the linear accelerations of the masses). The mathematical
expectations and variances of the first n components of the vector Z (at
Kzo,z0. = 0, if i # k) have the following values:

n

— ) myg, |

mz'j — Z kjv M2y Mzo, = - 9
v=1 v
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()2 Dy,
D;; =Y kj,) Dy (Dv =—2],
v=1 ms

where kﬁ,) are the elements of the matrix K() = ~AK.
The greatest possible accelerations of the masses m; take the form

max (z;) = ms, + 30,. (6.41)

After the action of the impulses of forces has terminated, the motion of
a system (see Fig.6.4) with due account taken of viscous resistance forces is
similar to that of the equation (6.7) or (if we go over to a system of first-order
equations) the equation (6.6):

Z+ AZ =0, (6.42)

where
_ M~1B M-1C |z %
R R o ]

The solution of the equation (6.42) is of the form
Z=X(t)Zy, (K(0)=E).
At a pulse loading we have the following initial data:
Z, (0) = X (0), Z (0) =0, (6.43)

with the possibility of several components of the vector Z; (0) being equal
to zero (if k < n, where n is the number of degrees of freedom and k is the
number of masses subjected to the action of impulses of forces).

The impulses J; have random, coinciding directions parallel to the z;0 z
plane (Fig.6.4). Let us assume that J; are related by the equations

J; =B, (6.44)

If, unlike the special case, considered above, each mass has two degrees of
freedom (displacements along the axes x; and ), the system of equations
(6.42) has the dimensionality of 4n, because in this case the masses are al-
lowed to move along the two axes z; and z5. After the action of impulses has
terminated each mass begins moving with a velocity (initial conditions) of

. . B . ; .
%0i = Zriol1 + Zaiole = — Jig, 01 + é‘Jlrc212a (6.45)
my m

1

where Jigy; Jiz; are the projectionsof the vector J; on the axes x; and z»
(Fig. 6.9):
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Fig. 6.9.

Jiz, = |J1|cos oy J1z, = |J1]sina, (6.46)

where o is a random angle. The first 2n components of the initial condi-
tions vector X, are known (ij, Xz()j), (=1, 2, ..., n) with the other

2n components of a vector Z being equal to zero.
We may present the components of the vector Z with due account taken
of (6.45) and (6.46) as

21 = az cosa ||+ apzsina|Jy]. (6.47)

(The explicit form of coefficients a;1, a2 is given below).

If we use the relations (6.47) to obtain the probability characteristics of
the solution of equations of motion, we need information on the random
angle a. To be more specific, we must know the distribution law of the angle
a. For example, if we have found out that this angle follows the uniform
distribution law on the interval 0 < o < 27, we can determine all probability
characteristics of z;. This version of the solution, however, gives no answer to
the question about the worst action of the impulses J; on a system and that
is precisely what designers want to know.

Let us consider a method of solving the equation (6.42) that involves the
determination of the maximum values of the components of the state-of-the-
system vector at any instant of time and their probability characteristics.
The method presented below demands that we should know the distribution
law of the random angle o, which makes it much easier for us to acquire
statistical information on the input. In other words, our knowledge of the
distribution law of the modulus of the impulse force vector (6.38) is quite
sufficient here.

Let us consider the solution of the equation (6.42) implying a generalized
solution to the considered case where the masses m; have two degrees of
freedom:

T
Z=K(t) %o, Zo= (j;g},’, PIONI NP Ol 0...0) .
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With due account of (6.45) we may set the vector Z¢ in writing as

Zy = 3J, (6.48)
where
(B 0]
mi
o PLo 0
m1
0 ... e e 0
0 e e e 0
ﬂ: 16 ]
0 ...... 0 ;11 0 ...0
n
0 o Bn
mp
0 ... 00
L0 .. 0]

J = (J1zy, J12g J1zrs J1oas oy J122, 0. .. 0) T .

Therefore
=K (t) 4. (6.49)

From (6.49) we obtain in a scalar form

Z; = Q41 (t) Jiz1 + agpn (t) J1xo, (6.50)
where

azl—kzlﬁ +k13ﬂ + ks ﬁB + ot Kign— 1)&

aizzkz—ﬁ-—+k4ﬁz+k5&+ +k12nﬂn-

n

Let us present (6.50) as a scalar product

Z; = (ai - Jl) y (651)
where

a; = a;1i; + a;eis, Ji = Jig, i1 + Jig,is.

The projections of the pulse J; meet the condition

(6.52)
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1
€3, J)=1, f[c=|TF | |]. (6.53)
3.2
Let us determine expressions for the maximum values of the components
(6.51) with an additional constraint (6.53), using a Lagrangian multiplier

J=(a;-J1) - A[(CT-J) — 1] = max, (6.54)

where A is the Lagrangian multiplier.
The functional J maximum is determined from the condition

aJ

2 =0 (6.55)
or

a; = A\CJ1. (6.56)

Let us multiply (6.56) by the matrix ¢! :
Cta; = AJ;. (6.57)

Scalarly multiplying the left- and right-hand sides of the equations (6.56) and
(6.57), we obtain (with due account of the relationship (6.53))

M =(C"aa), (6.58)

wherefrom we determine the multiplier

A= \/ (C“lai . ai). (659)

Knowing the Lagrangian multiplier, we determine the vector from the rela-
tionship (6.57)

-1, 1,
Jo=C A Cra (6.60)

A \/(C_lai a;)

The maximum value of the solution vector component z; is

max (Zi) = (a,- . JI) = (C‘la,» . a,‘) =A (661)
or
max (z;) = |J1|4/a? + a2, (6.62)

The expression (6.62) for max 2; allows us to determine the probability
characteristics of m,; and ¢,; which are the maximum values of the compo-
nents of the state-of-the-system vector:
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max (m;;) = /a4 (t) + a2, (t) my,; (6.63)
max (0;) = /a2, (t) + a% (t) 5., (6.64)
where
my, =2 [mL@o (m—J) + o5, <m‘]i>] ; (6.65)
UJ;‘ d.],'
m,jl /0’,}_‘

2
—L ) = —=expq —5-p; (6.66
S0(”&-) V2m p{%i ’ )
~ 2 =2
oy, = 031 +m3, —mj,.
(my,, 0, are the parameters of a normal distribution law).

Let us obtain the distribution laws of the maximum values of the compo-
nents max (Z;) that linearly depend on the random modulus of the impulse-
of-force vector (the relationship (6.62)). According to the general theory of
determining the distribution laws of the monotonously varied functions of
random arguments, we have

1
fir (max (z;), t) = W

y [exp {_ (zim—bi (8) m,)° } texp {_ (zim+bi (8) my,)° H een)

267 (t) o3, 2b7 (t) o3,

where

b (t) = 1/a? + a2, Zim = max () .

From a condition that is similar to the three sigma rule we determine the
greatest possible value of the maximum component of the solution vector z;
(for example, the displacements of the mass m;):

P(0 < zim < 25,.) = 0.99 (6.68)
or
fir (2im, t) dzim = 0.99. (6.69)
0

We determine 2, for any fixed instant of time from (6.69). The presented
method enables us to obtain the greatest possible values of each component
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of a system state vector, for example, the maximum displacement of the k-th
mass max (z ) or its maximum velocities max (). With a knowledge of the
distribution law of the maximum displacements of the masses of a system, we
can determine the probability that the maximum displacement of the i—th
mass meets the condition (6.62). We deal with similar problems at the design
of the suspension system of vehicles (Fig. 6.3) in cases where a collision with
a unit asperity occurs. This probability takes the form

A
Py (0 < Zim < A) = /fil (Zim, t) dzim, (yim = yO) . (6'70)
0

For a motor vehicle (see Fig.6.3) the expression (6.70) that permits us to
determine yo (yo is the vertical displacement of a suspension), holds true only
for the interval of time ¢ = [/vup (up to the moment when the rear wheels
drive into an asperity).

The expression obtained for the above probability depends on time t. We
can get the instant ¢, when P; reaches the maximum value, from the condition

dpP,
—= =0. 6.71
" (6.71)
It is possible to obtain the relationship P; (¢) for a number of discrete
values, and then, using spline functions, get an analytical expression for P (t).
A similar method also allows us to determine the maximum values of the
accelerations (the first n components of the vector Z)

By analogy with (6.67) we obtain the distribution law of the maximum values
of the accelerations of the systems masses

: R
fia (Bom, 1) = |b: (£)| 0,72
(zim — bimy,)* (zim + bim.,)®

The greatest possible value of the acceleration (max (max 2;) = max 2})
is determined from the condition

S
2i max

/ fig (2im) t) d(Z.,'m) = 0.99. (674)
0
Knowing the distribution law of the accelerations, we can determine the prob-

ability that the overloads acting on the lumped masses of a system, will not
go beyond the given interval of values:
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Zig

P2 (0 < Z«,,m < Z.iij,) = /fiZ (iim) t) d(ZfLm), (675)
0

where %;; is the upper value of allowable accelerations. We find the moment
of time at which P reaches the maximum value, from the following condition

dP,

o

As an illustration of the presented method consider a system with two
degrees of freedom (Fig.6.10) that is subjected to the action of a random,
arbitrary directed impulse in the plane z;z2 (at the point k). Using the force
method, we obtain the following equations of small vibrations of a system
(ignoring resistance forces):

Y2 = 011 (—Mi3) + 12 (—Jop) ;

= 691 (—Mi2) + 829 (= Jop) . (6.76)

In this example there is no need to pass to a system of first order equations as
the solution can be obtained in an analytical form. We determine the initial
velocities of a system after the termination of the impulse action from the
following relationship

J:Ez = _"Mi"zo;
Jo  H = —Jogpo.
A Xy o
Ix,
J
4 K

A
Y

/m

I I SR
o
=Y

Fig. 6.10.
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The solution of the system (6.76) is of the form

Zg = ¢y sinpyt + cg cospit + c3 sin pot + ¢4 cOS pat;
@ = c101 sinpt + coay cos prt + czag sin pat + carp coOs pat.

Att=0 =z = @ =0, therefore c; = ¢4 = 0. The arbitrary constants are

Hp, g l
_ <—Jo )*’“ P (‘i '70) Jer

p1p2 (2 — 1) '

Hp1 l a1
( 7o )J’“”’l (J—o' 1)"”

P1p2 (012 - al)

C3 =

As a result we obtain the following expressions:

Ty = a1Jz, + agJz,;
(P = b]_Jz‘ + b‘szz,

where

a1 = 711 8inpt — Y21 sin pat;

az = 722 8inpot — Y12 sinprt;

b1 = y1a1 sinpit — Y2100 sin pat;
b2 = 722 5inpot — Y1204 sinp1t;

(65 l
_ Hp, . _ (7 - 76) :
m= Jop1pz (ag — a1)’ M2 = p1(ag — 1)’
l a1
_ Hp, . _ (J_o B —[)
T (e —a)pp 2 prloz—o)

Let us obtain expressions for the maximum value of the displacement z
and 5. In accordance with the previously given algorithm, we consider a
functional

J=(a-J)=A[(CI-J)-1],

where
1

2 2
(@3)=> ads, C= B

= 0
i=1 |J|2
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From the condition (6.55) we obtain an equation
a=AC-J.
Using the condition (6.53), we obtain

A= /13* (a2 + a3) = |3| y/(a} + a3),

or

A= IJI C11 sin? pit + cao sin? pat + c12sinpyt - sin pat,
where

e =5+ Vi 22 = 731 + Va2
c12 = — (V11721 + Ye2y12) -

The maximum value of z (6.55) is

max (z2) = A = [J| /a2 + a3 =

= [Jv/en sin? p1t + c19 sin pyt sin pat + cog sin? pot.

According to (6.67) we obtain the distribution law for max (z3) and max (Z2)

__ 1 (z2m—bmy)? (Zam+bmy)?
f (x2m, t) _0'.],- \/2—71_ b {exp { b2 20.3 +exp b220-‘2] ’
(6.77)

where

b=4/a?+ ai.

Carrying out similar calculations for Zo
Ty = a1Jz, + do2Jz,,

we determine max £ and the corresponding distribution law

max iz = |J| y/a? + a2,

) 1 (igm—b1m1)2 (:'vzm+b1mJ)2
t T e —_—— - —_ s
f (#2m, 1) G0/ 27 by [eXp{ 2b203% +exp 2203
(6.78)
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where

b, = \/d% + d%; Tom = MaXx (.’1:2) 5 Xom = max(:z:g)

Distribution laws continuously vary as time changes, and at discrete in-
stants the distribution laws of zs,,, Z2,, are similar to those of the random
impulse modulus (see Fig. 6.8).

We find the greatest possible displacement max (z2,,) and the velocity
max (Z2m,) from the conditions

Tm

Pz, = / f.’Dz (.’E;m,t) dzoy, = 0.99; (6.79)
]
Tim

Piy = / fey (E3m,t) dE2m = 0.99, (6.80)
0

where
m;'m = max (:E2m) 3 m;m = max (332111) .

For a number of specific values of time ¢ we can determine z3_, and &3, from
(6.79) and (6.80) only numerically.

The given method of analyzing mechanical systems under the action of
random arbitrary directed impulses allows us to determine the greatest pos-
sible dynamic effects in a system and minimize them through a choice of its
parameters. ‘

6.3 Non-Stationary Random Vibrations of Linear
Systems

As arule, systems with one degree of freedom enable us to obtain the solution
of equations of motion in an analytical form, which essentially simplifies the
subsequent determination of the probability characteristics of the output at
known probability characteristics of the input. In a number of cases we can
obtain probability characteristics of the output for equations with constant
coefficients in an analytical form convenient for making an analysis. For sys-
tems with a finite number of degrees of freedom, e.g. for linear systems with
constant parameters, the solution can basically be obtained in an analytical
form, but this gives us no substantial benefits in comparison with a numeri-
cal solution because of the cumbersome formulas. For this reason numerical
methods of random vibrations analysis are usually preferred.

Tointroduce theTeader to the'section of non-stationary random vibrations
of linear systems we shall examine a system with three degrees of freedom



218 6. Random Vibrations of Systems with Finite Number of Degrees of Freedom

Fig. 6.11.

(Fig. 6.11 a), in which masses m; are considered to be point. In Fig.6.11 a the
number of external forces is equal to the number of degrees of freedom, but
there are cases, when the number of excitations is smaller than that of degrees
of freedom or exceeds it, as illustrated by Fig.6.11 b, where excitations are
applied to massless points. Also possible are mechanical systems (damping
systems) in which elements that realize the concentrated forces of viscous
friction (z;y;) are related to massless points (Fig.6.11b).

Further on we shall assume that all necessary information on random
forces (the probability characteristics of random excitations) is known. In
this context, the principal difficulty associated with the obtainment of these
probability characteristics, is not considered, which is acceptable when pre-
senting mathematical methods of solving differential equations, but out of
question as regards specific problems that engineers have to solve in their
everyday work.

In most cases we do not have the probability characteristics of random
forces (or other types of random excitations) that can act on a designed
structure in real operational conditions. Besides, random excitations may de-
pend on the structure itself, which is also not yet available. Therefore prior
to solving equations enormous preparatory work is done to acquire informa-
tion on random excitations by experimental methods (whenever possible) and
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through processing experimental data to obtain probability characteristics of
the input, an especially laboursome effort when it comes to the necessity of
getting information on probability characteristics of non-stationary random
processes.

This laboriousness substantially limits the capabilities of the theory of
non-stationary random vibrations during the solution of applied problems.

Preparatory work on determining probability characteristics of the input
takes incommensurably more time, than the solution of equations of motion
at the input known in probability sense. Eventually, the reliability of a me-
chanical systems operation wholly depends on how accurately the input given
in the solution reflects the real physics of the process. In a number of cases
the probability characteristics of the input do not depend on the structure
itself and are well studied random functions. For example, the probability
characteristics of road irregularities [28], aerodrome pavements irregularities,
wind velocities for various areas, etc. have been obtained as a result of pro-
cessing large quantities of experimental data. In this case we can use known
probability characteristics of the input when analyzing the motion of a sys-
tem.

The principal methods of solving the equations of motion at non-stationary
random excitations are partially set forth in Sect. 2.5.

Using the force method, we obtain the system of equations of small vi-
brations (Fig. 6.11 a):

y1 = 611 (—maf1 — bith) + 12 (—madie — baye)
+ 013 (—mayis — bays) + 614M + 611 f1 + b13f3;
Yo = 021 (—madr — b1y1) + S22 (—madjz — bagje)

6.81
+ 823 (—maiis — b3ys) + d21f1 + 023 f3 + 624 M; (6.81)
y3 = 831 (—madh — bry1) + d32 (—maij — bayo)
+ 833 (—maija — b3¥a) + d31f1 + a3 fs + 634 M,
or in a vector form (after transformations)
My + By + Cy = D, f, (D1 = A_lAl) , (6.82)
where
611 012 513- m; 0 O
A = |01 632 023 |, M= 10 my 0|,
| 931 832 933 0 0 mg
[611 612 614] f b, 0 0
Ay = |021023043), f=|f2|, B=[0b0
| 031 033 034 | M 0 0 bs
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In a more general case the forces of viscous friction can also depend on
relative velocities. Then the matrix is

B =

Let us transform the equation (6.82) to the form

7+ AZ = DF, (6.83)
where
_ [M™1B M~IC [y D0 _[f
A= MO a7 o[ 0, e

The components f; of the vector F are random functions with known
probability characteristics (my; and Ky, s, are known).

Further on we assume that the number of components f; of the vector F
is less than or equal to the number of degrees of freedom of a system. The
solution of the equation (6.83) at zero initial conditions takes the form

Z= [ G n)D(r)F(r)dr; (6.84)
[

G(t, 1) =K@H)K(7),

where K (t) is the fundamental matrix of the solutions of the homogeneous
equation (6.83). The algorithm of determining the Green matrix G (¢, 7) was
given in Sect. 2.19. For equations with constant coefficients the Green matrix
is

G, nN=G@Et-71)=K(@t-71).

The probability characteristics of the components z; of the system state
vector Z (6.84) (provided that the number of excitations f; is equal to the
number of degrees of freedom) are (at D(7) = E):

n

ti
/gw(t T me(T) dr;
0

mg, (t) =
J

(6.85)

¢

n n t
Ko (t) =3 ) / / 053 (6, ) g (¢!, 7) K 3,5, dr A7’
j 0 0

where g;; (t, 7) are the elements of the matrix G (¢, 7).
Letrus'considertwo'specialicasesil) f; are independent random functions
and 2) f; are independent random quantities.
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If f; are independent random functions, then

n tt
Ko (t,t) =3 / / oo (6, 7)o (8, ) K 5, 5, d A, (6.86)
v=l3 9
The autocorrelation functions and variances of the components are
n tt
K. (tt) = Z//giu(t,T)giv(t',T')Kfvfud'r dr’. (6.87)
v=1lg 0
n bt
D.(t)=Y / / 9oty T)gin(t, ) K 5, 1, d7 AT, (6.88)
v=19 o

In the particular case of the excitations being random quantities, i.e. at
myg,; = const; Ky.s, (1, ') = Ky, = const,

the expressions for the mathematical expectations and cross-correlation func-
tions of the solution take the form

7

t ot
K. (t,t) ZZKf]fu//gqjj(t,T)gk.v(t’,T’)de'rl;
00

i=1 v=1

t

n
m,(t) =Y my, / 9i;dT; (6.89)
i=1

ZKfva//g”(tTgth)deT

v=1 i=1

Let us consider another particular case where the excitations f;(t) are
random functions of the white noise type

Ky.p; = Siz0(t — t1). (6.90)
Therefore
n n t t
K, 2. (2, t') = ZZ / (&, 7) /gk,,(t Yo(r' — r)dr’ | dr
i=1 v=1 o

or

n n ¢
szzk (t, tl) = ZZS,’U /gij(t, T)gkv(tl,T)dT. (691)
0

1=1 v=1
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We obtain the following expressions for the variances of the components
z; of the vector Z

Dzi (t) = Z Z S'iv /gij (t, T)gkv(t, T) dr. (692)
0

i=1v=1
For independent f; we have

0, i #J

Kpg, (6 8) = {a?é(t —t), j=i
2 L O

therefore

¢

n

K. (t,t) = Zoﬁ/gw(t T)gkv(t',7) dT;
v=1 0

(6.93)

n

=> ol

v=1 0

\ﬁ

gwtr] dr.

6.4 The Method of Principal Coordinates in
Non-Stationary Vibrations Analysis

Let us consider a method of solving a system of nonhomogeneous linear equa-
tions with constant coefficients at non-stationary random vibrations that al-
lows us to obtain solutions in analytical form.

If resistance forces can be neglected or if they satisfy certain conditions,
we can use the method of principal coordinates to solve the system of equa-
tions (6.81).

Let us first consider the problem of determining eigenvalues p; and eigen-
vectors for a system of homogeneous equations of small vibrations ignoring
the resistance forces. The equation of free vibrations (at b;; = 0) takes the
form (a special case of the equation (6.29))

My + Cy = 0. (6.94)
We seek a solution to the equation (6.94) in the form
y = ucospt.
As a result, we obtain
P’Mu+ Cu=0

or
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[Cc—p*M]u=0. (6.95)
The frequencies p; are determined from the equation
det[C — p*M] = 0. (6.96)

Knowing the frequencies, we determine corresponding vectors u(® that
satisfy algebraic homogeneous equations (we assume that all frequencies are
distinct and differ from zero):

[c - piMJu® =0. (6.97)

or in scalar form

Sehu =0 (k=12 ...,n), (6.98)
v=1

where c& are the elements of the matrix C®
O [c-p2M]

It is known from the general theory of linear algebraic equations, that
the system (6.98) is always compatible and has a non-trivial solution (pro-
vided that the rank of the matrix of a system was lower than the number of
unknowns). For example, we can express the n — 1 component of the vector

u®® in terms of the component ud taking the first n — 1 equations of the
system (6.98):

uf? =dPu®  (G=1,...,n-1). (6.99)
As a result, for each of the frequencies p; we obtain

where the n — 1 components of the vector u(® are determined from the sys-
tem of equations (6.99). The component u$ of the vector u® can be taken
arbitrary and, in particular, that equal to unity. The vectors u(® satisfy the
condition

(v? - p?) (Mum . u(j)) —0, (6.101)
or (at p? # p?)
(Mu(i) : u(i)) =0 (i#j), (6.102)

which is referred to as the orthogonality condition of the vectors u® and
u). Let us form a matrix U out of the components of the vectors u®:
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(1) (n)

Uy U
(1) (n)
Us e u ;

u=|"7 T (“53’=; i=1’2’""”)
u%l) ...... ugn)

and consider a transformation

y = Uq, (6103)

where q is the vector of new unknowns.
Substituting (6.103) in equation (6.82) (ignoring the resistance forces),
we obtain

MUq + CUq = Dqf. (6.104)
Let us multiply equation (6.104) by the transposed matrix
UTMUg + UTCUq = UTD;f. (6.105)

Now we can show that matrixes UTMU and UTCU are diagonal if due account
is taken of orthogonality condition (6.102):

UT™U = MO, UTcU =AM,

The diagonal elements of the matrixes M(}) and A() are respectively equal
to

(@) ()
mi =3 (W) my,  ek=pl) & ) m. (6.106)
j=1 j=1
With due account of orthogonality condition (6.101) we obtain from (6.105)
in scalar form

§i + Pie = 41—, (6.107)

n
where ¢;, = Z (uikd,(:v) ), d,(:v) are elements of the matrix D;.
k=1

If the system is loaded only with the forces f; (the random moments are
absent) applied to the masses m; (Fig.6.11 a), the matrix D; is equal to the
identity matrix, i.e. D; = E and dg)) =0at v #k.

The introduced new unknowns g¢; are referred to as the principal coordi-
nates. The solution of the equations (6.107) at zero initial conditions takes
the form
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1 t
i = ;’0/ sinp;(t — ) I:Zﬂwfv T)} (6.108)

=1
or
n t
qgi = Z /g?vadT,
v=1 0
where
e; 1 .
Biv = ' goy = 5 sinp; (t —7) Biv-

4
E UM
i=1

Knowing g; we determine the solution of the equation (6.82) ignoring the
resistance forces

i
n n
ve= ulg =3 / grw fudT, (6.109)
i=1 v=1 0

n

where gg, = E Ukig?v~ Given viscous resistance forces the equations of the

i=1
motion of a system (6.82) after the substituting Uq for y and multiplication
by the transposed matrix UTtake the form

UTMUgG + UTBUg + UTCUq = UTDf. (6.110)

When resistance forces are taken into account, the matrix U7 BU must
also be diagonal, which it is at

B = 2nM + 2AC, (6.111)

where 2n and 2 are scalar multipliers.
Multiplying (6.111) from the left by the matrix UT and from the right by
the matrix U, we obtain

UTBU = 2n(UTMU) + 2X(UTCU). (6.112)

In scalar form, we obtain the following equations from (6.110) with due
account taken of (6.112)
n
Z €ivfo (t)
Gi + 2nig; + plq; = -:;1————, (6.113)

Z ("5’”)2 ity

=
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where
n; = n+ \p;. (6.114)

As the distribution of friction forces is practically unknown and we only
know (by experiment) the integral effect of their action, we may adopt any
hypothesis about the distribution of friction forces whose actions effect is
equivalent to the integral one. Therefore we may reasonably assume that
the friction force is distributed so that the condition (6.114) is satisfied, i.e.
principal coordinates for a conservative system also remain principal for a
nonconservative system that takes into account the force of viscous friction.
The solution of the equation (6.113) is

g = e ™t (cgi) cos pit + cg 9 sinp; )
. t
——/ V) ginpi(t — 7 <Z'B“’f”) dr, (6.115)
0 v=1
or in a more compact form
n t
g = e ™t ( ()cospit +c smpZ +Z/g 2) &, 7)fo(r)dr,  (6.116)
v=1 0
where

1 —ni(t—T) o2 €
gfg) _e =) Slnpi(t - T)ﬂi’m ﬁiv = &

" > () m,

=1

Having determined ¢; we find the components of the vector y and of the
first two derivatives:

n
Y = chjq]';
i=1
n
Yk = Zukjéj; (6.117)

n
Ur = Z UG-
j=1

At zero initial data we have

n t
= / 495,45, (6.118)
v=1
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For example, through transformations we obtain the following expression
for yk (at zero initial data), similar to (6.109):

n t
=>" [ 4 fodr, (6.119)
%/

where g3) = Z uP g,

Then we ﬁnd the probability characteristics of the components of the state
vector y:

t
n
My, =Y / 0¥ my, dr; (6.120)
v=1 0
t!

/gi) gj(i) wafpd'rdT (6.121)
0

n

v=1 p=1

Let us consider non-stationary vibrations at suddenly applied random
forces that are constant in time, using Fig.6.12 as an example. A high-rise
structure (Fig. 6.12) is presented as a system of lumped masses m;, connected
by inertialess elastic rods. Let us consider two cases of the vibrations of the
structure: 1) random forces f; lie in the plane of the drawing and are parallel
to the axis z; and 2) the random forces are parallel to the plane z;0x2 and
are parallel to one another, but have arbitrary directions the way it was in
the considered case of pulse loading (Fig. 6.4).

In the first case, if the directions of the principal axes of the rod sections
coincide with the directions of the axes z; and z, the vibrations of the masses
m; occur in the plane z,0z2. As f; are parallel, it is possible to put

fi = Bt (6.122)
The equation of small vibrations is similar to the equation (6.82) (D; = E):

Mi; +Bx; 4+ Cx; =f (f =(f1, fo, ---» fn)T) , (6.123)

where B is the diagonal matrix. As the moduli of the forces f; do not depend
on time we obtain the probability characteristics of the components of the
vector x; from (6.89) with due account taken of (6.122):

227
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l

Fig. 6.12.

t
n
My =Mf Zﬁv/gkvd7§
v=1 0

P t t
Kz =D YD Biy / / 9i5 (6, T) gk (t', 7Y dr d7’; (6.124)
0 0

j=1v=1

n ¢t
D, (t) = ZZKfif" //gk(t, T)gko(t, ') drdr’.
00

v=1 j=1

We can also use the expressions (6.120) and (6.121) obtained with the help
of the principal coordinates. Assuming that the components of the vector z;
have normal distribution, we can determine their greatest possible values at
each instant of time using the three sigma rule:

Mmax Ty = Mg, + 304, . 6.125
k k

At the design, the stresses arising in a structure at its loading by random
forces are of prime interest. For example, in the structure shown in Fig. 6.12
where the cross-section of the rod is constant and the structure is loaded with
random unidirectional forces f;, the dangerous will be the clamped section.
Thebending moment at the'clampediséction due to external forces acting on
the masses m; (including the viscous resistance forces F; ) is
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M= Z lo(fo+yp + Fp) = le (fo — mpZ1p — ap1p) - (6.126)

p=1

Using the equation of the motion of the mass m,, we obtain

n n
M= cpymy |- (6.127)
p=1 \j=1

The expressions for the components of the system state vector are

Z /gjv) fudr. (6.128)

v= 10

Substituting (6.128) in (6.127), we obtain

n t n
M=) / <Z z,,q,(;,?) fodr, (6.129)
0

v=1 p=1

where
- )
3
g% = Zcmqa(v .

The maximum normal stress at the clamped end is
n t
= Z / @y fodT;
v=10

1 n
— 4
Qu = W, pEz qu;(w)~

At the loading by random forces that are constant in time, we obtain

Qt
I

i

f: / wdT - fo. (6.130)

19

Considering, that & has a normal distribution, we obtain its greatest pos-
sible value (at f, = 8, f1)

d* =mgsz + 305, (6.131)

where
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n b
mg = Z/quT my, dr (myg, = Bumy,);
(6.132)

0
" n ¢t

o =Dy ZZ@,B,,//qv(T)qp(T’)de'r'.
00

Example 6.2. A random force P = PyH (t), where H (t) is the Heaviside
function, has suddenly acted on a mass mg (mg = m;) (Fig. 6.13). The prob-
ability characteristics of the random quantity Py are known: m,, D,,. It is
required to determine the mathematical expectation and variance of the max-
imum normal stress at clamped end. The equations of the small vibrations
of the masses are

Y1 = 011 (—madi) + 012 (—mafiz) + S12Po H(2);
Y2 = 021 (—ma{1) + 22 (—mafs) + da2 P H ().

y - I
g .
1 " ‘/.‘F >
e o m, m,
—_— ¢ £ .
EJy z
i P = PgH(f)
B i o ] i
Fig. 6.13.
We determine the frequencies
EJ EJ
p1 = 0.585 =, pa=3881 :
mll mll

and the eigenvectors (putting u;; = ujp = 1)
u(l) = (1a uZl)) u<2) = (13 U22),

where ug; = 3.132; uge = —0.319.
Let us turn to the principal coordinates ¢; and ¢o:

Y1 = u11q1 + u12Q2; (6.133)
Y2 = U21q1 + U22G2.

As a result, we obtain the following equations of motion:
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2
> upnf

_7 =1 _ 4132POH

q1 +p1q1 \ - my (1 + 31322)1
Z“jlmj
! (6.134)
Zuj2fj
P = _ 0.681PH
27T P = . ma(1+0319%)
> Jusm;
j=1
The solutions of the equations (6.134) at zero initial data are
0.382F,
Q= = (1 —cospat);
m1py
A (6.135)
177 —0618 5 (1 — cospat).
mip;

Having determined g¢;, we find y; and y; (6.133):

0.382F, 0.618P,

Y1 = (1 — cospit) + (1 - cospat);
mip} mi Pz
1.196 P, P,
0 = 1 —cospit) —0.191 1 — cos pot
Y m1p1 ( ) — m1p2 ( pat) .

The bending moment at the clamped end is
M =1(-m) + 2L (-mif1 + Po)

or

= (0.382cospit + 0.618 cos pat + 2.392 cos pr t
— 0.382 cos pat + 2) Pyl = F(t)Pyl.

The maximum normal stress at the clamped end is

t
o'ma.x:'g— ()ZPO

W, W,

The mathematical expectation and the variance are respectively equal to

F(t
Mo max = #lmpoa
T
F?(t
Dy max = ( )lzD,,o

w3
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Considering that oy,ax has a normal law of distribution, we determine the
greatest possible value of the stress at the clamped end

F(t)

W, (mp, + 30p,)-

max(Omax) =

Let us consider the case of suddenly applied time-constant forces f; being
parallel to one another, i.e. fulfilling the condition f; = §;f; and to the plane
x10z2, with their directions being arbitrary. The vectors f; meet conditions
similar to those of (6.53):

(c“)fi -f,-) =1, (£ = fi,i1 + fical2), (6.136)

where n is the number of random forces taken equal to the number of lumped
masses. Provided that the directions of the principal axes of the cross-sections
of the structure coincide with the directions of the axes x; and x5, the equa-
tions of masses small vibrations in planes z;0z3 and 10z, are independent,
therefore we have respectively two vector equations of the type

Mzx; + B(l)).cl + C(l)xl =5 (6137)
Mz + B@xy + CPxy =, (6.138)
Z13 Z21 Jiz, fiz,
Z12 T2 faz, faz,
xi= ] s xe=f |y = f =]
T1in Ton fna:1 fnzg

Let us consider the algorithm of the numerical solution of the initial equa-
tions (6.137) and (6.138) without using the principal coordinates which are
of little use during this solution. The solutions of the equations at zero initial
data are of the form

x; = | GVdrf,; (6.139)

x2 = | GPdrf,,. (6.140)

/
/

In this case f;y, and fi;, are dependent since they are the projections of
the vectors f;. These projections of the vectors f; meet the conditions (6.136).
As the vectors f; are parallel, we have

B; (C(l)fi : fi) =1. (6.141)
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Fig. 6.14.

Let us consider problems arising during an analysis of the vibrations of
mechanical systems at the action of suddenly applied random time-constant
forces having an arbitrary direction. For example, the problem of designing a
damping system with a limited deflection is classified among such problems.
The damping system of an object that allows a limited angular displacement
dependent on A before the impact of the object against the wall of the
structure is shown in Fig.6.14. During the design of the damping system
it is required to determine the greatest possible displacement of a point k
(Fig.6.14) at the worst action of f; in the given direction which should be
less than A. In the general statement of the problem the task is to determine
the greatest possible displacement (or velocity) of the mass m; in the given
direction determined by a single vector e (Fig.6.15), i.e. to find the maximum
of the functional

233
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Jj=(x;-e), (x; = z1i1 + z2i2, € = €11 + e2dy),

where x; is the vector of the displacement of the mass m; in a plane z;0z2.
From the general solution (6.137)—(6.138) we can obtain the vectors z; of the
form

n t
Xj = Z/G,EJ) (t,’T')fidT, (fz = fizlil -+ fimziZ), (6.142)

=173

where Gf.j )(t, T) are the diagonal matrixes (2 x 2). For example,
(9)
e (911 )1 0
1 0 ( g(j)> ’
2 ),

where gﬁ), gﬁ) are respectively the elements of the matrixes G) and G(®.

With due account of f; = 3;f; we have
n t
X = Z/Gz(j)(t»'r)d'rﬂifl (6.143)
t=1 0
and the condition, which the vector f; satisfies
(CVf - £)) = 1. (6.144)

Let us consider the special case of the vector e coinciding with one of the
vectors of the basis {i;}, e.g., with i;. In this case

Jj =Tj (6145)

or, if we use the expression (6.143),

¢ n
Jj =15 = /G(j)TildT -y, (GU) = ZG?’@-) : (6.146)
0 i=1

It is required to determine the maximum value of (6.146) with due account
of the condition (6.144). The matrixes GU) are diagonal with the elements

n n
. 1 X 2
g =3 "dP8., 2= ¢2s,
i=1 1=1

therefore GUWT = GU),
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Using the Lagrangian multiplier, we obtain a functional
1 )
Jhr=J;— 5)\1 [(C f-f1)—1/. (6.147)

From (6.147) we obtain an equation for the determination of the vector f7,
at which the functional J;; reaches the maximum value at an instant ¢:

dJ;
c’)lel =0
or
t
/ GWiydr — ,CWVf = 0. (6.148)
0

The relationships (6.148) and (6.144) enable us to determine the Lagrangian
multipliers

t t
A2 = (c)1 / GWiydr - / GYidr. (6.149)
0 0
As GW-1 = |£1|* E, then
t
A= | fil /G(j)ildr . (6.150)
0
Having determined \; from the relationship (6.148), we find
AL

t
1 N
fr = — (C‘l)) / GWi;dr. (6.151)
0

With due account of (6.151) we obtain
£ = |fi| 5 = |ful i1, (6.152)

as one would expect, becaise the equations of motion (6.137) and (6.138) are
independent.
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Having substituted the expression for f{ in (6.146), we obtain the max-
imum value of the displacement of the mass m; in the direction of the axis
Z1

t
max z;; = [f1|/G(j)i1d'ri1 = [fll/G(j)dT. (6.153)
0 0

Let us determine the probability characteristics of the greatest possible dis-
placement of the mass x;;

i
Mg, =aymy, D, =a2Dys, |a; =/G(j)i1d7i1 : (6.154)
0

The law of distribution of the random quantity max z;; = z}, takes the
form (as is the case with (6.67))
1
fi(zjt) = ———=x
K la; ()| o5, v2m

2 2
(m*»l — ajmjl) (m’fl — ajmjn)

Knowing the distribution law of the max z;; and taking advantage of condi-
tion (6.69), we can determine the greatest possible value z; at an arbitrary
fixed instant of time

z;l max
fi (251,t) dz3y = 0.99. (6.156)
0
from (6. 156) for a number of discrete instants

with time that allows us to
attains the maximum value,

Having determined z3; .y
of time ¢, we obtain a plot of variation of z
determine an instant of time t* at which z?
ie. (Maxz}y may)-

Let us consider the basic case, when it is necessary to determine the
greatest possible value of the projection of the vector displacement x; of a
j—th mass onto the given direction determined by a vector e ( Fig. 6.15), i.e.
the task is to determine the maximum J; at f; = §;f;:

]l max

71 max

Jj = (x;-e) =x;;cosa+zjzsina,

or with due account of (6.142)

t n
= / (G(j)e-fl) dr, (G(j) =ZG§”ﬁ,—). (6.157)
0

i=1
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With due account of condition (6.144) we obtain a functional

t

J; = / (G(j)e : fl) dr — %,\1 [(G(J')f1 ~f1) - 1] . (6.158)
0

According to the earlier outlined method, we find f}

t
(cw)™ / GTedr
f; 9 , (6.159)

t i
(cm)™ / G Tedr . / GO Tedr
0 0

or on rearranging, the equation takes the form
fI = |fi]e. (6.160)
The maximum value of the functional (6.157) is

max J; = max (x; - e) = A\

t 2 t 2
= |fy] /gg) cosadr | + /g%) sinadr | . (6.161)
0 0

Having determined the maximum value of the projection of the displacement
of the j—th mass on the given direction (6.161), we find the parameters of
distribution law (6.155) for max(x; - e) = max z;.

1
B el = ol v

2 2
¥, —Cim; z%, +c;m

x (exp {__(*Je._z__%_])_} + exp _L_JG__sz_fl_)_ , (6.162)
%295, 25075,

where

t 2 + 2
¥, =maxz; c; = @) cosadr + 9 sin a d
je = jes Cj = amn 922 adr

0 0

We determine the greatest possible value z}; from the condition

-
max 7,

/ i (€5, t) dz = 0.99. (6.163)
0
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The outlined methods of non-stationary vibrations of linear systems anal-
ysis under the action of random, suddenly applied time-constant forces, en-
ables us to solve a number of practically important problems, including that
of the probability of location of the masses (with reference to the object
shown in Fig.6.4) at the vibrations in the area of allowable displacements
within the limits of a given interval of time at the worst external random
actions on a system.

Let us consider as an example the launch of a flying vehicle (Fig.6.16 a),
assuming that the motion of the guide-rocket system occurs in and relative to
the plane of the drawing. The problems connected with the launch of flying
vehicles when only limited information is available on the random forces
involved, are considered in Ref. [25]. Before the loss of contact with the guide
the system has two degrees of freedom (angle ¢ in plane 2 0z% and angle ¢
in plane z}0xz%. The start of the engine produces the thrust R that varies in
time, as shown in Fig. 6.16 b. Ignoring the interval of time (0, ¢1) in the limit,
we may assume for practical purposes that the thrust practically instantly
reaches its nominal value Ry (the worst case of the action on the system), i.e.
the function R can be considered a suddenly applied time-constant force. In
real systems, however, due to technological inaccuracies the engines thrust
vector R does not coincide in its direction with that of the centerline of the
flying vehicle (deviates from this line by a random angle €) and, besides, shifts

|

b)

Fig. 6.16.
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for some random distance e, which results in the occurrence of a random force
f and a random moment M (see Fig. 6.16 a).

Generally, the point k, where the force R is applied, does not lie in the
plane of the drawing (see Fig.6.16 a). The arising random vectors f and M,
therefore, have arbitrary directions, i.e. the projections of these vectors onto
the axes z; are non-zero, which leads to vibrations in the system at the launch
both in and relative to the plane of the drawing. Considering the motion of
the system during the launch, we can obtain two linear equations (assuming
the arising vibrations to be small) in the angles ¢ and ¥ in the coordinate

(1) connected with the guide (see Fig.6.16 a):

system z;

@ + 6119 + a199 + b119 + b12¥ = c11fay + C12fny + d11 My + di2 Moy
D + a1 + 6o + ba1p + bao® = €21 fas + Confay + daa My + daa Moy,

or in vector form

D+ BY + C9 = Dif + DM (19 = (<p,19)T) . (6.164)

The section of a rocket and random excitations (force f and moment
M), reduced to its center of masses are shown in Fig.6.17 in a system of
coordinates connected with the guide. It follows from Fig.6.17 that:

f = —Roecosai's — Roesinai'y = foui's + fayi's;
M = —Rpecosai’s + Rpesinai’y = Mwlai'g + M_,,fzi'z,

where «a is a random angle.
The projections of the random force f and the random moment M satisfy
the conditions similar to the condition (6.144):

fg'z fzz’a Mﬁ,g Mf's
st o2 =1 st 3| =1
|Roel” | Roe| |Roe|”  |Roe|

Ax2

.
A i, o

Fig. 6.17.
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During the launch (at the moment ¢, when the flying vehicle loses contact
with the guide) of interest, among other things, is the greatest possible value
of the functional

J = a1 (tk) + aze (tx),

which enables us to estimate the rockets range scatter induced by initial
excitations (¢ (tx)) and (¢ (tx)). Considering that the laws of distribution of
the moduli |e|] and |e| are known, the greatest possible value of the functional
J is determined in accordance with the preceding algorithm.

6.5 Forced Stationary Random Vibrations of Linear
Systems

In the case of the time of the process being much greater than that of the
transient process, the vibrations of a system may be considered as steady-
state, or, stationary if they are induced by stationary random forces.

The vector equation of the forced vibrations of a system with n degrees
of freedom is of the form (6.82)

M¥ + By + Cy = D;f. (6.165)

‘We consider that the probability characteristics of the components of the
vector f(t), including spectral densities Sy, (w) and Sy, ,, are known.

First, let us find out under what additional conditions a centered sta-

o]
tionary random function f,(t) can be presented in the form of the Fourier
integral 00
o .
fe(t) = / & (w)e*tdw
—o

or in vector form (when there is a system of random functions)
oo

£(t) = / P (w)e™ dw. (6.166)

The correlation function of a stationary random function should depend
on the difference of instants of time (see Sect. 3.1). Let us consider the cor-
relation function

Kp(tt) = M [fk(w, f;(t')]
=M /@kei“’tdw /ste"i“”tldw'

O \— OO

= / / e (wt") ¢ (4, &%) dw dw', (6.167)
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whose integrand will depend on the difference of instants of time, if the cor-
relation function K [®, $;| satisfies the condition

K [B(w), P(w')] = S ()8 (' — w). (6.168)

In this case, having integrated with respect to w, we obtain from (6.168)
o0

Ky, (t,t) = / St (w)e™ dw, (6.169)
—00

where 7 = t — t; Sf,(w) is the spectral density of the components of the
vector f.
Similarly we obtain the following expression for cross-correlation functions

[o <2 o]

Kfp,(t, t) = / / W) K [ (w) B2 (w)] dw dw'. (6.170)

—xQ —00

It follows from relationships (6.170), that in the general case stationary
random functions can be related non-stationarily as their cross-correlation
function depends on two moments of time ¢ and ¢’ and not on their difference.
However, if

K [@1(w)By ()] = g1, (w)8(w' - w), (6.171)

where Sy, r, (w) is the cross-spectral density, the correlation function Ky, s,
depends on t —¢'. Indeed, having substituting (6.171) in (6.170) and integrat-
ing with respect to w, we obtain

Kt ¥) = [ 78, @) do. (6.172)

We shall seek the solution of equation (6.165) in the form (stationary
solution)

o
y= /yoewdw. (6.173)

Having substituted (6.173) and (6.166) in the equation (6.165), we obtain
(Sect. 3.6)
[—sz + wwB + C] yo = D1 9P, (6.174)

whence
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Yo = W (iw) @, (6.175)
where
W(iw) = [-w?M + iwB + C] "'Dy.

In scalar form
Yko(w) = Zwkg )& (w). (6.176)

where wg; (w) are the elements of the matrix W.
From (6.173) we find the solution in scalar form

o0

Yk = / yko(w)e™ dw. (6.177)

-0

Having substituted into (6.177) expressions for yxo we obtain

Zw w)®;(w)e dw. (6.178)

j=1

é\g

The cross-correlation functions of the components of the vector Y are
equal to

[o ol o]

Ko () =M 5. OV, @)= [ [ [uey ()55, @)D dwrd

—00 —O0

The cross-correlation function K, depends on the difference of instants
of time ¢ — ¢ only in cases, where the condition similar to that of (6.171) is
satisfied

M [Yio (W)Y (@)] = Sy, (W) 8 ('~ w). (6.179)

Therefore from (6.179) we obtain

o<

Ky, (1) = / Sy, (w)e™Tduw. (6.180)

—00

Let us obtain an expression for the autocorrelation function Ky, ,, (7),
dependent on the input spectral densities
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Kyy, (t:t) = MYy (8) Y7 ()]

00 J=1
X (Zo j;“’ip (W) o, (w’)e""""'dw’)} (6.181)
= / /Zzwkj(w)w ( /)M[¢ (w) &% ( )] iwt—iwt’ 4 7 qo
—00 —00 j=1 p=1

The expression (6.181) depends on the difference ¢ —¢’ if condition (6.171)
is satisfied

M [8;(w)®}(w')] = Sy, 5, (w) 6 (W' —w).

Therefore from (6.181) we have

Kypy, (1) = / SO wk, (W)w, Sy, 1, (w)e T duw. (6.182)

Having equated the obtained expressions for cross-correlation functions
(6.180) and (6.182) we obtain

oy n n
/ [ iwo ZZwa Wy, (w)Sy; 5, (W) e“Tdw = 0. (6.183)

oo Jj=1p=1

The identical equality of the left-hand side of relationship (6.183) to zero
will be fulfilled if (as €™ # 0)

Syiye (w) = Zzwk (Ww vp Sf].fp(w) (6.184)

From obtained relationship (6.184) we determine the spectral densities of
each of the component (k = v)

Sy (w) = ZZWJ (W)wi,o(w)Sy,; 5, (w)- (6.185)

j=1p=1
In the specific case of f; being independent
0 J#p
SfJ J=p,

Stifo(w) = {
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relationships (6.184) and (6.185) take the form

Syye (W Zwawa Sg;(w);
n’ ! ) (6.186)
Sy (w) = zwkjwl);jsfj (w) = Z ‘wkjﬁ St (w)
Jj=1 j=1

The variances of the components yy (t) of the solution vector y are

Dy = o 73% (@)dw = 5 fiiwkjw;psfj Lo (6.187)
oo oo J=lv=
or in the specific case of
Sp1,(w) = {;ij:
D, = [ Z ]wk]] S (w)dw] . (6.188)

-0

Knowing spectral densities, we can determine the correlation functions of
the components of the vector y:

o0

Kykykz/syk(w)eiWTdT;
-~ (6.189)
Ky,y, = /Sykyv(w)eindT'

Relationships (6.189) allow us to determine the parameters of the joint
multidimensional normal distribution law of the components yx

m=&mm:/%ww

r — ykyv (O / S
YeYv - Yr yv
Oy Oy, Oy Oy,
-0

Ferrthersolutiontof equation’(6:165) we can use the method of principal
coordinates (the way we did it in the earlier considered case of non-stationary
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random vibrations). With due account taken of the forces of viscous friction
we obtain for ¢; the equations of the (6.113) type:

Sdpfult)
d; + 2n;d; + pig; = S = _ ), fu(t). (6.190)

E u,%jmk v=1
k=1

Let us take advantage of the Laplace transform, then from (6.190)
Qi) =Y wn@Pup), (wju=dj/ (0 +2mp+52)).  (6.191)
v=1

For the k—th component of the vector of solutions (passing to the Laplace
transform) we have

ve(p) = ) uk; Q;(p). (6.192)
j=1

Having substituted (6.191) in (6.192), we obtain

ye(p) = Zwkv(ip)@u (p) Wry = Zukjwvj . (6.193)
J=1

v=1

If we replace operator p by iw in (6.193), we obtain the following expres-
sion

Yr(w) = i Wy (W) Do (w). (6.194)
v=1

Let us consider the special case of a system with two degrees of freedom
(Fig. 6.18). The equations of motion take the form

Y1 = 011 (—mads — b11dr) + 12 (—maije — baa¥2) + d11f1 + 012 fo;

. . . 6.195
Y2 = 021 (—m1d1 — b11¥1) + 622 (—madia — baaPe) + 021 f1 + d22 fa. ( )

The spectral densities Sy,, Sy, and Sy, f,of the random stationary forces
acting on a system, are considered to be unknown. In order to determine the
spectral densities of the output Sy,, Sy, and the cross- spectral density Sy, ,
we must obtain the expression for wix(w).

According to the presented method of solution for the general case of the
system with n degrees of freedom we have
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Fig. 6.18.
oo o0
Y1 = / Y10 dw; Y2 = / Y206t dw;
-~ - (6.196)
f1 = /451ei"’tdw; f2= /¢zei“’tdw.
— 00 —o0

In order to determine y;o and ys¢ we obtain the system of equations

(14 bniwédy — w?mény) y1o + (S12iwbes — S12maw?) yao
= 01191 + 612P;
(6.197)
(621b111w — S21maw?) Y10 + (1 + Saziwbay — b22maw?) yao
= 091D1 + 922P5.

From system (6.197) we determine

Y10 = w11 (W) P1 + w1z (w) Po;
Y20 = wa1 (w) Py + waz (w) Do,

where w;; = Aijy A

Ay = 511 (iwbzz - m2w2) 512 .
L (14 S22iwbaz — d2ow?my)|’
Avo = 612 (iwbga — maw?) 612
12 b22 1+ daniwbgy — 522m2w2 ’
Aot = (1 aF 511'iwb11 — 611m1w2) (511 X
2 (iwbyy — myw?) b2 021’
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(1 + 611iwb11 - 611m1w2) O12 .

Aoz = ‘ (iwby1 —m1w?) a1 b2’
A= (1 + 6117:(411711 — 511m1w2) (iU.)b22 - m2w2) 512
- (iwbu - m1w2) 821 (1 + d92twbog — 522m2w2) )

According to (6.183), we obtain the following expressions for the spectral
densities of the solutions
Sy, (W) = wnwi; Sy, + wnwiySh f, + wi2wi1 S + W12W12 S5
Sy, (w) = wawy; Sgy +waw5,Sh 5, + W2rw5 Spypy + W2w3e S5 (6.198)
Sywz (w) = wllw;lsfl + wllw;25f1f2 + w12w515f2f1 + w22w;2‘5’f2'

Example 6.6. A stationary random force f; (¢t) with the known spectral
density of

2D
S.fl = L2

T a2 4 w? (fo (T) = Dfle_a|"l)

acts on a mass m; (Fig.6.19).

It is required to determine the variance of a deflection y; as a function of
the masses ratio mg/m; The equations of motion of the masses m; and my
(a special case of the equations (6.195)) are

m11191 + madizfe + 6111t + y1 = 11 f1;

m18a191 + Madazijz + d21b1ath + Y2 = da1 f1, (6.199)
P . A S L
1 =002 = gEv; 12 =01 = opT

Going over to the non-dimensional time ¢; = pot, where py is the frequency
of the vibrations of the mass m; (at my = 0), we obtain the following system
of equations:

Y
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7, +7 i +2b i 1+ o f
-N - —_— b—d N
31 3 1Y2 3 11 EJ, 1+ 11J1;

13 (6.200)

7. . 7 .
=t + e + —=bn 9 +y2 =01 f1,

8 12 mlEJx

ma
ny = ——|.
mi

It is possible to present the coefficient by; as by; = mypgng, where ngy is a
non-dimensional factor. Let us go over to the non-dimensional time, then the
correlation function (7 is the non-dimensional time) takes the form

Kfl (T) = Dfle_a’lﬂ (a, = a/Po) .

Let us obtain the spectral density expressed in terms of the non-dimensional
w

frequency w’ = —,
DPo

2Df1 Otl
(a2 +w?)po

fr =

Assuming that ¢ = npy where n is a non-dimensional parameter, we obtain

2Dgn 2Dgn

= 20 (n2+wl2) - Po ’n+lw’|2

St
Finally we obtain the system of equations

.. 7 .
Y1 + s + neyr + Y1 = i fi;

. . (6.201)
gt made + gnays +y2 = fr.
The spectral density (a special case of (6.198)) is

Sy, () = w1 |* S, (6.202)

where
s |4 o 1
wyy = 15 1l5 [9 il .
EJ, [6—4711 (iw')* + G (iw')® + (ny +1) (iw")? + ngiw + 1

The variance of the deflection amplitude is

1 7 2 2Df 73 ’
D, =— / wy |*——dw'. 6.203
K1 Do ‘ lll ln+iw’|2 ( )
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Through transformations we obtain the following expression for D,
which allows us to use the tabulated integrals (see Appendix 2):

[o o]
_Dy [ G(w) . _2DpnJs

= ) 6.204
T mpo | |AGw)? Po (6.204)
—o0
where
4 15
N __ . N2,
G(iw') = 9 + ———144n1(zw) ;
. 15 . 15 .
Aiw) = 6—4n1(zw’)5 + o (n1n + nyng) (iw')*

15
+ (1 +ny + 6—4n1n2n) (‘iwl)s + (nin +n + ny) (iwl)z
+ (1 4+ nng) iw' + n.

Having used the values of the integral given in the Appendix 2, we obtain

Is

= g (6.205)

where

I5s = agbs (—aoas -+ alag) + T (—aoa1a5 + agaz + ajaq4 — a1a2a3) s
5

2
A5 = aoag - 2a0a1a4a5 - Qpa203as + aoa§a4 + afaz + alag — a1020304,

15 15
G =gim(n+ma);  ap=l4m+ imman;
az =nin +n+ng a4 = 1+ nno; as ="n;
15 4 15
bo—b1—b2—0, b3—mn1, b4—§1 a0_6—4n1'

The plot of Js as a function of ny = my/mgy for ng = 0.2 and ne = 0.6 at
n3 = 0.05 is shown in Fig. 6.20.

Let us consider the random vibrations of a mechanical system induced by
stationary forces with a delay, for example

fk(t)=f1 (t"'tk) (k=17 2""""')’ (6206)

where tj is time of delay (¢; = 0). Similar excitations are acting, for example,
on a vehicle (Fig.6.21), which moves along a road with irregularities. The
excitations acting on the wheels, depend on the irregularities of the road. If
at the instant of time ¢ the irregularity was under the front wheels, then at
the instant of time ¢ + t2, where t3 = L /v, it will be under the rear wheels.
In this case it is possible to present the random excitations as
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fe®) = fL(t—tg) = / &1 (w)e =t dy, (6.207)
Js
=02 /
e
5 el S il
n,=0.6
1 2 n

Fig. 6.20.

Fig. 6.21.

We determine the solution of equation (6.165) in the form of (6.177)

x

yk(t) = / Yko (w)e™ dw. (6.208)

—00

Having substituted (6.206) and (6.207) in equation (6.165) (going on to vector
form), we obtain

(6.209)
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where
1 0 0 ... 0 P,
Qe ™tz 0 ... 0 41
H=|0 0 e®*20 0 | g_|:
6 Ooe_':‘"t" 45
1

It follows from (6.209):
Yo=Wi(@)®, (Wi(w)=|-w"M+iwB+C|™" DlH) ,

Or in scalar form

n n
Yko = Zwlkjéj = Zwlkj &1 = wpP. (6.210)
j=1 j=1
For the k—th component of the vector y (¢) we obtain the expression
o0
yk(t) = / wy, (w) $re™dw. (6.211)
—00

By transforming the way we did during the derivation of relationship
(6.185), we obtain the following expressions for the spectral densities and
cross-spectral densities:

S, = wrw!Sy, = |wk|* Sy,;
i = WRWRST, lwk|” S, (6.212)
Syry, = wkwpsfu

as Sf,f, = Sp-

Let us consider the stationary vibrations of a vehicle moving on a road
with random irregularities (Fig. 6.21).

Let us restrict our consideration to the case of the vibrations of the vehicle
in the plane of the drawing (Fig.6.21). The requirements specified for motor
transport (carrying capacity, speed, cross-country capability etc.), substan-
tially depend on the elastic characteristic of the suspension system. Suspen-
sion analysis is complicated by the fact that forces acting on it from the
road are usually of random nature. Numerous experimental investigations of
the effect of various types of roads on vehicles carried out in the past few
years have made it possible to obtain the necessary information on random
excitations that act on vehicles (in particular, the spectral densities of forces
arising due to random irregularities of a road).

A design scheme (with due account of the masses of the suspension sys-
tem) is given in Fig. 6.22.

When deriving  equations of motion, let us take advantage of Lagrange
equations of the second kind. To be able to do this let us obtain expressions
for kinetic and potential energies, as well as for Rayleighs dissipative function:
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¢
A J m m
1:_ = Y C \{Q\\\\\ . B -~
o =~ \\‘
g ok o B
I = o } m;%
2\ - : ns A I — \\\ mZ
! | = =6
|
.L‘- ‘;l:. » &
T 2
f= 7 >
Fig. 6.22.
-2 .2 .2 .2
my©  Jo*  muyi | mays
T=——+—"+—2 4 =22
2 + 2 + 2 + 2
1 2 1 2 1 2 1 2
II= 2¢2 (ya—wm)" + 6 (y1 —h1)" + 262 (yp —92)” + 3¢ (y2 — ha)”;
« . L \2 a . L 2
RZE(yA_yl) +§(ys—y2) .

As

ya=y+ap, yp=y-—bp,
it is possible to present the expression for kinetic energy by way of eliminating
@ and y as
miys " may3
2 2

Having substituted the expressions for T, IT and R into the Lagrange equa-
tion of the second kind

d [or oT + on _ @

6‘?1' 3111 i - 6(11 )

J . . \2
T= 2L2(byA+ayB) 37z (Wa+9B)" +

(6.213)

Through transformations we obtain the system of equations that take the
form

mb:+J_.  mab—J . .
77 Vat st a-n)+ala—n)=0

ma® + J _ mab —
2 ¥st T3

mygjp=rca(ya=ynrEcn(yi=hi)E=- o (94 — ) = 0;

mayjs — c2 (Y — ¥2) + 1 (2 — ha) — a (¥8 — 92) = 0.

J .. o
ate(ys—y)+a(s—3)=0  (6.214)
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If the condition J = mab is satisfied, the vibrations of the front and rear
suspensions become independent. In this case, from the system (6.214) we
obtain two independent systems of equations:

maiia+c2 (ya —y1) +a(9a —91) = 0;

ia +e: _ (6.215)
mif + agr + (c1 + c2) y1 — aga — caya = c2ha(?),
mpip +c2(yp —y2) + @ (¥p — 92) =0, (6.216)
mafiz + agz + (c1 + c2) y2 — aB ~ c2yB = c1ha(t — t2),
where
T+ mb? _ J+ma®
Mma= 73> mp="—"73

Let us consider an example (Fig.6.22) with the following specific nu-
merical data: a = 240 cm; b = 150 cm; m = 50kg; m; = my = 8kg;
cy = 4000H -ecm™%; ¢ = 10*°H - cm™!; a@ = 150H - s - cm™!. The spectral
density of the irregularities of the road h (for the given type of road) has the
form

3v (w? + 0.60%) 25.5v
(w? — 0.6v2)% + 3v2w? w2+ 1502’

Sp = (6.217)

where v is the speed of the vehicle, km/h. The numerical factors entering in
the left-hand side of expression (6.217), are dimensional.

The laws of variation of the spectral density Sp, (w) as a function of w for a
number of motion velocity values v, km/h are shown in Fig. 6.23: I — v = 20;
II—v=2301II—v=40; IV—v =050, V—v =60 Putting a = 0
in equations (6.213), (6.214), let us determine four frequencies: for system

Sp(w)
m
15 N \
ﬂ!\ l
10 A

=
=
e

;
|22\

5 10 15 20 25 o

Fig. 6.23.
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(6.215) we obtain p;; = 12.2 57, p1a = 42.6 51 and for system (6.216) we

get po; = 9.6 571, pop = 40.2 571,

Let us obtain the mapping of equations (6.215) and (6.216) in the fre-
quency domain

[ma(iw)? + a(iw) + c2] Ya(iw) — (c2 + aiw) Y1 (iw) = 0;

— (c2 + aiw) Ya(iw) + [my(iw)? + adw + ¢1 + 2] Y1 (iw) = c2H1 (iw);
[mB(iw)? + aliw) + c2] Ya(iw) — (c2 + iw) Ya(iw) = 0;

— (e + @iw) Ya(iw) + [ma(iw)? + a(iw) + 1 + c3] Ya(iw) = c1Ha(iw),

where

Hs(iw) = Hy(iw)e ™*2.
From the obtained system of algebraic equations we determine Yy (iw),
Yp(iw), Yp(iw), Y1(iw) and Y3 (iw) .

Ya(iw) = Wy (iw) Hy (iw),  Yg(iw) = Wg(iw)e ™" H (iw),

, ) ) . C ietagy gy (6:218)
Y1 (iw) = W1 (iw) Hy (w) , Yo (iw) = Wa(iw)e ™" Hy (iw),

where

Ay
Wy=—"7
A=

c1C + tawcer
ciezt+mamy (iw)t+ (ma+ma) aiw)3+

b

+(maca + mier + mace)(iw)? + acy (iw)?
(6.219)
1 (mA (iw)® + aiw + Cz)
1= A]_ )

(iawe; + crcp) etz
= . : =
mpma(iw)? + a (mp + m2) (w)3+

(maca + mpeg + mpey)(w)? + acy (iw) ;
(6.220)

e (mB (iw)? + aiw + 02) g Wwha

A, ’
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According to Sect. 3.6 we obtain the spectral densities of the displace-
ments Y4, Y8, Y1, Yo and of their first derivatives. Let us restrict our consid-
eration to the determination of the spectral densities of the accelerations of
the points A and B:

Sia = [Wal* w?Sh(w),
2
Sps = 'W;(gl)‘ w*Sh(w), (6.221)
(Wg) _ WBe—iwt2> )

The variation of the spectral densities of the accelerations of the points A
and B as a function of w for different velocities v is shown in Fig. 6.24-6.26.
Let us determine the variance of the vertical acceleration of the point C' (the
driver seat), which characterizes the degree of riding comfort. According to
Fig. 6.22, we have

Ye = Y + Pac.

Or, going onto y4 and ypg,

Yo = Kaya + Kpys, (6.222)
where
b  a.
Kjp=—+—=;
A L + L )
a G
Kp=—+—=.
B=pt7
S0 S0
<A B
10
47
75 va
S v=10 km/h
5 ’ —
25 f} \\
--.....--“"..—- _\"'-.._
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Fig. 6.26.

Going in (6.222) to the Fourier transformation we obtain

Ye(iw) = Kaya(iw) + Kpyp(iw) (6.223)

or (using relationships (6.218))

yc(iw) = (KAWA + KBWBe_WtZ)Hl = W_.H,. (6.224)

ol LElUMN Zyl_i.lbl

ent of the point C' with due account
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Sye = |Wel? Sh(v,w), (6.225)

where W, = (KaWa + KgWpge™%2),
The spectral density of the acceleration of the point C' and the root-mean-
square acceleration of the point C are respectively

Sy, = |We|* wiSh, 6.226
Ye

o0
agc: / |We|? w?Sh (v, w) dw. (6.227)

Variation of the root-mean-square value of the acceleration oy, of the
point C as a function of velocity v for the example considered is shown in
Fig. 6.27. It follows from the plot that during the motion along the given road
(characterized by spectral density (6.218)) the most unfavorable velocity v
is v = 50 km/h at which the root-mean-square values of accelerations acting
on the driver reach the maximum.

2
Sy m/s

12 /—

10 20 30 40 v, kmh

Fig. 6.27.

Let us bring the expression (W,) to the form convenient for integration.
It is well known, that any function f (iw) depending on imaginary argument
can be presented as

f(iw) = fr(w) +if2(w).
Therefore
Wa=Wa, +iW,4,, Wg =Wz, +iWp,
and the expression for W, is transformed to the form

We(iw) = Wi (w) + iWa(w),
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where

W1 = KaWa, + KpWp, coswty + KpWap, sinwty,
Wy = KaWyu, + KpWp, coswts + KpWp, sinwts.

The square of the modulus W, (iw) is equal to
We[* = Wi(w) + W3 (w).
As a result we obtain
oQ [o0]
2 _ 2 4 2 4
o5, (v) = / Wiw*Sh (v, w)dw + / Wyw® Sh(v,w)dw.
— o0 — 00
Considering, that . has normal distribution, we obtain the greatest possible
value of the random acceleration (at my = 0) acting on the driver
max §¢(v) = 30y, (v).

As Sp(v,w) (6.217) depends on the vehicles motion velocity v we can deter-
mine (numerically) such value of this velocity v, at which max §.(v) reaches
its maximum value

max (max §.(v)) = max g (vs).




7. Random Vibrations of Strings; Longitudinal
and Torsional Vibrations of Straight Rods

7.1 Introduction

It was considered in the preceding chapters devoted to random vibrations of
mechanical systems with a finite number of degrees of freedom that elastic
elements (for example, rod elements in Fig. 5.8, 5.9, 5.24, 6.7, 6.10) are in-
ertialess, which, of course, is not quite so. This is true only in cases, where
concentrated masses are considerably greater than the masses of elastic el-
ements. Unfortunately, the term considerably greater does not relate to a
specific numerical estimation and for this reason it is uncertain and some-
times unconvincing. Everything depends on the degree of accuracy imposed
on the final numerical results of an analysis. For example, Figure 5.24 shows
a concentrated mass m, connected with a spring that was considered mass-
less (inertialess). The real spring, however, has a mass, which at vibrations
leads to the occurence of inertia forces that can substantially change any
calculation results obtained without regard to them.

A mast with an antenna is shown in Fig. 5.8. During the analysis of ran-
dom vibrations of this structure, the inertia forces of the rod (mast) were not
taken into account, which makes it impossible for us to estimate the accuracy
of the obtained results. The only thing we may assert is that the greater the

M
ratio o (where m; is the mass of the unit length of the mast), the more
1

accurate are the results. However, in order to obtain specific numerical results
demonstrating the influence of this ratio on the accuracy of a solution, we
must take the inertia forces of the mast into account in our analysis, which
is only possible if we consider the mast to be a system with distributed pa-
rameters. Similar problems arise when dealing with systems that have several
degrees of freedom (for example, see Figs. 6.7, 6.10). It is possible to estimate
the accuracy of the results of an analysis of mechanical systems containing
lumped masses connected by elastic elements in cases where the latter are
considered massless only with respect to more accurate mathematical models
that take into account the inertial properties of elastic elements. This means
that it is necessary to consider these elements as systems with an infinite
number of degrees of freedom (systems with distributed parameters). In this
chapter we consider the random vibrations of simplest mechanical systems
with distributed parameters. These systems include real objects, the design
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schemes of which can be presented as a string (a string is a rod whose bend-
ing and torsional rigidity can be ignored) (Fig.7.1-7.5), as a rod when we
consider longitudinal vibrations (Fig. 7.6 a) or as a shaft if we have to do with
torsional vibrations (Fig. 7.6 b). The random vibrations of spatial-curved rods
are considered in the following chapter.

A stretched string that is often used as a frequency gauge or as a low-
frequency electromechanical filter (low-frequency in comparison with the fre-
quency spectrum of electrical filters) is shown in Fig. 7.1.

A simplified mathematical model of a cable road is given in Fig.7.2. A
lumped mass subjected to the action of a random aerodynamic force F' moves
on a tensioned cable (string) with a velocity v. As a result some spatial ran-
dom vibrations of the mass m will take place. If, as an example, we confine
ourselves to vibrations that occur only in the vertical plane (Y0Z), we can
present the mathematical model of the system as it is shown in Fig.7.2 b,
where F;, is the vertical component of the aerodynamic force F. Random
accelerations occurring at vibrations can be quite considerable. Having de-
termined.the greatest. possible values.of the accelerations acting on the mass
m when it moves along the cable, we can reduce the force by changing the
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Fig. 7.3.

tension Qi and the velocity of the motion of the mass. This can be done,
however, if we have an analytical or numerical solution to the stated problem.

A section of a wire (string) that contacts, for example, with a moving
trolleybus is shown in Fig. 7.3 a. The contact device (current collector) can
be presented as a lumped mass m and a rigidity ¢, (Fig. 7.3 b). Because of the
roads random irregularities (h) the point k& obtains random vertical displace-
ments which results in a kinematic excitation of the system. When vibrations
take place, there is the possibility of cases where, depending on the proba-
bility characteristics of the road, motion velocity V' and other parameters of
the system (m, Ci, Q10), the contact force between the wire and the mass
m at discrete instants of time vanishes. This may happen because the con-
straint between the wire and the mass is unilateral. In real conditions a small
sagging of the wire (dot-and-dash line in Fig. 7.3 b) is always there and this
considerably increases the probability of loss of contact.

A tape drive mechanism of an information recording and representation
system is shown in Fig. 7.4 a. The system rests on a foundation that has a ran-
dom displacement Yy (¢) (Fig. 7.4 b), as a result this causes random vibrations
of the moving tape, which leads to the distortion of the information.

A hose section, inside which a liquid moves (a hose is a particular case of
a pipeline whose bending and torsional rigidities are equal to zero, i.e. it can
be considered. as an absolutely flexible rod) is shown in Fig. 7.5. The hose has
a local bilateral constraint in the section & (Fig. 7.5 a) with a random vertical
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displacement that results in the kinematically-induced vibrations of the hose.
The modes of random vibrations depend on the motion velocity of the liquid
w and a pressure p. A rod with a variable cross-section and a lumped mass m,
shown in Fig. 7.6 q, is subjected to the action of a random distributed force
g. (t) and a concentrated force P, (t). The random longitudinal vibrations of
the rod cause random stresses that must be incorporated in the analysis. For
example, if the normal operation of the rod necessitates the fulfillment of a
condition (gy — Omax) > 0, where oy is the yield limit of the material of the
rod and Opay is the maximum stress in the rod, then at random o, and
with due account of the possible scatters o, it is required to determine the
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Fig. 7.6.

probability that the inequality will be satisfied, i.e. P[(0y — omax) > 0]. We
can get numerical value of only when we have the probability characteristics
of 0max that can be obtained solely from the solution of the equation of the
random longitudinal vibrations of the rod.

A variable cross-section shaft with a lumped mass whose moment of iner-
tia with respect to an axis z is equal to J, is shown in Fig. 7.6 b. The shaft is
loaded with a random distributed moment p, (t) and a random concentrated
moment M, (t). At the random torsional vibrations of the shaft random shear
stresses arise. To estimate the normal operation of the shaft, it is necessary
to determine the probability of failure-free operation P [(Ty — Tmax) > 0] the
way we did it with respect to the previous example.

7.2 Equations of Small Vibrations

The equations of the small vibrations of a string, of the longitudinal vibra-
tions of a rod and of the torsional vibrations of a shaft belong to the same
class of the partial differential equations and are classified among equations
of the hyperbolic type. Monographs and textbooks on equations of math-
ematical physics contain equations that do not take into account lumped
masses and concentrated forces. These scientific papers and educational sup-
plies are mainly devoted to wave equations or equations pertaining to cases
where forces acting on a string, rod or shaft are distributed through to its
whole length. The cited examples (Fig. 7.1-7.6) show that real problems can
be much more intricate than the classical ones presented in mathematical
literature, to say nothing of the problems that are usually considered in
monographs on the theory of vibrations. These equations presented with-
out a derivation for the most general cases, have the following form (with
due account of viscous friction forces):
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1. The equation of the transverse vibrations of an inhomogeneous string
that has a lumped mass m and is loaded with an axial ¢,, and transverse
Gy (2) distributed loads and a concentrated force P, (t) at the cross-section
of the string z; takes the following form

8%y o 8?2
my (z) £l + a% + ma—tgd (z—2k)

Ok RTACURS FICENE (r.1)
z 0z

where y is the vertical displacement of the points of the axial line of the
string, § (z — 21), § (z — 2x) are the Dirac delta functions, « is the coefficient
of the viscous friction force. This force approximately takes into account
all energy losses at vibrations dependent on the resistance of the external
medium, hysteresis etc.

The distributions of the loads g, and g, are not shown in Fig. 7.1 a.

The axial force Q19 (z) and mj (2) mass of string unit length are con-
sidered known. Let us obtain the equation of small vibrations for a moving
string (tape) (Fig.7.4) and for a hose filled with a flow of fluid (Fig. 7.5).

An element of a liquid-filled hose is shown in Fig. 7.5 b. At vibrations the
inertia forces dJy and dJ; equal to

2 2

Y d%y
m1'd—t2-dz, sz = —mzﬁdz (7.2)
act on the element, where m; is the mass of the hoses unit length, ms is the
mass of the liquid in the hoses unit length. By projecting all forces applied
to the element of the hose on the axis Y, we obtain

dJy = —

d?%y d?y
—ml(—it—2dz — mz-(-it—zdz + Qoda — pF da =0, (7.3)

%y
where da = ?dz.

In order to obtain the partial differential equation we must pass to La-
grangian or Euler variables used in the continuum mechanics. When solving
problems that involve relative motion of mediums, Euler variables are most
effective. Passing in (7.2) to Euler variables, we obtain

d2y 82y
™gE T Mg

2
32 T oe TV B

Thereforesbystransformationspwerobtain from (7.3) the following equation
(with due account of the viscous friction force)
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8%y oy 0%y
(my + mg) B2 + Ot'é{ + 2wm2%
2 9y

The term containing the mixed derivative is the Coriolis force. From equation
(7.4) we obtain as a special case at m; = 0, p = 0 the equation of tape
vibrations (Fig. 7.4 b)

2 2 2
mzﬂ + a@ + 2wm2ﬁ = (QlO — m2w2) a—:g, (75)
Z 0z
where my is the mass of the tape unit length.
If the hose has a lumped mass m in the section with the coordinate 2z, and
the force P, is applied at the section z,, the equation of the forced vibrations
of the hose is

0%y Oy %y 0%y
(mq + mg) 2 + am, + mezﬁzat + mﬁé (z - 2k)
8%y
= Q¢ 53 + Pudlz ~ z), (7.6)

where Qg%)) = Q10 — (pF + mzwz) .

2. The equation of the longitudinal vibrations of a variable cross-section
rod with a lumped mass m and loaded with distributed and concentrated
loads (Fig. 7.7 a) is

- Uz, ) m K P.()

%
H z
g a0
Zp—>
a)
A
L

Fig. 7.7.
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2 Ou 8%u

u
mo (Z) W + a—a—i +m-c;’;§6 (Z - Zk)
9 Ou
= = — - 7.7
3 [F(Z)Eaz]+qz(z, t)+ P.é (2 - 2p), (7.7)

where u is the longitudinal displacement of the rods section (displacement
of the points of the axial line of the rod at vibrations), F is the rod cross-
sectional area, F is the elastic modulus of the first kind.

3. The equation of the torsional vibrations of a variable cross-section shaft
with a lumped mass and distributed and concentrated moments (Fig. 7.7 b):

62 o 82
pJd. (2) Wf +ab% + Iz—a—z(—gé (z—zj)
0 Op
~ % (Jz (Z)Gé)z) +p, (2,8) + M6 (2 — 2m) (7.8)

where ¢ is the angle of rotation of cross-section of the shaft, J, () is the
polar moment of inertia of the circular cross-section shaft (we have a simi-
lar geometric characteristic of the section J for a non-circular cross-section
shaft), G is the elastic modulus of the second kind, I, is the physical moment
of inertia of the lumped mass with respect to the central axis coinciding with
the axis Z, p is the density of the shafts material. If the external load is ab-
sent, equations (7.1) - (7.8) describe free vibrations caused, for example, by
the displacement of the points of the axial line of the string at the initial time
instant. It is very difficult to obtain the solutions of equations (7.1)—(7.8) in
analytical form (except for special cases), particularly when the forces ap-
plied at arbitrary sections vary in time. The method of initial parameters
generally used in solving problems related to the necessity of joining sections
lest the lumped masses and concentrated forces should explicitly enter into
the equations, results in very cumbersome final results. Therefore in what
follows we use, during the analysis of the random vibrations of systems with
distributed parameters, both exact methods allowing us to obtain a solution
in analytical form and approximate methods, the latter being preferable be-
cause they make it possible to obtain the numerical values of the solutions of
complex problems.

Let us consider the non-stationary vibrations of a string having a mass
m (Fig. 7.2 a) that moves on it with a constant velocity v. We consider that
the probability characteristics of the random aerodynamic force Fy (t) acting
on the mass m are known, i.e. the mathematical expectation mp (t) and the
autocorrelation function Kr (t, t') are known. It is required to determine the
greatest possible accelerations of the mass m, assuming that the distribution
law of the acceleration is normal. We obtain the equation of the small vi-
brations of the system from (7.1) at m; = const, Q10 = const, g, = 0. The
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following three forces act on the mass m: 1) the force of gravity mg; 2) the
d2
aerodynamic force Fy, (t) and 3) the force of inertia —m=Y , therefore

de?|,_,.

&y oy %y d2y
moﬁ + a—a—t = Qlob—z-i + Fy5 (Z - Zk,) + (‘m—&—ﬁ-)(s (Z -~ Zk) . (79)

Passing to the Euler variables, we obtain (8 = §(z — 2x), 2x = vt)

d?y Py %y | 20%
m—=0 =m <‘a7 +2vm +v @) Ok.

Therefore from (7.9) we obtain

0%y Oy 0%y
L(y) = (mo + mdx) T + azm, + 2mv6z6t5k
2 522’/
~(Q10 — muv 5k)—az2 — Fy 6, =0. (7.10)

7.3 Solving Equations of Small Vibrations

Let us find an approximate solution of equation (7.10), assuming that

Y= En: £ (8)sin % (7.11)

=1

Let us take the possible displacements as
= mj2
0y = ; da, sin - (7.12)
Having used the virtual work principle, we obtain the system of equations

L(y)sinf’l’—zdz, (v=1,2...,n). (7.13)

o

By rearrangements with due account of the properties of the delta-
functions we obtain the system of equations in unknown functions f; (t)

i[aw (®) f5 +bus () fi + cus (1) fj] =bF,, (v=1,2,..., n). (7.14)
j=1

For example, confining ourselves to a two-term approximation we obtain the
following expressions for coefficients a,;, b,;, ¢,; and b,,.
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l . 2mut . 2mut | wot
a11 =mo§ + msin ] ;@12 = MSsin smT;
ot | 2wut l . 9 2mut
agl—msm—l sin ] ;o a9g m0§+ms1 ;
b —a£+2 v(ﬂ') 0527rvt ,nm)t_
11 = 5 m 1 Ci 1 S1 1 ;
2 2wut | wot
bi2 =2mv { — | cos —— sin — ;
l l l
t
bo1 = 2mw (%) cos LZ) sin —~7r;)t;
{ 27 2mvt | 2nut
ba2 = aw +2mv | — | cos —— sin —~;
2 l l l
2 2 t
e =Quo (7) = me? () sin® T
27rvt . 7ot
Ci2 = —mv ( ) sin —— ——l—-;
7rvt sin 27t
Co1 = —Mmw ( ) sin — - ;
2
2 . o 2mut
c22 = Quog ( ) (—l—) sin? T
vt 27rvt

b] = Fy sin T; b2 F sin ——

In vector form the system of equations (7.14) is

A fF+B@W)f+C@)f=by (7.15)
or
&4+ D(t)® =, (7.16)
where
® = (81, 82)", ®1=(f1, L), 2= (f1, /)7,
D(t) = A7 ;B Aolcl, b = (A7 'by, 0)T.

Equation (7.16) is a linear one with time-dependent coefficients. Therefore
we can solve this equation only numerically. In the considered problem the

time of process is limited (0 < ¢ < —). That is why at any random stationary

ornon=stationaryraerodynamic forcerthe vibrations of the mass m are non-
stationary.
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The solution of equation (7.15) at zero initial data is

® = /G t, t1)b(t1)dty; (G(t ty) =K @)K (t1),
0

269

(7.17)

where K (t) is the fundamental matrix of the solutions of homogeneous equa-
tion (7.16). The matrixes K (t) and K~!(t) are determined by numerical

methods.

From equation (7.16) we determine the derivative of the vector ®

—/D(t)G(t, £)b (t2) dts + b (8),
0

Then we determine the second derivatives f; and f,

(#= (5 i 7)),

- / [q11 (t,t1) bo1 (t) + q12 (¢, t1) boa (t)] Fy (t1) dty + bor Fy (t);

= [l (6,82 b1 6+ 2 (6,81) bz (O] By 81) l + b, 0,
0

where g;; are the elements of the matrix D (t) K (t) K™ (t1),

2mut
-+ af (0) sin =

bo1 = a§l (t1) sin =221 l

27vt
bog—agl) (t1)81n l lta (1) 5 (t1)sin 2

l )

(al(.;.) (t1) are the elements of the matrix (471 (¢;)).

The acceleration of the mass m is equal to

iz, t) = flsin7—rlE +f2sin—7lrz-

or

(2, 1) = — / a(t, ¥,2) f, (t1) dt +b(t, 2) F (1),
0

(7.18)

(7.19)
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where

. TZ . 27z
q(t,t1,2) = { qu1 Sln—l—+q21 sm—l—- bo1

. T2 . 2mz
+ { @21 8in T + g22 8in - boz,

2
b(t, z) = bpy sin % + boz sin _er_z

We determine the mathematical expectation of the acceleration my (, 2),
and the correlation function Kj (t,t')

t

my (t,2) = /q(t,tl,z) my (t1) dt1 + b (¢, 2) my (1), (7.20)
0
t t
K; (¢, ¢, z)=//q(t,t1,z)q(t',t2)K§ (t1,t2) Aty dty
0 0

i

—b(t',z)/q(t,tl,z) K; (t',t1) dt;
0
tl
-b (t, Z) /q (tl,tz, Z) Ky (t,tz) dtz
0
+b(t1,2)b(t,2) Ky (t,t). (7.21)

Assuming that t' = t, we obtain the variance of the acceleration
D'ij (tv z) - Ky (ta t’7 Z) |t'=t~ (722)

Assuming discrete values ¢; (0 <t < t), we numerically determine my (t;, 2)
and aj (tj, z) .

Having used the three sigma rule, we obtain the maximum value of the
acceleration for the given velocity

max jj (t;,2) = my (t;,2) + 303 (t5, 2) - (7.23)

The qualitative behaviour of the variation of the maximum acceleration
with the coordinate Z (at fixed t;) is shown in Fig. 7.8. In its turn, the max-
imum values of the acceleration max j (¢;,2) for each instant ¢; reach their
maximum also on the coordinate Z (Fig.7.8). Therefore, during the motion
of the mass m on the section' 0'< 2 < | the greatest possible acceleration is
ilx that is equal (at a given velocity v ) to
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¥x = max (max § (¢;,1));
0ty
0<2z<l.

Fig. 7.8.

Let us consider the stationary vibrations of a hose (Fig.7.5) caused by
a stationary kinematic excitation with known probability characteristics:
my, = 0, Sy, (w). Let us determine the spectral density of the vertical dis-
placements of the points of the axial line of the hose (S, (w,z)) and the
maximum value of a concentrated random force that arises in a section K,
considering that this force has normal distribution. Let us introduce an un-
known concentrated force P, (t) in the section K where the forced displace-
ment occurs. Let us take advantage of equation (7.6), assuming that m = 0

32y ay 02 y (1)3 y
(my +me) — EY +a§ + 2wmgy 25551 = Qig 222 + P, (t)6 (2 — z), (7.24)

( & = Qo — (PF+m2W2)) :

For the approximate solution of equation (7.24) we assume that

y = Z f; (#)sin = —. (7.25)

=1

Substituting (7.25) into equation (7.24) and using the virtual work principle,
we obtain the following system of differential equations

> (aisfs +bisf + cijfj) =bP,(t), (i=1,2,.., n) (7.26)
i=1

Taking advantage of thie Fourier transform, we obtain a system of alge-
braic equations
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>~ (ais ()? bi; (i) + i3 (1)) 5 (iw) = bs Py (iw) (7.27)

Jj=1

where b;; and c;; are constant coefficients dependent on the velocity of the
liquid w and on the liquid pressure p.
Let us determine &; (iw) from system of equations (7.27)

@j (zw) = W]‘ (zw) Poy (zw) . (728)

The approximate expression for (7.25) in the frequency area takes the form

Y (2, iw) 295 (iw) sm— (7.29)

Eliminating &; (iw) from (7.29), we have
Y (2, iw) = S W; (iw) P, (iw)sin % (7.30)
j=1

We determine the introduced unknown force (image of the force P,) from
the following condition

Y (z,iw)] =Y} (w), (7.31)

2Z2=2Z

where Y} (iw) is the image of the displacement of the point k. We obtain the
following equation for the determination of Py, (iw)

Y (iw) = Z (iw) sin lzk Py, (iw), (7.32)
Therefore,
i (i
Py, (iw) = k (1w) (7.33)
ZW (iw) sin =
j=1

As a result we obtain Y (z,iw)

Z W; (iw) sin 2%

Y (z,iw) = —1 Y (iw) (7.34)

n
Z W; (iw) sin it
=1
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Y (2,iw) = W (2, iw) Y (iw) . (7.35)

The spectral density of the vertical displacements of the points of the hose
axial line and the variance of displacements are equal to

8y (0,7) = [W (2, i) ? Sy (), (7.36)
D, (z) = / W (z,iw) |2 S,, (w)dw. (7.37)

Let us determine the variance of the concentrated force P, originating in
the section k. We find the spectral density Sp, (w) from (7.33)

SPy (w) = IWl[z Syk (w) 3 (738)
where
Wi=—= : —.
Z W; (iw) sin WJle
j=1

The variance of the force P, is equal to
Dp, = / [W1)? Sy, (W) dw. (7.39)

The greatest possible value of P, (at mp, = 0) is equal to
max Py =3,/D P,

3. A missile (Fig.7.9) moves with an increasing velocity in a bore of a
barrel. The force of friction between the missile and the barrel is equal to
P = Py + AP (t). Owing to the possible momentary sticking of the surface
of the missile to the surface of the bore or to the reduction of the contact
pressure the force P has a random component AP (t). One of the realizations
of the stochastic function AP (t) is shown in Fig. 7.10.

It is required to determine the variance of the random component of
the stress Ao in the bore at the moment of the missile exit. To simplify
calculations we shall consider that the velocity of the missile linearly depends
on time, i.e. v = at, where a is the constant acceleration.

At ¢ = 0 the body is in the origin. Let us determine the correlation
function K Ap(t) considering that'therandom function AP (t) is stationary.
The product of two values of the function AP (t) and AP (¢ + 7) depends on
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whether the time instants ¢t and ¢t + 7 are in the same interval T or not. If
they are,

AP (t) AP (t+71) = AP?, (7.40)
and, if they are not,
AP (t) AP (t+ 1) = AP AP,. (7.41)

In order to obtain the correlation function we must add together products
(7.40) and (7.41) averaged over a set of values and multiplied by appropriate
probabilities, for which purpose it is necessary to find the probability that a
section of the length 7 completely falls within the interval T. This probability
is equal to the probability that on a randomly taken span 7 of the time axis
there is not a single point of the discontinuity of the function AP (¢). If we
know the distribution function of the zeros (discontinuities) of the function
AP (t) on the interval 7 as a function of the length of this interval, it is
possible to find the probability P (n,7) of the number of zeros of the function
AP (t), where n is the number of zeros. The probability that there will be
not a single discontinuity of the function AP (¢) on the interval 7 is equal to
P (0, 7). If we assume that the number of the discontinuities of the function
AP (t) on any time span 7 follows the Poisson distribution law
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where v is the average frequency of discontinuities which is considered known,
the probability is P (0,7) = e™#7.
The probability that the interval 7 exceeds the interval Ty (i.e. the time
instants t and ¢ + 7 are in different intervals T}) is equal to 1 — P (0, 7).
Hence, the correlation function takes the form

Kap(t) = M [APE] P(0,7) - M [AP,AP][1 - P(0,7)].

Considering that AP, and AP; are independent and have the same dis-
tribution, we obtain

Kap(t)=M [AP,?] P(0,7) = Dape ™.
The spectral density AP is

2 Dapp
S K dr = ————.
AP ( / ap (T) coswrdr = = 2 + o)

The equation of the longitudinal vibrations of a constant cross-section rod
with due account of the moving concentrated force (we ignore the resistance
force) takes the form

%y *u

mlat .EF‘()(92

+AP()§ (z - ‘%2) . (7.42)

Assuming that in (7.42)

Z i s1n

7j=13...

at? 2 . wjat?
5(z———> Z chm (cj=75m 4 ),

j=1,3,..

we obtain after transformations equations for the determination of the func-
tions f; (t):

N\ 2
. Tjat? 7\ EFy
fi +pJf] l AP (t)sin TR (p? = (—27) ——ml . (7.43)

The solution of equation (7.43) at zero initial conditions is

t

2 iat?
o / sinp;(t — 7) sin ’”ZIT AP (1) dr. (7.44)
(1]

fi=



276 7. Random Vibrations of Strings; Longitudinal and Torsional Vibrations

As a result, we obtain the solution of equation (7.42)

t

u = E ] T '17-2

2 T

j=1.3 pjlml st ;lz /Si pj (t — 7)Si11 ]4l AP (7 ) dr. (745)
=1,3... 5

The stress in the sections of the rod caused only by the random force
AP (t) is

i

Ou Erj njz [ . _ mjar?
Ao = Ea = j;; oy cos —- /smpj (t —7)sin ] AP (T)dr.
=1,3... 5

The variance of the stress is

ad 2. E2(mj)? wjz  Tkz [l
DAa: ‘ E E WCOSg‘COS——z—Z—//Sinpj (t—T)
0 0

mwkat?

21

sinpy (t — 1) sin

Y Kapdrdm. (7.46)

In order to determine the variances of the stress at the instant of the
missile exit out of the bore of the barrel we must take the upper limit of
integration in expression (7.46) equal to

2
t=t =4/ =
a

4. In order to average the misalignments of the thrust R of the engine
of a rocket the latter is set into rotation (Fig.7.11) when leaving the guides.
In order to set the rocket into rotation there are rotation engines 1 that are
ignited at the moment of leaving (this moment can be taken for the initial
one). The rotation engines produce a moment with respect to the longitudinal
axis. This moment has a constant component My and a random component
AM (t) (M = My + AM (t)) . The random component can be considered as

P!
© AM(1) Jo. G p
R =4

L
Y

‘q)
1 dﬂ /

=

LA
nY

Y

Fig. 7.11.
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a random stationary function with a known spectral density S(w). As a
result of the action of a random twisting moment AM (t) some torsional
vibrations of the rocket take place introducing errors in the readings of the
instruments of the control system. In order to estimate the possible errors
of the instruments due to the random torsional vibrations we must know
the probability characteristics of the torsional vibrations and, in particular,
the variance of the angular acceleration in those cross-sections of the rocket
where appropriate instruments are located.

Assuming that the random torsional vibrations of the rocket are station-
ary, it is required to determine the variance of the angular acceleration of the
rocket. When solving the problem, we shall confine ourselves to the simplest
case where pJy = const and GJy = const. The equation of the random tor-
sional vibrations of the rocket with due account of the viscous friction takes
the form (a particular case of equation (4.57))

0%y Oy 8%

Top g +a%y = JoGy 7

Here the eigenfunctions of the free torsional vibrations of the rod are equal

+AM ()5 (2). (7.47)

to cos -l—— (as the boundary conditions take the form: 1) z = 0; g = 0
Oy

2) z=1, B

= 0. Therefore, assuming that in (7.47)

oo

Z i (t) cos——J—z—; 5(z)=2cjcoszr-?—-z~; ¢j = (=1
i=1

~| >

(7.48)

Substituting the expression (7.48) for ¢ into equation (7.47) and using
the virtual work principle we obtain by rearrangements the following system
of equations in f; (t)

£+ %pfj + 2S5 = (1) =AM (1), (7.49)

Jopl
2_ G (1)
pj p l °

Obtained equations (7.48) are similar to those of (4.40), therefore the
spectral density of solution (7.48) is
Sp (@) = WI* San (w),

where
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The variance of the angular acceleration is

Dy = / W2 wiSan (w) dw. (7.50)
~00




8. Random Vibrations of Rods

In the previous chapter the most simple problems related to systems with
distributed parameters have been considered.

Rod elements of machines, devices and structures belong to more complex
systems with distributed parameters as we usually have to consider systems
of partial differential equations when solving problems of the statics and
dynamics of rod systems. Elastic rod and structural elements considered as
rods in design practice are given as examples in Figs. 8.1-8.4. Two elastic rod
elements of devices: a cylindrical (Fig. 8.1 a) spring and a spiral (Fig.8.15)
spring are shown in Fig. 8.1 a, b. If the devices using these elements are placed
in an object moving with acceleration, a random acceleration a. (t) acts on
these elements due to the scatter of the engines thrust. As real elastic elements
have a mass, occuring random vibrations can lead to substantial errors in the
operation of these devices. The shock absorption system of a mass m with the
use of a conic spring is shown in Fig. 8.1 ¢. At a random kinematic excitation
(yx (t)) random vibrations take place. The order of the mass m can be the
same as that of the mass of the spring. Therefore, in order to determine the
probability characteristics of the displacement of the mass m and its first
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derivatives y (¢, ) it is necessary to consider the spring as a system with
distributed parameters.

A mast with an aerial located in an air flow whose velocity has a random
component is shown in Fig. 8.2. Random aerodynamic forces act on the mast
and the aerial (a concentrated force F acts on the aerial and a distributed
force q acts on the mast) which causes random vibrations of the system.
The random characteristics of the rotation angle of the aerials beam are of
interest in the process of designing because they influence the accuracy of the
reception or transfer of signals.

A curved section of a pipeline filled with a moving liquid, for example,
a section of an aircraft engines onboard feed system that involves pipeline-
section mountings connected with different foundations, is shown in Fig. 8.3.
The pipeline has a local hinged constraint (section k) with a random dis-
placement (ug (t)), which causes some random kinematic vibrations of the
pipeline.

A pipeline intended for lifting structures from the bottom of the sea is
shown in Fig. 8.4. The random rolling of the ship results in the random dis-
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placement of a point k (ug (t)), which leads to the random kinematically
induced vibrations of the pipeline.

8.1 Nonlinear Equations of Motion of
Three-Dimensional Curvilinear Rods

A rod at an arbitrary time instant is shown in Fig. 8.5 ¢ and an element of the
rod with forces and moments applied to it is given in Fig. 8.5 b. In addition
to these forces, an inertia force dJ,

X, 1

2

' e, © M+dv

qo + qC e1
Q AL
Q +dQ
My e, b)
€ u
r
-
r
. €10
i & ex f\ 35 %4
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dv du
dJu = —my —&—t—ds, (V = E) , (81)

and a moment of inertia (if we take the rotary inertia of the rod element into
account)

d
= 2
dp, 7 (Jw) ds, (8.2)

where J is the diagonal matrix whose elements are the principal physical
moments of inertia of the rods element the length of which is equal to unity

Jiu 0 0
J=|0 Jig 0 (8.3)
0 0 Jss

act on the element of the rod at its motion.
For a variable cross-section rod J;; depends on an arc coordinate s. Using
the Lagrangian variables, we obtain (8.1) and (8.2) in partial derivatives

ov Ou 0

—; =——; dp, =-— (Jw) ds. 8.4

at ’ v at ) l‘L’le at ( w) S ( )
Taking advantage of d’Alembert’s principle we obtain the following vector

equations of the translatory motion and rotation of the rod element (confining

ourselves to one concentrated force P and one concentrated moment T):

dJ, = —dm

ov  0Q )
M= 5o +q+Pé(s—s;); (8.5)
0 oM
—a_z(Jw)_-—a—Ts_+eIXQ+u+T5(S_SU), (86)

where Q is the vector of internal forces , M is the vector of internal moments,
w, v are respectively the vector of the angular velocity and the vector of the
linear velocity; § is the Dirac function, q, p are vectors of distributed forces
and moments respectively; P is the concentrated force applied in a section
with coordinates s;; T is the concentrated moment.

The matrix J has elements that do not depend on time only in the at-
tached coordinate system, therefore in equations (8.5) and (8.6) we pass to
local derivatives

v 5Q _
J%+wx]w:%§4—+aexM+e1xQ+T, (8.8)

where
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P=q+Ps(s—si); T=p+Ti(s—s,).

In the general case the distributed and concentrated forces and moments
can be presented as

q=9qo+4qd + 9c; P=Po+Ps+Pg
B=po + pg+ M T=T+Tas+ T

where qq, Po, gy and Ty are the static loads; qq4, Py, py and Ty are the
dynamic deterministic loads; q., P., p, and T, are the dynamic random
loads.

In what follows the tilde sign in the notation of the local derivative is
dropped. The vector a entering into equations (8.7), (8.8) is

3
& = E 2,€4,
i=1

where 2, is the twist of the axial line of the rod; &, &3 are the curvatures
of the projection of the rods axial line onto planes (e, es) and (e, e3) that
go through the principal axes of the cross-section of the rod.

Very often in applied problems the rotary inertia of the rod is ignored
(Jw = 0), therefore

oM

E-FEXM—FE]_XQ—I—T:O. (89)
The vector M is connected with the vector z by the equation

M=A (as - &((Jl)) , (8.10)
where

A11 00
A= 0 A 0 |; (8.11)
0 0 A33

Aq, is the torsional rigidity of the rod and Aag, Ass are its flexural rigidities.

The components of the vector aegl) are the twist &;9 and curvatures zeg,
a3o of the rod axial line in the natural state in the attached axes with them
simultaneously being the principal axes of the section. In the natural axes
the vector a is the Darboux vector equal to

fl = -Qlel + 9393, (812)

where §2; is the twist of the rods axiallline; (23 is its curvature. Therefore for
a circular cross section rod (for which all axes are principal) we have
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1
@1= 0 ey =0 m=0y=, (8.13)
where p is the radius of the curvature of the rods axial line.
For the displacements vector (u =r — rg) (Fig. 8.5) we have the following
equation (in the attached axes)

Ju

— +a&Xxu=e-e. (814)
Os

Considering the derivatives of the unit vectors e; and e;o with respect to

the axial coordinate, we can obtain an equation relating components of the

vectors 2 and agg with the angles 9;:

o9
& = LIE + ng)l) (19 = ("91, Js, 193)T) ’ (815)
where
[cos ¥y cos ¥z cosasindscosdi+  cosdysindssind; — W

+ sin ¥ sin 9, — sin 94 cos

L= — sin Y3 cos 7 cos U3 cos 3 sin ; {8.16)
sind, cos¥3 sintdysindzcosyi— —sinddgsindgsind;+
| —cos ¥y sint) + cos 95 cos 19,

costycosds 0 —sinds
L1 = - sin193 1 0 . ‘ (817)

sindycos¥s 0 costd,

Considering the derivatives of unit attached basis vectors with respect to
time, we can obtain the following equation

w=L;—. 8.18
For an element of a moving rod we can obtain the following vector equation
relating the vectors v and w:

55 W Xxen (8.19)

Lietusreduceequations (8:7)=(8:10)5(8.15), (8.18), (8.19) to non-dimensional
form, assuming that
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s=1In; T =pot; w=wpgy; V= Vipg;

M= MA33 (0) o= ﬁAsa (0) .

l - 2
~ A A A 3
Q=Q 33( ), q-= 61——3?3(0); Po = [—————mj?o()o 24] ;
7 Ji i Aii -
Jii(n) = Fo(lz); Aii(n) = Ass ((1(7))), & = zl,

where my (0) is the mass of the unit length of the rod in the origin; As3 (0)
is the rigidity of the rod in the origin; @, Vv, etc. are the non-dimensional
quantities. We may present the mass of the unit length of the rod in its
arbitrary section in terms of m; (0) as

my (n) = m (0) ny (n) = pFona (n),

where n; (1) is the non-dimensional function; Fp is the area of the rod’s
section in the origin.

We obtain the following system of the differential nonlinear equations of
motion of the rod in non-dimensional form (dropping the tilde sign in the
notation of local derivatives and non-dimensional quantities):

v oQ )
nl(n)(5;+wxv>—6—n—me—P—0, (8.20)
Ow oM
J(n)a—T—}—wa(n)w—a—n—aexM—-elxQ—T_O (8.21)
M=4(=- =) (8.22)
99 W _ oo
L, o + Laeg’ —a2=0; (8.23)
%%-{—aexv—wxel:O; (8.24)
Ou
5'7-7- +a&2&Xxu— (1 — lu) e; — lg1eq — lz1e3 =10 (825)
89
ng; —w=0, (8.26)

where £;; are the elements of the matrix L.

Frompequationsy(8:20)=(8:26)swercan obtain as a special case the following
nonlinear equations of the rods equilibrium:
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dQ+ae><Q+P—0

dn

-(I——M—+ae><M+er+T=0;

dn

M:A(ae aegn), (8.27)
5

0P pa) ==,
dn

du
— +a@Xxu-—e;+eg=0.
dn
Let us consider expression (8.22) for the moment M in more detail. In the
presented form ae(()l) is a vector whose components are curvatures describing

the natural state of the rod. If the vector aef,l) characterizes the static state
of the rod, then

M=A (ae aeo ) + My, (8.28)

where M, is the static moment.

8.2 Equations of the Motion of a Rod in the Attached
Coordinate System

8.2.1 Equation of Space Motion of a Rod

In tensor form system of equations (8.20)—(8.26) takes the form

Ovg lo] ‘
("7) ( + Ekzjwz/')z) - —é%ki - Ek’L]%ZQ] - Pk = 07

oM,
- —* - Ekz]sz + EkUQz - k: = O

Ow
Jk"@ +£szw1J~7w7 an

oY,
l(l)kj‘é—J ~ &y, + k20 = 0;
0 (8.29)

Buk

B + ekijeiu; — 01k + k1 = 0;
ka

B + Erijau; — Epaw; = 0;

09,
l(l)kj*aTJ —wp =0
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Written in an expanded form in projections ontj the attached axes the system
is:

ov 19
ny (n) (# + vawo — v2w3) - % — Qa3 + Q223 — P = 0;
ov 5]
ni (77) ('ﬁz + viws — ’Ugwl) - TQ’OZ- - Q1833 + Q331 — Py =0; (8.30)
o 03]
n1 () P54 vowr — vywy | — s _ Q221 + Qrzez — P3 =0,
ot on
16] oM
Jn—bﬂ + (Ja3 — Jap) wows — —— + @3My — @8y Ms — T1 = 0;
T on
Ow OM.
J22a—7_2 + (J11 — Jaz) wiws — —6712 + 1 My — asM; + Q3 — Ty = 0; (8.31)
ow oM.
J33—5773 + (Jo2 — J11) wiwz — 77; + aoMy — 1My — Q2 - T3 =0,

My = Ajy (21 — @10); Mz = Agg (802 — 290); Mz = Az (53 — &30),

(8.32)
a9 v
l(1)11*‘6‘77l + l(1)133—773 — a1 — linaeio + linaeoo + lisezo = 0;
8%, Y
lyon =t + S8 ey +1 lag a0 — laazeso = 0; .
(1)21 an + on 2o + lar&e10 + 222820 — 23230 ; (8.33)
l %-}—l =23 ey + lg12e10 + lazaeno + lazaeso = 0
W31, Tl 3 + I312810 + 322820 + 332830 = 0,
o
e + v3aep — vazeg = 0;
on
g—v—2+vae—vae—w' (8.34)
B 183 — U3 = Ws; .
= g — vi@ = —wy.
on
0
-ﬂ+w2U3—333UQ—1+l11 =0
o
8u2
— + z3u; — &1uz + loy = 0; (835)
on
a
743 + &ug — apuy + I3 = 0.
on
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o o9

l(1)11-371 + 1(1)1337_2 —w =0
o o9

l(1)213—,’_1 + —672 —wy =0; (8.36)
o . o9

l(1)313;1‘ +](1)336—7'3 —w3 =0.

8.2.2 Equation of Plane Motion of a Rod

Let us consider the special case of a rod in its natural state having the axial
line that lies in a plane and one of the principal axes of its section being
perpendicular to this plane. During the plane motion of the rod a number of
the components of the vectors entering into equations (4.39)-(4.44), vanish:

U3 =v3 =w; =ws =0; P =19, =0
&) = &y = @19 = &2 = 0
Q3 =M; =Ms =093 =p; = u3 =0.

From systems (4.30)-(4.36) we obtain the following equations:

ov

o0
n1 (n) (Bhrl - vzw:z) - —Bgl + a&3Q2 — P =0
K (8.37)

Jaz——= — == — Qo — T3 = 0. (8.38)
T n

M3 = A33 (333 - 3830) . (839)
093

23 my =0
on s
9o _ va2e3 = 0;

on

6’02
= tuies = ws;

on

_ 995
wg—-BT .

From system (8.35) we obtain two equations for the determination of
displacements in the attached frame

u — a3uz ~ 1 4+ cosdz =0

on

% + ae3uy + sin1dz = 0.

on

(8.40)

(8.41)
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8.2.3 Rods Having Lumped Masses

A rod having lumped masses, a point mass m; and inertial mass ms is shown
in Fig. 8.6. during the vibrations of the rod the lumped masses are subjected
to the action of forces of inertia .L(f ) and a moment of inertia M£,2) that we
can enter into equations of motion using delta functions the way we did it
with concentrated forces. Changed into non-dimensional form the force of

inertia Jff ) and the moment Mi(?) are

ov ov
IV =-mi=—s(m-m), I =-m§=—8(n-m); (8.42)
0

@) - _Z (52 _
M = - (J w) §(n—n2). (8.43)
In the attached frame we have (the sign of local derivative is dropped)
I = —m} (% +w X V) §(n—m); (8.44)

ov
IJ® = —m (E—T— +w x v) 6(n—m2); (8.45)
MP = — (J(z)%‘;’- +w x me) 6(n—m2). (8.46)
In given expressions (8.42)-(8.46) m? are non-dimensional masses equal
to
o_ ™M
T ’Inol’

where mg is the mass of the rods unit length; ! is the length of the rod; J2
is the matrix, whose elements are the non-dimensional moments of inertia of
the mass mqy. If the principal axes of the sections of the rod coincide with

Xok J(Z)
. o) u 3
| R m S
2 -
m1 B g
i3 l1 x1
M(z)
™ u
X3 Mo

Fig. 8.6.
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those of the lumped mass mgy, the matrix J @ is a diagonal one (similar to
that of (8.3)). If the principal axes of the sections of the rod do not coincide
with those of the lumped mass (the movable axes are connected with the
principal axes of the rod’s sections) the matrix J () takes the form

2) 7(2) 7(2
T
J® = |J51" J33' Ja3
2) ,(2) 72
i I3 I3
The non-dimensional elements of the matrix J() are connected with its di-
mensional ones by the following relationships

Jz'(jz) _ (Ji(f))l

m0l3

J@

where J;7,

(Ji(j2 )) are respectively non-dimensional and dimensional quan-
1

tities. The presented expressions for J 1&2) and M&z) are true provided that we
can ignore the size of the mass my along the coordinate 7 in comparison with
the total length of the rod. On this assumption we can put a number of the
elements of the matrix J(?) equal to zero, namely

2 2 2 2
']1(2) = ']1(3) = J§1) = J:§1) =0.

Having included the concentrated forces of inertia J ® and M&z) in equations
(8.20) and (8.21), we obtain equations of motion of the rod that take the
lumped masses into account:

[n1 (n) +mi6 (n — m) +m38 (n —n2)] (?X +w X v)

or
0Q o
—a—n—aer—P——O, (847)

[0+ 7050 - 1)) 22 o [7.m) 4 78 (0= )]

—%—I\:—aexM—ele—Tzo. (8.48)

Other equations of system (8.20)-(8.26) remain unaltered.

8.3 Equation of Small Vibrations of Rods

Letpusyobtaingequationsyofitheismallyvibrations of a rod about an equilibrium
state, assuming that additional internal forces, displacements and angles of
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rotation that occur at vibrations are small, which is possible at small external
dynamic loads.
Let us assume that:

Q=Qo+A4AQ; M=Mp+AM; @& =22+ Azxe; 9= AP,
P=P0+AP; T=T0+AT; q=q0+Aq; (849)
p=po+Ap;, v=A4v, u=Au; w=Aw,

where Qg, Mo, a8, qo, g are static components and AQ, AM, A=z, Aq,
Ap, Av, Au, Aw are vectors whose components are considered to be small
quantities, therefore we can ignore their products (vector and scalar ones).
We consider small vibrations about an equilibrium state, therefore

M = M, + AM, (8.50)

where AM = A- Aze; Aae = a2 — aef)l).
Since

u
V=—+wXu,

or
then at small vibrations we can put w x u = 0. Therefore
du du
V= =-—.
or or
At the small angles of rotation ¥; of the attached axes with respect to their
position in statics the vector is

_ v

(8.51)
Let us obtain equations of small vibrations of a rod in the attached axes using
equations (8.20)-(8.26). Substituting expression (8.49) into these equations
and retaining only the terms linearly dependent on small quantities, we obtain
the following vector equations in the attached frame

2u  8AQ

n1(ﬂ)ﬁ—a—n—Aa?XQ0—3eo><AQ=P§

2
JQ_%M—AanMO——wQXAM—e1XAQ:T;
or? an
AM = AAz: (8.52)
@+&OXG—A&=0;
On
du
— + a9 X u — Yzeg + Ype3 =0,
on

where P =q+ P (n—n:); T=p+ TM6(n—n).
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Let us consider vector products Azex Qq, Azex My, that can be presented

as
Aae x QO = AQAae; Aae x Mo = A}uA&, (853)
where
0 Q30 —Q 0 Mz —My
A= |-Qs0 0 Quo|; Am=|-Myp 0 My |. (854)
Q20 —Q10 0 My ~Myy O

Similarly we obtain expressions for the other vector products entering into
system (8.52). By transformations (having eliminated Aae) we obtain the fol-
lowing system of equations of small vibrations of a three-dimensional curvi-
linear rod

8%u  8AQ
— - —= _ ApATA =P;
() 5o~ 5~ AcAT AM + AzAQ = P,
2
Jsz _o4Q AMATIAM — ApAM — A AQ = T
or? on
09 | A — A1AM = 0; (8.55)
on
@+A£U+A1’l9=0,
on
(AM = AA=).
where
0 —&30 a0 00 0
Aae = 230 0 —&190] ; A1 =1]00-1
—& &0 O 010

We can write system of equations (4.127) in the form of one vector equation
(having eliminated Aze)

°7 o7
A(l)g7 + %; +ADZ = 3, (8.56)
where
AQ -P 00 0 -n1E
AM _T 00-J 0
_ — . (1) _ .
Z=l9 | =19 AY=1lg00 o |3

u 0 00 0 0
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Aw  AgA™! 0 0
A = Ay, AyA '+ A, 0 O
10 ~A"1 Az O

0 0 A1 Aag

If we put 9 = 0, then from (8.56) we obtain the following linear equation
T
of a rods equilibrium

g_: A7 = &, (8.57)

where ® depends on the static load.

8.3.1 Equations of Small Vibrations in the Attached Coordinate
Frame

From equations (8.55) we obtain equations of small forced random vibrations
in the attached coordinate frame:

ur 94
n - - Ql + Q20A393 - Q30A332 + &"30AQ2 — %QOAQZ = P17
or? an 4
Puy 94
m 3:22 - 3,,?2 + Q30l@; — Qrolas + #10AQ3 — 230AQ1 = Py; (8.58)
0? oA
ny u23 - Q3 + QlOsz - Q20A331 + %20AQ1 — a‘,‘loAQz = P3,
or on
2
. 8% _%-—%20AM3+$30AM2—M30Aa32+M20Aw3_—.T1;
or? on
8%9y OAM.
Jao —67-22 _6_772—@30AM1 +a10 AM;— Mg A+ Myg A+ AQ3=T5;
2
33 % 71_923 _ 835\7/13 — 210 AMy+ 2230 AM; — Moo Azey + My Azey— AQa=T,
(8.59)
09
——_1 + 392()’193 - &30192 —_ Aaﬂl = O,
on
6_5’;32_ + 3330191 - $10’l93 - A&"z = 0, (860)
093

—— 1 &9ty — el —Axz =0,
on
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8U1
B T @20tz — @30uz = 0;
n
0
2 1 mgouy — @ious — U3 = 0; (8.61)
on
Bug
—— + 10U — &0U; + 9 =0,
on
AM1 = AuAael, AM2 = A22A392, AM3 = A33Aa93. (862)

8.3.2 Equations of Small Vibrations About a Natural State

Let us present the equations of small vibrations of rods about a natural state
(non-loaded). In this special case we must put Ag = Ay = 0 in equation
(8.55). As a result we obtain:

1) Vector equations

8%u 9A
nl(n)gﬁ—*g—AaeAQ=P;

on
2
Q—?ﬂ—AQBAM_AlAQZT,
a2 on

9 b — Am =0, (8.63)
on

8 4 Aput Ard =0,

on

AM = AAs.

Let us obtain equations of the small random vibrations of the rods the
axial line of which is a plane curve. A spiral spring whose axial line both
in a natural state (q = 0) and in a loaded state (q # 0) is a plane curve is
shown as an example in Fig. 8.1 b. If we deflect the spring from its equilibrium
state, it will begin to vibrate. If it is deflected in the plane of the drawing,
small vibrations will occur in this plane; if the deflection of the spring is rela-
tive to the plane, small spatial vibrations will take place. The corresponding
equations can be obtained from system (8.58)-(8.62), if we put

Q30 =0, M= My =0, &=ay=0.

As a result, from the system of equations (8.58)-(8.62) we obtain the
following equations of random forced vibrations in the attached frame:

02 A
n1 au; - @ + QoAaes + &30 AQq = Py;
T on
8%y oA
M5 7~ 9 _ Qroles — 230AQ; = Py; (8.64)
T on
BZU3 6AQ3

[ o= + Qrolae; — Qola; = Ps;
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8%, HAM; _
NGE T Tan + ae30AMy — M3o Az = Ti;
2 AM.
229—19—2 _94M; _ se30 AM, + Mzo Az, + AQ3 = T; (8.65)
or? on
8293 OAM;
0Ws _04AM3 Ao, =T
352 an Q: =Ts,
% - 3930192 - A%l = O;
on
%1?72 + &30 — Aaxy = 0; (866)
093
3 _ Ay =0
on
0
8inl — a&zouz = 0;
3U2
—= + &@3ou; — V3 = 0;
oy T (8.67)
6’U3
—67’— + 9, =0,
AM,' = Ai,'AéB,'.

If a random load [for example, g. (See Fig. 8.1 b)] acts in the plane of the
drawing, i.e.

Qe = Gic€1 + G2.€2 = Gz, 11 + gz, i,

system of equations (8.64)—(8.67) falls apart into two independent systems:
1) In the plane of the drawing:

6%u 0A
ny 67'21 - a’f()gl + onAaﬁ’:; + &30AQ2 = Pla
9%u oA
ny —‘6722 _ _‘6',)& — Qrolas — 30AQ1 = Py;
0293 OAM;
J3 5 o AQ2 =T5;
o '
5 p =, (8.68)
on
Our i =0
an 30U2 )
Ou
8—172 + aezqu1 — Y3 = 0;
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2) Relative to the plane of the drawing:

8%u; 0A
nl“‘;’ - 020s + Qrold&; — Q20de; = 0;
or on
%9 O0AM:
Ty =~ + 230 AM; — MaoAzer = 0;
or on
8% OAM.
Jar e — — 2 — @30 AM; + MapAaey + AQs = 0;
or2 on
(8.69)
& _ 23002 — Azey = 0;
on
% + 21930’191 - Aa—;’z = 0;
on
6u3
B9, =0
677 + Vs 01

AM, = A1 Az, AM; = AxxAae,

In the case of free random vibrations of a non-loaded rod (at Q10 = Q20 =

= M3¢ = 0) from equations (8.68) and (8.69) we obtain the following equa-
tions:

a) In the plane of the drawing:

%u oA

n1‘(§?} - 61?1 + 2304Q2 = Py;
0%u 0A

nl_aﬁ - 87?2 — #304Q1 = Py;
8%9; 0AM;

J33—87-—2 ~Tan AQ2 =0

(8.70)
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b) Relative to the plane of the drawing:

n 8211,3 _ aAQg -0
Yoz an
8%9;, 0AM,
.]1179;5— - 6—77 — ae30AM;y = 0
8%y OAM.
ng——;- - 2 _ ae30AM; + AQ3 = 0;
or on

71
%—3930192—A331=0; (87)

o

0

—122‘ + 3930’191 - sz = 0;
on

6u3

_ = 0:

Bn + Y2 ;

AMl = AnA&l, AMQ = AzzA&g.

8.4 Determination of Eigenvalues and Eigenvectors

For the approximate numerical solution of equations of the free and forced
random vibrations of rods we must know eigenvectors characterizing the small
free vibrations of rods under specific boundary conditions.

Let us consider the free vibrations of a rod (without considering resistance
forces) relative to a static state of stress and strain, using equation (8.56)
(having put P =T = 0):

0’Z 0Z
AMZZ 4 22 4 A@7 =, :
57 T 0 (8.72)
We find the solution of equation (8.72) as
Z = Zo (n)e?". (8.73)

Substituting (8.73) into equation (8.72), we obtain

dd_zno +B(n,\)Zo =0, (8.74)
where
Aw  AgA™' 0 MmE
Bpay= |4 Aud e N0
0 0 Ay As

Inr that specific case of considering vibrations relative to a rods natural state
(Qo = Mg = 0), the matrix B (, ) takes the form
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Aag 0 0 )\2n1E
A1 Az XJ 0

0 —A"1 A4, O

0 0 A A

B(n,A) =

Equation (8.74) is solved numerically, for example, by the method of ini-
tial parameters with a subsequent refinement of the fundamental matrix of
solutions. As a result, we obtain

Zo=K(nNC, (K(0,))=E), (8.75)

where K (n, ) is the fundamental matrix of the solutions of homogeneous
equations (8.74).

Solution (8.75) should satisfy the boundary conditions. For a space-curved
rod we have twelve boundary conditions (in groups of six conditions at 7 =0
and n = 1). For example, for a rod fixing, shown in Fig. 8.6, we have the
following boundary conditions: 1) n = 0; u = % = 0; 2) n = 1; AQp =
AMp = 0. In order to fulfill the boundary conditions at n = 0, we must
put ¢; = cg = +-- = ¢12 = 0, where ¢; are the components of the vector C.
From the boundary conditions at 7 = 1 we obtain the following system of
homogeneous equations

kiic1 + kiges + -+ - + kigcs = 0;

(8.76)

kerc1 + keaca + - - - + keece = 0.

The values of A;, at which the determinant of system (8.76) is equal to zero,
are non-dimensional frequencies. .
Having determined );, we find ¢\, ¢, ¢{’, ¢¥) and ¢/’ from system

(8.76) as a function of cgj ) (we may put cgj ) equal to Z€ero):

¢ =) (k=1,2,34,5). (8.77)

We solve equation (8.74) for each \;

dz(j) .
O 1 B(nA)2 =0 (8.78)
dn
and find
Z(()j) =K (1, ;) c), (8.79)

where CU) = agj),agj),agj),aff),ag]), 1,0,0...0

When solving equations of the random vibrations of rods by approximate
methods it is convenient to present the vectors Z(()J ) as
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, . AT
zZ{) = (¢(J)’ w(a)) , (8.80)
) . ) , . \NT
where 9\ = (AQE)J), AME)J)); o) = (19(()1), u(()])) ]
The vectors ¢(j ) and ) characterize respectively the state of stress and
the state of strain of a rod at vibrations with the frequency A;.

8.5 Non-Stationary Random Vibrations of Rods

The vectors
P=q.+P(n—1np);
T=p.+Tcb(n—num).

entering in the right-hand sides of the first two equations of system (8.55) are
random non-stationary vectors with the known probability characteristics of

ou
the components. Let us enter the force of viscous friction a—— into the first

or
equation of system (8.55) :
0%u du 0AQ
n1 (n) 572 + 0&5‘7‘_‘ - —57’)_ — ApgAze — AAQ =P. (8.81)

For the numerical solution of system of equations (8.55) it is more convenient
to present it with due account of the forces of viscous friction in the form of
one equation similar to equation (8.56)

L= A(I)Z% +A<3)g_f + %% +ADZ =, (8.82)
where
000aF
IR
000 0

For the solution of equation (8.82) let us take advantage of generalized virtual
work principle [26], restricting ourselves to the following two-term approxi-
mation

Z =2Z5" (1) f1 (1) + 23 (1) f2 () - (8.83)

We can take vectors proportional to the eigenvectors Z(()j ) as generalized dis-
placements i.e.
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6Zy = 04, E()Zgl) + 6As EQZ(()2), (8.84)

where 6 A; are independent arbitrary small quantities;

0 E
Eo0
Bo = 00
00

0
0
E
0

Mooo

By generalized virtual “displacements” we mean not only the variations
of linear du and angular §9 displacements, but also the variations of inter-
nal forces AQ and moments §AM, i.e. the variations of all components of

vectors Z§).
The matrix Ej is introduced in order that all scalar products (ZEOZ(j ) )

have the dimensionality of work (if we consider dimensional equations (8.56)).
Since

EoZY = (ugn,l,(()j), AMY, Aq(()n)T,
the scalar product (Z(i) - Ey Z(()j )) in a more comprehensive form is
(z0 Bz’ = (a0 uf) + (amg o))
+ (95" aMP) + (uf) - 08).
Having substituted (8.83) into equation (8.82), we obtain
L (zg”, z?, 1, fz) =3 (8 ” o) : (8.85)

Let us require that the integral of the scalar product of vectors § and § Zy
be equal to zero:

6 JZO dn— 0. (8.86)

o\_‘

In view of independence of §A; we obtain two equations from (8.86)

1
5 EOZ() dn—O /6 Eoz@) dn——O (8.87)
0

O\H

By transformations we obtain from (8:87) the equations for the determination

of fj (T)I
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anfi + arzfor + birfi + biafo + cinfi + cizfe = by;

. ; . . (8.88)
az1 f1 + agafo1 + b1 f1 + baa fo + ca1.f1 + caaf2 = b,

where
1
g = / (A©z¢ - £z any
0
1
bi; = / (4928 . Boz(?) dn;
0
1
ey = / (z‘” + A(z)z(a)> Fozl? dn,
0
1 1
by = / (2 BoZ() dn, b= / (2 Boz() an.
0 0

In a more comprehensive form

- [ -

0
by = _/l(p.ugm) dn —
0

With due account of expressions for P and T we obtain

(T : 1981)) dn;

(T 0<2’) dn.

O\H O\H

1

b= - / (ac-ul?) dn— [ (ne-98") dn—Peuf? (np) - To- 9§ (nar);

O\H o\H

0
1
by = / (ac-uf?) dn— [ (i 88) dn—Pe-uf (np) — T. - 9 (nar)
[
(8.89)
Let us consider random loads of the form
qc =qoc () fo(1); Pc=Poc(n) fr(7);
(8.90)

He = Hoc ("7) fu (T) 3 Te=Toc (77) fm (T) .
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Let us restrict ourselves to the case of qoc, Poc, py. and To. being known,
and fq, fp, fu. and fas being independent random functions of time with
known probability characteristics.

From (8.89) after transformations with account of (8.90) we obtain

by = —difq ~ diafy — disfp — diafu;

(8.91)

by = —da1 fq — doof, — desfp — daafur;

where 1 1
diy = / (%cu(()i)) dn; dip = / (H0c’9(()i)) dm;
0 0

diz = (P()cu(()i) (np)) ;o dig = (T0c19(()i) (77M)) .

Passing to the vector form, from (8.88) we obtain an equation

Af + Bf + Cf = D®, (8.92)

where

D= [dn dya di3 d14]

: — T
d21 d22 d23 d24 ’ q)—(fqafP’fme) .

The solution of equation (8.92) with the subsequent determination of
the probability characteristics of the components of the vectors f is given in
Chapt. 3. The solution of equation (8.92) at zero initial conditions is

i
f= /G(t,r) A™D®dr (8.93)
0
or in scalar form
t
fi= /(kjl (t,7) fa +kj2 (t,7) fp + kys (t,7) fu + kja (6, 7) far) d7T
0

(j:]')z)v

where k;; are the elements of the matrix K = GA™1D.
It is possible to obtain the matrix G (¢,7) by solving equation (8.92) by
the arbitrary constants variation method.

As a result, we obtain an approximate solution to equation (8.82):
¢ t

%= / (Zt()l)kn + nyz)km) fodr + / (Z(()l)klz + Zéz)k”) fedr

0 0
i

i
+ / (zgl>k13+zg2)k23) fudr + / (zgl>k14+zgz)k24) fudr. (8.94)
0 0



8.6 Stationary Random Vibrations of Rods 303

The components of the vector Z are:

t

Zoj)ku + 25 )k21) fodT + / (203)k12 + z; )kzz) fepdr

0
t

Zo])klii + Z(()g)k‘g;;) f,,,dT + / (Zoj)kll; + Z(()J)k24) fmdr. (8.95)
0

t
0

t
“
0
The mathematical expectation of the components z; of the state vector Z
and their variances for independent excitations are

My, = (ZO;)ICU + Z(()j)kgl) qudT

o~

¢
+oeee +/ (zoj)km + Zo; k24) my,, d7;
0

D,, ://[é)ku (t,7) + 25 ko (8,7)] - [28) ks (8, 7)
00

0
+ 2 kaa (6,7)] K,y (7,7) drar’ (8.96)

Assuming that the components z; have normal distributions, we can deter-
mine their maximum values for an arbitrary time instant 7 and a coordinate
n

max z; = my, (n,7) + 30, (1, 7). (8.97)

8.6 Stationary Random Vibrations of Rods

Let us consider equation (8.82) of small forced vibrations with due account
of viscous resistance forces, confining ourselves to the case of a concentrated
stationary force P, and a concentrated moment T¢ (9. = p, = 0) acting on
the rod. We find the solution of equation (8.82) in the form of two-term
approximation (8.83). Having used the generalized virtual work principle, by
manipulations we obtain an equation similar to that of (8.92)
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Af + Bf + cf = DYP, + DOT,, (8.98)
where
89 159 oy 959 o83 o2
D'S;l) _ : D"("Z) —
? 2) (@) (2 ™ 2) a(2) o2
“(()1) u((m) u(()3) ’9(()1) 19(()2) ’983)

Having used the Fourier transform, we obtain from (8.98) the image of
the vector f (w) in frequency area.

f(w) = W (iw) DVP, (w) + W (iw) DAT, (w),

where
W (iw) = [w?A+iwB +C] . (8.99)
In scalar form we have
3 3
FO(w) = Zu&) (w11 Pe) + Zu(()z;c) (w12 P)
k=0 k=0
3 3
+ 21983 (wiT) + Z ) (wiaTk); (8.100)
k=0 k=0
3
f(2 ZUOk 1U21P]C) + ZUOk wzsz)
k=0 k=0
3
Z §i (war Tie) + Zﬁ on (waaTk). (8.101)
k=0 k=0

We consider that the spectral densities Sp,, St, of the components of the
vectors P. and T, are known. Let us confine ourselves to a case where it is
possible to consider the components of the vectors to be independent random
functions. Then the cross-spectral densities are equal to zero. For the case of
the vectors P, and T being directionally invariable, but random in absolute
value, we have

P =|P.|(ep-e;), T;=|T|(er-e;), (8.102)

where ep, er are unit vectors directionally coinciding with those of P, and
T.. If the moduli of the forces are random stationary functions, it is sufficient
to know only their spectral densities Sp (w), St (w). Let us obtain the spectral
densitiesnfPrandnf Phforthergeneralicase where the spectral densities of the
components of the vectors P; and T are different.
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The algorithm of determining the spectral densities is presented in Sect. 6.3.
Having used this algorithm, we obtain from (8.100) and (8.101) (provided
that P, and T, are independent) the spectral densities Sya); and Sy

Sray (w Zﬂ (tw) Sp, (w) +Z'y (iw) St (w);

k=1

3 (8.103)
S () = Z B (i) Sp, (W) + Y1 (iw) Sp, (),
k=1 k=1
where
'Bl(cl) (7“"}) = (u(()k)) wllw?l + u(()k)u(()k)wllwu
2
+ “(()k)“(()k wipwy,; + (ugc)> Wi2Wi;
’Yl(cl) (iw) = (19(()}2) w1 Wiy +"98c)’9gc)w11w;2
2
+ 0595 wipw}; + (19&)) W1WI;
2 (8.104)
131(c2) (w) = (u&)) wa1wy + “E)k)“gk)wmwzz
2
+ ugp Ul wasw3; + (u(()i)) W22 W3
2 (50) = (959) warwsy + 039 war,
2
+ 198?’!98}3102210;1 + (1981)) w22w;2.
The cross-spectral densities are
Siwe = Zﬂk Sp. + Z’)’(s)STk;
(8.105)

St = Zﬂ(4)5 + 2’7(4)5Tk,
k=1
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where

2
0 = (o) wirn + ooz

2
+ ugi)u(()}c)w§2w11 + (U(()i)) W3aW12;
2 (8.106)
7}&3) = (%2) wy w11 + 19((,}9)19(()?1”511012

2
2) o(1) % 2 *
+ ﬂgk)ﬂgk)wzzwu + (?9813) Woo W12,

2
ﬁl(c4) = (“(()}c)> wiway + uf,}c)uéi)wi‘zwzl
2
+ “(():;c)“(()}c)whwm + (uf)i’ ) Wi Wa2;
2 (8.107)
4 1 N 1) o(2) «
" = (ﬁgk)) whywg; + 9GO0 wizwy,

2
2) o(1)  x 2 .
+ 19(()k)"9(()k)w11w22 + (ﬁf)k)) W1 Wag-

The expressions for spectral densities Sy« (w) (8.103) and cross-spectral den-
sities Sy s (w) (8.105) can also be obtained, using the Wiener—Khintchin
relationships that connect correlation and cross-correlation functions with
spectral densities, as we did it in Chap. 6.

The products of the functions w;; and w}, dependent on iw enter in the
right-hand side of expression (8.104) for the coefficient ﬂ,(;).The products of
the functions with the same indexes are equal to the square of the modulus
of an appropriate function, i.e.

wyw!, = [wp . (8.108)

The square of the modulus of a complex function is a real function. The
products of complex functions with different indexes are complex functions,
for example,

x 0, (2 1) .2 1), (1
(wnwip) = (w](.l) + “Ugl)) (w§2) - “”52)) = ww(y
2), (2, (. (2), (1 1, (2
+ w§1’w§2’ +1 (w§1)w§2’ - wgl)w§2)) , (8.109)
CY RPNV R CIRINe) -
where wy,’, wyy are real parts; w;7 , w5 are imaginary parts. The real parts

of the complex functions are even functions of w, while the imaginary ones
are odd functions, i.e.

wil (@) =l (~w); w2 (W) = -w? (-w). (8.110)

The product of 'odd functionsristan even function. Therefore the real part
of expression (8.109) is an even function, while the imaginary one is an odd
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function. These results will be used in determining the variance of the com-
ponents of the vector Z (8.83).

The components of the vector Z at a two-term approximation are

2 (n,7) = 255 () FO (r) + 28 () £ (7). (8.111)

Passing to the Fourier image, we obtain

2 (n,w) = 259 (1) O (W) + 252 () £P (). (8.112)

We can obtain the spectral densities of the components z; (and the cross-
spectral densities of z;, z;) by using the algorithm of determining S,, and
Sy, that was presented in Sect. 6.5.

2
Szj (n, w) = (2:((,])) Sfm + z(();)z((,?) (Sfu)f(z) -+ Sf(2)f(1)) + (Z(()?)) Sf(z),
(8.113)
where S;a1y, St and S:q) ) are determined from relationships (8.103) and
F, g fwf ed {r
(8.105). We can present the coefficients ,B,(c] ), 'y,(cj )
(k=1,2,3; j=1,2,3,4) that enter into (8.105) and in (8.107) as

BY) = gOW | g0)@ 0) _ G | 5 () (8.114)

where ﬂ,(cj U '7,(3 YD) are the even functions of w; ﬁ(J )@ and 'y(’ )@ are the
odd functions of w. Therefore we obtain:

NIE

Sy (i) = Y (B Sp, + 2PV S, )

x>
1l

+
e
e~

x
1l
-

(ﬂl(cl)(z)s + 7(1)(2)5 )]
(8.115)

i
NE

S (iw) (ﬁl(cz)(l)spk n ,Yl(cz)(l)SMk)

x>

+
r;!ll
e~

=
]
-

(ﬁ(2)(2)5 +,72)( )S )jl
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3
Sf(l)f(2) (lw = Z (,8(3)(1 S _|_ 7(3)(1)5 k)
k=1
3
43 Z (IB£3)(2)SPk + 7£3)(2)5Mk)] :
s (8.116)
St sy (Iw) = Z (ﬂl(c‘l)(l)SPk + 71(c4)(1)SMk)
k=1
+i [Z (/615;4)(2)Spk +7;£4)(2)5Mk)} :
k—
We can present relationships (8.115) as
Siay = Sfu) + 25’}2(1), Siay = S;l(g) + iSﬁg); (8.117)

2 1 .2
Sf(l)f(2) = ng)fm + ’LS}(})f(z), Sf(z)f(x) = S}(g)f(l) + 1,55.(2)f(1); (8.118)

with
1 1) 2 2
S,(«z) Sfem; S,(:(L = S,(wz)’
(8.119)
S(l) S(l) 5(2) __S(z)
fOF@ T Pr@pay fog@ = JTOY IR

The sum of cross-spectral densities enters into relationships (8.113) and with
due account of (8.118) and (8.119) is equal to

1
S + S = 2Sﬁ(i)f(2>, (8.120)

i.e. is an even function of w. The cross-spectral densities of the components
of the vector Z are

Sij,, z(();)ZOV)Sfu) —+ Z(()])ZOV (Sf(l)f(z) + Sf(2)f(1)) + ZO] zo:/ Sf(z)

The variances of the components z; can be expressed as

[oe]

Dz]- = / Slj (n,w) dw,

00
or

o0

D., = (2 (n )) / Sy

9 o0
+ 228 (n) 282 () / S f(z)dw+(zgj) (n)) / Stemdw.  (8.121)
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As the integrals of the odd functions are equal to zero, we obtain from
(8.121)

3
Dzj (77) (Z(g;) )2 [E (ﬂ(l)(l)SPk + ’)’;(cl)(l)SMk)dw]

k=

1
3
+25;) (1) 253 (n) [Z 8" Vs, +v£4)(”SMk)de

k=1
+ (2 (n)) lz (62 sp, +’7(2)(1)SMk)du{l . (8.122)
k=1

The root-mean-square values of the components z; take the form

7z, () = 4/ Dz, (). (8.123)

Let us consider special cases.
1. The one-term approximation at P, # 0, T, = 0 may be written as

z =z 50,
The equation for determining f(*)(7) has the form

3
mif® + b1 fO 4o fO = EU(();) (m) Py (7).

j=1

The frequency function is defined by the formula

L N 1 _ . (2)
w (iw) = w1 (iw) = Ty 4 awby t o Un (w) + 1wy (W).

The Fourier image of the function f(1) is
3
f @) = ugy (m)wn (w) P ().
k=1

From (8.105) we obtain (at Sy, =0, ﬂ,(cl) = u((,iy)

3
Siay (w) = Eu&’ (m) lwi1|* Sp, ().

k=1
The variances of z; (,w) are equal to

o]

3
D (n)=(zo,) (n) Z / usy ( Iwnl Sp, (w) dw| . (8.124)
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2. For the case of P, = 0, T, # 0 we have

oo

3
D, (m) = (= ) x > [ (682 0m)) s Sus (@) o - (812

-0

In some cases the integrals entering into D,; can be integrated (Appendix 2).
In those cases when this is impossible the integrals can be obtained numer-
ically at finite limits that are specified from the requirement of final result
given accuracy achievement. The expressions obtained for the variances and
standard deviations of the components z; (8.124), (8.125) allow to obtain
their values at any cross-section of a bar including cross-sections where they
attain maximum value. Using the three sigma rule we obtain the greatest
possible value of z; at m;; =0 as

2} (n) = 302, (n). (8.126)

Normal stresses & at an arbitrary cross-section with due account of static
stresses are equal to

&(n) = (210 +21) . (250 +25)z (260 + Zs)y,
F I, I,

(8.127)

where z19 = Q10, 250 = Mao, 206 = Mag; I, I, are cross-sections moments
of inertia; x, y are principal central axes of cross-section.
By way of transformations we obtain

5(n) = Go(n) + 3 (UAC;;(U) n UAM;(77)$ n UAA/? (77).7/) , (8.128)
y T
where 69 = —Qlo Maoz + Maoy‘

F I, I,
The maximum stresses at the dangerous cross-section of the bar are

- - g ag x g
Omax(n) = max max [00 +3 ( AFQI + A}f + AItlay)]
or
Gmax(n) = max |5 +3 ( ZA% 4 TAMAT | TAMY )| (g 199)
F 1, I,

(1) Qo , Myez* Msoy*)
Gl = 2 2 T
( 0 F I, I, ’
where z*, y* are coordinates of the dangerous point in the cross-section.

Normal stresses Gmax(7) depend on dimensionless coordinate 7 therefore
there is a section 7= n*, where 0pmax(n) attains maximum value, i.e.
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Gmax(?) = 58" () + 3 A% (1) | garm,(n7)z" | oam, (11)y"Y
F Il'l Im
(8.130)

Minimum stress in this section (at the point having coordinates (z*,y*))
is

R R e
Yy z

Maximum (8.130) and minimum (8.131) normal stresses allow to estimate
fatigue strength of the bar.




9. Fundamentals of Reliability Theory

9.1 Introduction

The previous chapters were devoted to the theoretical fundamentals of statis-
tical mechanics and the theory of random vibrations. The readers attention
was focused on mathematical methods of solving problems of the dynamics
of mechanical systems loaded with random forces and the determination of
the probability characteristics of the vector of the system state, or, what
is the same, to the determination of the probability characteristics of the
“output” given that the probability characteristics of the “input” are known.
Mechanical systems with a finite number of degrees of freedom and systems
with distributed parameters (structures or elements of structures reduced to
a mathematical model of a rod) were considered. Methods making it possi-
ble to determine the probability characteristics of the stress-strain state of
the structural members at non-stationary and stationary random forces were
presented. It has been shown that methods of statistical dynamics allow the
solution of many applied problems when the random components of loads
cannot be ignored. However, questions of the “strength” of a structure at
random loads were, in fact, not considered.

Before going on to methods of estimating the “strength” of structures in a
probability formulation let us recall how traditional analysis in a determinate
formulation is carried out. These methods include a limit state design method
(based on the occurrence of plastic deformations, on fracture or on buckling)
and an allowable stress design method.

The limit state design method compares the maximum acting load (more
precisely, the load- induced stress-strain state) with the load corresponding
to the limit state which determines the load-carrying capacity of a structure.
This capacity is the onset of a limiting stress-strain state that corresponds
to a structures loss of serviceability or failure. These limiting states embrace
plastic deformations, loss of static stability, and failure. Let us consider some
examples of limit state design.

A straight rod tensioned by a force P is shown in Fig. 9.1 ¢; in so doing the
arising stresses should not exceed the elastic limit. In this case, the limiting
state and the maximum force P, corresponding to it, will be the force P at
which the stresses in the rod reach the yield point o,. Therefore to ensure
the normal work of this element the condition



314 9. Fundamentals of Reliability Theory

/F
\ e e— v
A
a)
®Om
P
_______________ ——
b) ®
Fig. 9.1.
oy —0>0 (a:§>‘ (9.1)

must be satisfied.

A straight rod loaded with a tensile force P and a twisting moment M is
shown in Fig. 9.1 b. A two-dimensional stress state arises in the rod. Therefore
to avoid plastic deformations in the rod it is necessary to fulfill the condition

oy —maxo. (P,M) > 0, (9.2)

where max o, = max Vo2 + 472 or maxo, = maxvo? + 372, max7 = W
k

depending on a strength criteria adopted at calculations. (W}, is the geomet-
rical characteristic of the rod section; for example, for a round rod it is equal
to wD3/16).

A rocket in a launch position is shown in Fig.9.2. A system of elastic
constraints (a damping system) enables it to deflect at a shock wave passage
by an angle 9 (in order to reduce dynamic overloads), but the angle of rotation
of the axial line of the rocket is bounded by the greatest possible angle 4,
which depends on the structure of the dampers and their allowable linear
displacement.

A drilling rig is shown schematically in Fig. 9.3. During the operation of
the drill vibrations arise resulting in a situation where the rod, at large de-
flections from the axis of symmetry, can strike against the surface of the well,
which is extremely undesirable. Therefore to ensure the normal operation
of the system that would exclude contacts with the surface of the wall the
displacements of the points of the rods axial line u (2,t) at vibrations must
satisfy the condition

A — max |u (2,t)| > 0. (9.3)
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Al u(z, 0

Fig. 9.3.

A straight rod loaded with a compressive force P is shown in Fig.9.4. A
limiting state in this case is the loss of static stability, therefore the critical
force P; should exceed the compressive force

P, —P>0. (9.4)

rbojet engine that would not operate
blades Al appearing during its oper-
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ation (at w # 0) are smaller than the gap A between the internal surface of
the casing and the blades at w =0

A— Al(w) > 0. : (9.5)

A variation of normal stress o, arising at the work of a structures element,
as a function of time is shown in Fig. 9.6. The normal operation of the element
at a fully reversed loading cycle requires that the stress is at least smaller
than the limiting stress corresponding to the fatigue strength of the given
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o_1—0>0, (96)
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Fig. 9.6.

where o_; is the fatigue strength at the symmetrical loading cycle.
Methods of limit state design allow us to take full advantage of the load
carrying capacity of a structure.
Generally we have

S—F>0, (9.7)

where S is the function describing the limiting capabilities of the structure,
F is the function describing the real state of the structure.

For example, S depends on the mechanical characteristics of the material
of the structure

S:S(Jyv Oyy My E, G),

where o, is the ultimate strength, u is the Poisson ratio, E, G are elastic
moduli of respectively the first and second kind. The function F depends on
the stresses arising in the elements of the structure at loading

F:F(Uz, Oy, Oz, Txyy Tzz, Tyz)-

Limiting states can be related not only to the strength properties of a
structure. For example, Fig. 9.7 shows a rocket whose trajectory of motion
should not go beyond an allowable “tube” of trajectories (for each instant
t it represents some design closed limiting area Dy). Therefore the control
system of the rocket should ensure the fulfillment of the condition

Da(t) — D (t) > 0, (9.8)

where D (t) is the real area, inside which the rocket is during its motion.
In the design method that uses the allowable stresses the concept of a
safety factor is introduced and the allowable stress o, is taken equal to

On

0, = o] = ks (9.9)
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Fig. 9.7.

where o, is the limiting stress (yield point for plastic materials, ultimate
strength for brittle materials or critical stress corresponding to loss of static
stability); n is the factor of safety.

Therefore the conditions of “strength”, for example for (9.1), (9.2), (9.4)
and (9.5) at a design based on allowable states are

Py (9.10)

Z_AlW20  (n>1).

It is generally agreed that the fulfillment of conditions (9.10) at the de-
terminate values of the quantities entered in them ensures the “strength” of
these structures.

It is possible to present relationships (9.10) in a more general form as

Si— S >0, (sd = %) , (9.11)

where R, is the load carrying capacity of the structure or of its elements, Sy
is the allowable state, for example, the allowable load, allowable stresses etc.,
S is the real state, n is the factor of safety.

The values R., S and n entered in the relationships (9.11) are considered
determinate quantities. In a determinate statement the ultimate goal of a
desigmyisptorchecksthesfulfillmentyofrinequalities (9.11). We may consider that
the fulfillment of inequalities (9.11) assures the no-failure operation of the
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structure while it is in use. (In the general case any failure represents a
malfunction of the structure, and not just the occurrence of a limiting state).

The factors n; are chosen on the basis of the gained experience. Each
field of technology has its own requirements for the designed equipment and
traditional methods of analysis, which allow us to recommend the numerical
values of the safety factors. They are often referred to as “normative factors
of safety on strength” or “normative safety margins”. For example, in aircraft
technology it is recommended to take safety factors equal to n = 1.5, while
in rocket and space technology they advice to take these factors equal to
n = 1.2,

The chosen numerical values of the factors n depend on the importance of
the designed equipment, the level of manufacturing technology, the properties
of materials and the accuracy of specifying loads. Safety factors have been
revised with due account of generalized many-year experience of designing
in all industries, therefore each of them has its own “strength design codes”
that are used in practical designing. These codes define the structure and
volume of basic works performed at all stages of producing structures and
necessary for the assurance of the required strength. Designing, where all
strength requirements that should be realized in a developmental prototype
are taken into account, including every “physical” feature of the structure and
its real operation conditions, plays the leading role in making this structure.

When using design methods based on strength design codes during the de-
termination of the load carrying capacity of a structure the function of safety
factors is in the main reduced to the compensation of: 1) the discrepancy
between the determinate form of presenting the results of a strength design
and the possible scatters of the structures parameters and loads; 2) the devi-
ation of the design scheme (mathematical model) from the real structure and
real loading conditions, which results in a large factor of safety scatter even
when designing structures of the same type. For example, in the process of
designing guided projectiles in Britain the factor of safety n, equal to 1.33 is
adopted, while in the USA during the designing of guided projectiles with a
close system performance the factor n equal to 1.25 is used [3]. There is no
rational explanation as to why the factors n differ, therefore specifying them
involves some uncertainty , i.e. they are random in character.

In many cases the introduction of safety factors allows the obtainment of
satisfactory structures. When designing new equipment, however, when the
lack of experience and operational data makes it very difficult to choose a
reasonable safety factor. The arbitrarily assigned safety factor can produce
wrong solutions resulting either in the overestimated weight of structures or
in emergencies. The principal difficulty in determining allowable stresses (or
deformations) and a structures load carrying capacity is to coordinate design
and actual data. The problem of choosing the specific value of safety factor
in order to determine, for example, the allowable stress is complicated by
the factythat,theymechanicalycharacteristics of the material, influencing the
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structure limit states, as well as real forces and geometrical sizes of structure
elements, influencing the structure current states, have random scatters. Tra-
ditional design methods both at limit state design and at the design using
the allowable stresses, do not explicitly take into account possible random
scatters, i.e. do not consider the probability character of the limit states of a
structure or that of its real state.

Therefore it is more logical to estimate the structure serviceability not on
the basis of determinate inequalities (9.1)-(9.3), but in terms of the proba-
bility of their fulfillment, i.e.

P[(S-F)>0], (9.12)

where P is the probability of no-failure operation.
The probability of failure is equal to

R=1-P, (R[S~F)<0]). (9.13)

Estimation of the “strength” with due account of the probability character
of parameters and loads of the structure requires different methods based on
the theory of probabilities and statistical mechanics. Therefore we introduce
the concept of the systems reliability H which is estimated by the probability
of fulfilling inequality (9.7)

H=P[(S—F)>0. (9.14)

By reliability we shall mean the ability of machines, devices and structures
to operate trouble-free during a certain time interval. The no-failure operation
of technical objects is considered to mean the fulfillment by them of all their
functions in the given operating conditions. There is another, more detailed
definition of reliability as: “the property of objects to retain in time, within
the predetermined limits, the values of all the parameters characterizing the
ability to fulfill the required functions in the preset operating conditions and
conditions of use, maintenance, repair, storage and transportation”.

Passing to the probability methods of “strength” estimation, when it is
necessary to take into account the random character of loads and the parame-
ters of the structure, we find the probability of the fulfillment of determinate
inequalities (9.1)—(9.8) rather than the latter themselves. For general case
(9.7) the estimation of trouble-free operation is related to the determination
of the probability

P[(S-F)>0]. (9.15)

The questionsarises,aboutythe extent,of probability estimations of “strength”
being better than traditional ones that use the factor of safety which is as
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unspecific as the probability itself. The point is that probability estimations
of “strength” take into account objectively existing random scatters of loads,
mechanical characteristics of materials, etc., and for this reason represent real
conditions more completely. In what follows it will be shown that at factor
n = 1.5 the probability of trouble-free operation can be lower than at n = 1.2,
which seems strange as it is usual to assume that the greater the factor of
safety, the greater the “strength” of a structure.

Probabilities of the no-failure operation of a system in themselves are of
little use (for example, if P = 0.9 it is hard to say whether it is good or bad),
but if we carry out an analysis for two versions of a material with due account
of the probability properties of their mechanical characteristics and it turns
out that the probability of no-failure operation is equal to 0.9 and 0.95 respec-
tively, we can definitely state that the structure with the 0.95 probability of
no-failure operation will be better. The account of random scatters produces
qualitatively different estimations of “strength”, which makes it possible to
design more rational structures having greater reliability, durability and life-
time.

Assuring the reliability of designed mechanical systems is one of the ba-
sic problems in mechanical engineering, instrument making, aircraft, space-
rocket engineering and many other industries. It is explained by the continu-
ous growth of reliability and life requirements to new equipment that should
normally function in severe operation conditions. By convention all problems
of estimating the reliability of mechanical systems can be divided into three
classes.

1. The estimation of the reliability of a structure or structure components
under a single or low-cycle loading. The problems of estimating reliability
under single loading arise both at static and dynamic loading, for example,
at impact or pulse loading [22].

No damage accumulation occurs in these problems or, if it does at a small
number of load cycles, this damage accumulation can be ignored.

2. Problems involving the accumulation of residual macroscopic strain
within a limited time interval (0,7) under stationary or quasi-stationary
random loads [9], when it is possible to consider single overloads resulting in
the failure of a system as highly improbable. During analysis pertaining to
these problems the task is to determine probability distributions for resid-
ual strains at ¢t = T. The quasi-stationary loads (processes) are considered
to mean processes whose probability characteristics change in time slowly
compared with the variation of random functions.

3. Problems related to accumulation of fatigue damage under the action
of stationary or quasi-stationary random loads, when the probability that
stresses arising in a structure will exceed the elastic limit is very low, and the
structure fails as a result of gradual development of fatigue cracks [9, 19].
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9.2 Elementary Problems of Reliability Theory

Before proceeding to methods of finding the numerical values of the proba-
bility that inequalities (9.1)—(9.6) will be fulfilled, we shall tackle elementary
problems of determining a systems reliability when that of its elements is
known.

2ol H, H, Hy H, >

Fig. 9.8.

Let us consider an example of determining the reliability of a system that
comprises separate elements whose reliability is equal to Hy (Fig.9.8). Two
mechanical systems with the known probabilities Py (Px = Hp) of no-failure
operation of each of the members of the system are shown in Fig.9.8q, b
as block diagrams. The system presented in Fig. 9.8 a consists of members
connected in series; while that drawn in Fig. 9.8 b includes members connected
in parallel. Let us consider the case of members being connected in series
(Fig. 9.8 a) and interacting in such a way that their failures (Rx =1 — Fx)
are independent. It is required to determine the reliability of the system as
a whole. This system maintains serviceability only when all of its members
connected in series operate failure-free. It is to be recalled that the probability
of occurrence of a joint event consisting of n independent events is equal to the
product of the probabilities of occurrence of each of the n events. Therefore
the probability P of no-failure operation of the system as whole is equal to

. (9.16)

j=1
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For example, if p = 4, Hy = 0.9, H, = 0.8, H3 = 0.7, Hy = 0.6, the
reliability of the system is equal to H = 0.3024, i.e. the reliability of any
system made of members connected in series is lower than the reliability of
its components.

Let us consider a system whose components are connected in parallel
(Fig.9.8 b) and duplicate each another. The failure of the system will occur
only if all of its components fail.

The probability that each of its members fail is equal to

R;=1- H;.

The probability that the whole system fails (theorem of product of prob-
abilities for independent events) is equal to

5
R=]Ja-H). (9.17)
i=1

The probability of no-failure operation of the system (the reliability of
the system) is

5
H=1-]]0-H). (9.18)

=1

For example, if H; = 0.5, the total reliability of a given block is equal to
H = 0.97. The reliability of a system with its components being connected
in parallel is higher than that of its components, i.e. if such system includes
low-reliability components, we can substantially increase its reliability by
substituting a block of several low reliability components connected in parallel
for one low reliability component. For example, there is one low-reliability
component (Hy) in a system of three members connected in series (Fig. 9.9).

If the reliabilities of these components are equal to: H; = 0.9, Hz(l) = 0.3,

H3 = 0.8, the total reliability of the system is H = HlHél)H3 = 0.216.

If we replace the component Hél) with a block of three exactly the same

Fig. 9.9.
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omemmtY
Fig. 9.10.

members connected in parallel (in Fig. 9.9 they are shown by dashed lines),
the reliability of this unit will be H2(1) =1- (1 - Hz(l))s = 0.657 and the
total probability of no-failure operation will equal H = 0.9-0.657-0.8 = 0.473,
i.e. the reliability of the system will increase more than 100 percent!

An four-engine airliner is shown in Fig. 9.10. We may consider its system of
engines as that of members connected in parallel (Fig. 9.10 b). Let us assume
that a reliability H; of all engines is the same and equal to H; = 0.9. The
airliner can fly if three of its engines fail. In this case the failure of the system
will occur, when all four engines fail. At the independent work of the engines
the probability of failure is equal to

R=(1-H,)" = (0.1)* = 0.0001,

therefore, H =1 — R = 0.9999.
If the airliner can fly only with two of its engines working, the reliability
is equal to H =1 — (0.1)> = 0.999.

9.3 Possible Causes of Failures

Among the principal causes of failures of mechanical systems are: incomplete
agreement between the load used in the analysis and the real load; intensive
loads resulting in an excess of the load carrying capacity of a structure; plastic
deformations of elastic elements; wear of parts; excess of allowable deforma-
tions; loss of stability, etc. A failure can result from random defects present in
structural elements and developed in them while in service (development of
cracks), as well as from damage accumulation and changes in the mechanical
properties of material (for example, due to irradiation). For example, a rocket
thrust R (Fig. 0.2) will have a scatter (R = Ry + AR, where Ry is the design
value of the thrust and AR is the random scatter) on account of a random
change in the temperature of the charge. Because of technological errors at
assembling the axial line of the rocket and the line of the thrust action can
be out of alignment that results in the occurrence of a random force AN,
and a random moment AM, and eventually in an impermissible scatter of
the hit point of the rocket, which may be considered as a failure.
Duringsthesflight-of flyingsvehicles in a rough (turbulent) atmosphere
they are subjected to the action of random aerodynamic forces that can
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substantially change their flight trajectories with the latter going beyond
the allowable “tube” (Fig.9.7) and this is also a failure. Similar failure can
result from a random cross wind. Figure 0.1 shows a vehicle moving along a
road with random irregularities that account for random components in the
forces of interaction of the vehicles wheels with the road. Depending on their
“magnitudes” these components can cause such failures as break-down of the
suspension or suspension fatigue failure.

Failures can also occur owing to a discrepancy between the design scheme
(mathematical model) and the real structure, for example, because of ignoring
non-linearities, gaps, friction and the scatter of the mechanical properties of
the material in the mathematical model.

9.4 Determination of Numerical Values of No-Failure
Operation Probability (Reliability)

It will be recalled that the reliability is defined as the probability of nofailure
operation (9.14)

H=P[(S-F)>0], (9.19)

where S is the function defining the limiting capabilities of a structure (the
function of load carrying capacity of a structure), F' is the function defining
the current state of a system. This section is devoted to problems of determin-
ing reliability at the action of single loading or a small number of sequential
loadings. When tackling these problems we can ignore the accumulation of
damage in the structure. In order to determine the probability P we must
know the joint distribution law f(z) of the random quantity Z = S — F
provided that the distribution laws of S and F' are known. If we know f (z),
the probability P is equal to

P(Z>0) = 0/ £(2) dz =ms _/ L ) £(S,F) dSdF. (9.20)

In order to obtain the numerical values of H we must know (determine)
the distribution law of the random quantity Z that is functionally dependent
on two continuous random quantities X and Y

Z=¢(X,)Y), (9.21)

at their known joint probability density distribution law f (z,y) (See Chap. 1).
Generally the distribution law F'(z) of the random quantity Z is

F(z)=P(Z<2) =P[(X,¥)C D] = // f(@,y) dzdy. (9.22)

D(Z<z)
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The mathematical problem of determining F (z) has reduced to taking
the following double integral:

F@ = [[ f@y) dody
D(Z<z)

For the case of Z = X + Y the integral is taken over the area D shown
in Fig.9.11, where

r+y<z,

therefore, fixing z and assuming that y = z — x, we obtain the specific limits
of integration

F(z) = //f(m,y) dzdy = /Oo z/_zf (z,y) dy| d=z. (9.23)
D “oo Lo

We obtain the density of distribution f (z) by differentiating (9.23) with
respect to z that enters into the upper limit of the integral as a parameter

OF (2)

f(z)= e 7 Bﬂz 7mf(x,y) dy y dz = 7f(x,z—z) dz. (9.24)

— 00

As the random quantities X and Y are equivalent, we could exclude not y,
but z and obtain another expression for the probability density distribution

law f(2)

AY
—
—
X
x+y<z O x+y=z
D(Z <z)

Fig: 9.11.
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oo
f(z)= / fz-y,y) dy. (9.25)
If X and Y are independent, the density of Z distribution is equal to

f@) = [ h@h-2)d (9.26)

f2) = / iz =) f2(v) d.

Integrating the right-hand side of (9.26) over x, we obtain a function
dependent on z.

When determining the no-failure operation probability, we must deter-
mine the distribution function F (z) of the random quantity z that is equal
to the difference of two random quantities s and fo

z=8~fo
at the known joint distribution law f (s, fo), i.e.
F(z) = // £ (s, fo) dsdfo.
D(Z<z)

In the shaded area shown in Fig. 9.12 s— fy < z. Therefore, the integration
over the area D as in the previous case we can replace by integration over f,
at a fixed z (fo = s — 2), and then over s

J[ 160 asas = 7 ff(s, fo) dfo | ds. (9.27)
D —00 —z

Differentiating (9.27) with respect to z, we obtain

f(z):]o E%]of(safo)dfo ds:/oof(s,s—z)ds.

If the random quantities s and fy are independent, we have

f(z)= / fi(s) fa(s—2) ds (9.28)
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Fig. 9.12.

Yo

or, changing the order of integration,

o0 Z+f 00
16 = [ 5 {/f(s,fo) ds] dfo= [ £f e+ o fo) df

+ /oofl (z+ fo) f2 (fo) dfo. (9.29)
Let us c;:sider the case of s and fo having normal distributions
f(s)= \/217“’5 exp {—(S%gs—)i} , (9.30)
f()= \/2—;% exp {—(i;—;%f—")%} : (9.31)

Therefore in this case the distribution law of the random quantity z (9.28) is
equal to

o0

1 — Mg 2 - 0 §
fiz) = 2mo 50§, /exp{_(i%l—}exp{—%}ds 952
or
1 o0
f2) = r—— /exp{—A52i2B (z)s - C(2)} ds,
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A DH T p_me ztmp o my (2t my)
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Using the tabulated values of certain integrals, we obtain

7 AC — B?
1z = 27!'0'50'f0 \/;exp{— A }

or by manipulations we get

exp {—M} , (9.33)

2
202

1
f(z) = \/%0';

where m, = ms —my,, 0, = /02 +a?ﬂ.

Having determined f (z), we find the probability of no-failure operation
(reliability)

H=P(Z>0)= /f (2) dz. (9.34)
0

Introducing a new notation

zZ - (ms — mfo)

B = T —
we obtain
1 7 2
H-——g /exp{—%—}dﬁ, (Bo = B|z=0)- (9-35)
L)

The plot of an integrand is shown in Fig. 9.13. The function f () is symmetric
about the vertical axis, therefore

) Bo
/ - /{...}
“Bo —oo

:\/%_Z{...H\/%]{...}=o,5+\/%f{...}.

We obtain the final numerical value of reliability

mg-mp
oz

H=0,5+ 127r / exp { } dg. (9.36)

0
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The integral entering the right-hand side of (9.41) is a tabulated integral
(a “probability integral”).

Example 9.1. Let us return to the problem of estimating the “strength”
of the rod tensioned by the force P (Fig.9.1), using determinate (9.10) and

P
probability (9.14) criteria. At deterministic oy and o = 7 the “strength” is

estimated by a factor of safety n

%y

n= (9.37)

a

Given the random scatters of o, and ¢ a factor 72, equal to the ratio of
mathematical expectations of g, and o, is an analogue of the factor n

Mg,

A= (9.38)

But the factor 72 does not take into account the root-mean-square scatters
of 0, and 0. As mentioned above, when estimating “strength”, we must use
the “probabilistic” criterion of “strength”, i.e. the probability of no-failure
operation, in order to take into consideration all probability characteristics
of o, and o.

‘We assume that the random quantities o, and o have normal distributions
(Fig.9.14), i.e. the numerical values of the mathematical expectations (m.,
and m,) and standard deviations 05, and o, are known.

If random quantities s and f are normally distributed, the reliability (the
probability of no-failure operation) is equal to

maI —Mg
Tz

H=P[(S—-F)>O]=O.5+\/—% / exp{—%i}dﬂ,

0

where
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0, =4/05, +02.

The results of analysis at various values of the probability characteristics
oy and o are presented in Table 9.1.

Table 9.1.
Mathema- Mathema- Mean Mean Safety Probability
tical tical square square factor, of no-fai-
expecta- expecta- deviation, deviation 5 — Mer lure ope-
tion of tion of Oo, of stress, Mo ration,
yield stress, Mo oo P=H
limit, m,,.
5.10% 2.10* 5.10° 2.10% 2.5 0.9999
5.10* 2.5-10 5.10° 25103 2 0.9999
5.10* 3.33-10 5.10% 3.33.10° 15 0.9974
-5-10* 3.8-10% 5-10°% 3.8-10° 1.3 0.9719
5.10% 417-10*  5.10° 417-10% 1.2 0.8997
5.10* 435-10* 5-10° 437-10% 115 0.8365
5.10* 455-10* 5.10° 455-10° 1.1 0.7486

‘When determining the reliability H, it was assumed that the root-mean-
square values of the scatters o, and o, were equal to 10 % of their mathe-
matical expectations. It follows from Table 9.1 that the probability of failure
R (R =1 - H) is not zero for all values of the safety factor. As one would ex-
pect the probability of no-failure operation is higher at large factors of safety
7 and lower at small 7. How will the probabilities of no-failure operation
correspondingrtonthenfactorspofisafety1 7 = 1.15 and ## = 1.1 change, if we
take a higherquality material and reduce the possible scatter of load?
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For example, the root-mean-square scatters of o, and o ( dependent on
external load) are equal to 5% of their average values. In this case the prob-
abilities of nofailure operation are equal to: 1) at n = 1.15, H = 0.9726; and
2) at n = 1.1, H = 0.9082, which is respectively 16 % and 20 % higher than
their values at the 10 % scatter (Table9.1) of the root-mean-square values of
05, and o, at the same factors of safety. Numerical values of the probability
of no-failure operation enable us to investigate the sensitivity of a structure
to the possible scatters of o, and the random force P.

As stated above, the absolute values of probabilities of no-failure opera-
tion are of little use, but the possibility of finding out how changes in the
probability characteristics of allowable stresses and external load influence
serviceability of a structure allows us to make an objective estimation of the
structures quality. By comparing the probabilities of no-failure operation, for
instance, at 7 = 1.1, we see, that a 5% reduction in the root-mean-square
values of o, and o has resulted in the 20 % higher reliability. Let us deter-
mine, by way of example, the probability of no-failure operation of the bladed
disk of a stage of the compressor of a turbojet engine (Fig. 9.15). During the
operation of the engine the blades are elongated due to the axial distributed
centrifugal forces resulting from the rotation of the disk and because of a
temperature t°. The angular velocity of the disks rotation w and the tem-
perature t° have a scatter; as does a gap A, therefore, in order to estimate
the reliability of the disk it is necessary to determine the probability that the
inequality (A — Al) > 0 will be fulfilled

H=P{A-Al)>0].
Let us assume that distribution law of the gap A is equiprobabilistic (Fig. 9.16)

a A <A <Ay (a 1 > (9.39)

f(A)z{o A< A or A> A, T A, - A,
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fA)
! A, A, A
fA)
! my, A
Fig. 9.16.

and Al has the normal distribution (Fig. 9.16)

2

Having introduced a random quantity z = A — Al, we find a distribution
function F (z)

F(2) = // f(4,Al) dAdAl

2(Z<z)

Az o0
1 1 (Al — m41)2
= [ dA —_—— dAl.
A/ t/ (Az - A1) V270 A P { 202,

Differentiating with respect to z, we obtain

z 7 —~2z) - 2
S Jz_;MA/exp {_[(A ) } A
1 (9.41)
Having introduced a new variable ¢
f A—(z+m41)’
JAl

we obtain
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R D

where
t = Ay — (z+m41).
oAl ’
Ay — (z+may)
tp = 22T Al
agal

For each given z; the integral is expressed in terms of functions @ (¢;) and
& (1), that are presented in handbooks on higher mathematics

£(5) = 5 B (t2,) — (11, 5)]. (9.42)

By discretely changing z, we obtain the numerical values of the distribu-
tion law f (z) of the random quantity z at discrete points (Fig. 9.17).

fz) f2)

t

Z4 Z; Z3 Z,

Fig. 9.17.

Having used spline functions, we can obtain, confining ourselves to some
finite value 2, which of the requirements on an accuracy a continuous func-
tion f(z), and then determine also the no-failure operation probability on
the interval (0, z,,)

P(z>0=7f dz~7f
0

Having taken, for example, the following numerical values:

A; =04cm, Ay =08cm, ma =0.6cm, o4 =0.06cm

. (0.1 — 2) 102 . (0.5 — 2) 102
1= 12 R 12 ’

we obtain as a result of calculations
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\

Fig. 9.18.

P(z > 0) = 0.972.

Let us estimate the reliability of the performance of a straight rod loaded
with a compressive force P (Fig.9.18). The limiting state of the rod in this
case is caused by the loss of stability. Therefore the condition

P..— P >0, (9.43)

should be satisfied for the normal operation of the rod, where P, is the
critical compressive force

mEJ

Pcr:__lz—

As P, and P have random scatters, we must determine the probability
of no-failure operation

P[(P,—P)>0].
Let us take the following distribution laws for P, and P
fl (Pcr) = J(Pcr '"PcrO);

2
f2(P) = exp{—%gi},

where 0 is the delta function.
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AfP)

Y

Fig. 9.19.

The distribution law f (P.;) is shown in Fig. 9.19, i.e. P., is a deterministic

quantity equal to P.pg.
Let us introduce a random quantity z

z=PFP, —P>0.

(9.44)

In order to determine the distribution law f (z) let us find the distribu-
tion function F'(z), dependent on the joint distribution law of P,. and P.
Therefore at independent P.. and P we can present this joint distribution

law as
(Pcr,P) - 6(Pc'r - c'rO)f(P)-
The distribution law F (z) is
F(z2)= // 0 (Per — Pero) f(P) AP, dP.
D(Z<z)

Fixing z, we obtain

P=Pcr'_z)

therefore,

F(Z):/{p/ f(p dP} (Por = Poro) dPsr.

(9.45)

(9.46)

(9.47)
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Differentiating F (z) with respect to z, we obtain

[o e}

f(Z): :/f(Pcr_Z)(s(Pcr_Pcro)chr

—o0

or

f(2)=f(Pcr0“Z)-

Therefore

1 (Pro—2z—-m )2

or
1 [z~ (Pero — mp)]z
z) = — . 9.48
F6) = T exp{ = (0.48)
Assuming that
‘= z — (Per ——mp)7
Op

we obtain the probability of no-failure operation

P(z>0)=\/% 7 exp{—g}dt. (9.49)

_ Pero—mp
9p

9.5 Determination of Reliability at the Linear
Dependence of a Stress State on Random Loads

Let us consider a more general case, when a random quantity F, character-
izing the loaded state of a structure linearly depends on concentrated and
distributed forces (Fig. 9.20)

F =k P+kyg, (9.50)

where P is the concentrated force and g is the distributed force. For instance,
the maximum stress at the clamped end for the rod shown in Fig. 9.20 linearly
depends on P and ¢

__M©O) _pP+pyg

=k P + kag. (9.51)
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The probability of no-failure operation in this case is equal to
P(0y — Omax > 0) = P [(oy — (k1P + kag)) > 0] . (9.52)

Depending on specific conditions both dependent and independent P and g
are possible. Let us first consider the case of P and g being independent and
having normal distribution laws. As a preliminary let us consider the general
case where random quantity Y is

=1

and it is required to find its distribution law f (y) when the (normal) laws of
X, distribution are known. The operation of determining the distribution law
of a sum of the independent random quantities X;, having normal distribution
is referred to as a composition of normal laws [13]. If we have a composition
of normal laws, we obtain a normal law. Therefore the distribution law f (y)
takes the form

1 (y“my)z
fly) = Voroy exzn{——;;l%——}, (9.54)

For the considered problem y = k; P + kyg, therefore, we have

f) = — {_(y—my)z}
y)= \/2_7TO'y €xXp 20_12/ )

where my = kymp + kam,, oy = \/kio} + k3o2.
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Considering that the random quantities S and Y are independent and S
has normal distribution, we obtain a distribution law f (2) for (Z =S -Y)

1 (z — m,)?
f(Z)=\/2—7r—d:eXP _T‘_z' y

where m, = ky + mp + kamg —ms, 0, = \/k%a?, + kgag + o2
The probability of the systems no-failure operation is

H=P[(S— (kP +kag)) > 0] = /f(z) dz.

7 -
Going on to a new variable t = U—mz, we obtain
z
P(z>0)=H=— /oo X { tz}dt
z =H=—— e —— .
voxs P 2

The algorithm of determining the probability of no-failure operation at
a single or low-cycle loading presented in this section allows the solution of
problems pertaining to the optimization of structure, as well as to the analysis
of structures with a given reliability.

9.6 Determination of the Probability of No-Failure
Operation at the Nonlinear Dependence of the Random
Quantity F' on External Loads

The problems of determining the probability of no-failure operation consid-
ered in the previous sections referred to the case where the function F linearly
depended on loads and the state of stress of structural elements was uniax-
ial. Let us consider more complex cases where the function F' describing the
real state of a system non-linearly depends on external loads. It occures , for
example, when the state of stress of structural elements is two-dimensional.
A straight, rectangular cross-section rod loaded with forces P, and P, and a
twisting moment M is shown in Fig. 9.21 a. The laws of distribution of P;,
P, and M are considered to be known. There is a biaxial state of stress at
the points A and B of the rod’s section (see Fig.9.21 b, ¢). The dangerous
section is the section at Z = 0.
At point A (Fig.9.21 a) we have

apl - b—h’ TA = W, an = 0,



340 9. Fundamentals of Reliability Theory

B
*)M
& o
P
§ i .
N 1
\ oo ———— =
§ z
= / »
Ta
A
b) C)
Fig. 9.21.

where « is the Saint-Venant factor (Table9.2). At point B (Fig. 9.21 b) we
have

P, Pyl

op = —l; op, = —2; ™8 = NTA.
Y bh > bh?
6

Let us determine the probability of the equivalent stress at points A and
B being less than the yield strength, i.e.

Pl(oy — o) > 0]. (9.55)
Table 9.2.
h 1 1.5 1.7 2 2.5 3

b
a 0208 0.231 0.239 0.246 0.258 0.264
n 1 0.859 0.820 0.795 0.766 0.753

0.282 0.299 0.207 0.313 0.333
0.745 0.743 0.742 0.743 0.742

=S | R jorl >




9.6 Determination of the Probability of No-Failure Operation 341

The probability P is the probability of the elements no-failure operation.
Equivalent stress according to the distortion energy hypothesis is equal to

oe = Vo2 + 372

At points A and B the equivalent stress is equal respectively to

o = /alplz + agM?2, (9.56)

UgB) = \/ZalPl + a3P2)2 -+ a4M2, (9.57)

where a1 = (bh)_2, az = 3/ (ahb2)2, az = (%), a4 = 377/ (ahb2)2. Ifh>

b, the shear stress (74) at point A is greater than that at point B, therefore,
depending on the rods parameters (I, b, h) and the numerical values of P,
P, and M, the maximum equivalent stress in the section can be either at
point A or at point B. Therefore the probability of no-failure operation of
the rod will be equal to the least of the probabilities

P[(oy- o) > 0],
P[(oy =) >0].

The main difficulty in finding the probabilities of no-failure operation consists
in the determination of the laws of distribution of a.(gA) and when equivalent
stresses non-linearly depend on the external load.

Let us consider the algorithm of approximate solution of this problem.
Let us assume that

Py =P+ AP, Po=Py+AP,, M= M;+ AM,

where Py, P, My are mathematical expectations of random quantities and
APy, AP, and AM are random scatters that follow certain distribution laws,
for example, normal distribution laws (Fig.9.22) or Rayleigh distribution
laws (Fig.9.23). We consider that AP;, AP, and AM are “small” random
quantities (compared with mathematical expectations). For instance, if the
random scatters follow normal distribution laws, then, using the three sigma
rule, we can find their maximum values at zero mathematical expectations
max AP, = |30ap,|, max AP, = |30ap,|, max AM = |30 ap|. Therefore,
if |max AP;j| < Py (j =1,2) and |max AM| < Mp, the random quantities
AP;(j =1,2) and AM can be considered small. If the random quantities
follow Rayleigh distribution laws, we can obtain their maximum values from
conditions

max AP;

P= / F(AP;) dAP; = 0.98. (9.58)
0
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A 5(aP) A H:(AM)
A;’j ANT
a) b)
Fig. 9.22.
A A fAM)
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Fig. 9.23.

Similarly, we can determine the maximum values of random scatters for
other distribution laws, which is necessary to justify the assumption that
APy, AP, AM are small and to linearize nonlinear functions (9.56) and
(9.57).

Let us consider the general case of the function F' depending on a finite
number of random quantities z; :

H=P[(S~F(z;)) > 0], (9.59)

where =; = mo; + Ax;; (Az; are small quantities).

To find an approximate solution we must expand the function F in
a series. A Taylor series for the function F in the vicinity of the point
F(mg,,Mgy,... ,my_ ) is

", dF
F = Fy (mzj)+z E

il

Ax; +%i§: 62F_ | AzjAzi+. ..
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If we restrict ourselves by the linear part of the expansion, we obtain

n
F=Fy+ ZC]'AQJ]‘, (960)
j=1
where
_dF
<= d.’Bi Zi=m=i.

The probability characteristics of the stochastic function include:
1). The mathematical expectation of F is equal to

mgp = Fo. (9.61)

2). The variance of the random quantity F (9.60) is

2 n
Dp=M [_}?‘2} =M (i C,A.’EZ) = ZCEDE‘ + ZCiCjkzimj. (962)
=1 =1

i

For the independent random quantities Az; we have respectively

mF=F0

i 9.63
DF = E C?Dmi ( )
=1

As a result we obtain

H=P[S-F)>0=P

(S - (Fo + iCiAdii)) > 0:| . (964)

For the further solution we must obtain the distribution law of the fol-
lowing random quantity

Y =Fo+ ) cAX;, (9.65)

=1

where AX; are independent random quantities whose distribution laws are
considered known. Let us confine ourselves to the case of the distribution
laws of AX; being normal. Then, using characteristic functions, we obtain the
distribution-law.f () The characteristic function g, of the random quantity
y is equal to (t is a parameter)
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gt =M[Y] =M [exp {z’t (Fo + iciAmi) H

i=1
n n
— eitFoprs [H eztciAzi] — oitFo HgAm (cit) . (9.66)
i=1 i=1

The characteristic function of the random quantity z; = c;Az; having
normal distribution is [13, 29]

2 2 2.2 2
. Oz. . toCi0 A,
gg_) = gz, (t) = exp {ztmmj - ;’ } = exp {zt (cjmaq,) — —12——&} )

Therefore, for the characteristic function g, (¢) we obtain

it F i tzch'ij
t) = e***'0 it (c.mAx;) — ——L
gy(t)=e l I exp {Z (¢jmAz;) B }
> 2.2
,_lchAmj

=1
2
n (.
=exp\ 1 tFo+;cijzj - 3

or

202
9y () = exp  itmy — —% 5, (9.67)

We can show that the characteristic function g, () corresponding to the
normal distribution law [29]

1 N2
fly) = Vomay P {——(y 2:5”') }

is equal to

- 252
gy (t) = exp {ztmy - —2—y} .

The functions f (y) and g, () are connected by a Fourier transform, there-
fore the following normal distribution law

exp {—@—"—my—)z} (9.68)

2
2ay

fly) =

1
V2moy
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n n
where m, = Fy + ZcimAzﬁ ol = ZcfoZAzi corresponds to characteristic
i=1 i=1
function (9.67).
As regards the considered problem, for example, for the point B after the

linearization of the equivalent stress we obtain
Y =0B = UEOB) + c1AP, + AP + c3AM, (9.69)

where

o’éB) = \/(alp]_[) + G,3P20)2 + CL4M3,

o = do'® _ a1 (a1 Pro + azPa) ,
! \/(ale + asPy)? + asM?
¢ — do'® _ a3 (a1Pyo + a3 Pa) ,
oF, \/(011’10 + a3Py)? + agM?
e = 85 _ asM
oM

\ﬂale + a3P20)2 + a4M3

At the normally distributed APy, AP, and AM (Fig. 9.22) the distribution
law f (0‘,(33)) is normal

(UgB) _ maﬁB)) ?

exp e e——— ;
200(8)
.

HER

) - vV 27“70(3’

where

m, &) = off);

Uigﬂ) = ciop, +30%p, + 30AM-
Therefore the distribution law f (2) of the random quantity z equal to z =
=5—-F=o0y— o$® at a normal distribution law is

1 (2:—m,,)2
f(z)= N eXP{—T},

where

- _ 4(B).
M, = Mg, — Teg 3

2 _ 22 2 2 2 2 2
0, =C€10ap, T C20ap, + €304, + 05,
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The probability of no-failure operation is equal to

Pl(oy —0e) >0 = \/% /°° exp {—E;} dt. (9.70)

Let us consider the case of the random quantities AP,, AP, having nor-
mal distributions (Fig.9.22 a), and AM having the Rayleigh distribution
(Fig.9.23 b).

It is required to determine the reliability (9.64) for the case, where random
quantities entering in the function F (z;)

n

F(z;) =) ¢z +b (9.71)
j=1

have different distribution laws. For example, z;(j =1, 2, ..., n — 1) have

normal distribution laws, and z,, has the Rayleigh distribution. Let us present
(9.71) as

F(z;) =y+cngn =y+z), (9.72)

where

n—1
Y= Z c;z; + b.
=1

Having used characteristic functions, we obtain the distribution law of y that
is a normal distribution law (9.68).

Then, we find the composition of the distribution laws f (y) and f, (mg)) .
Let us introduce a random quantity y; equal to

n=y+ai). (9.73)

According to the general algorithm that determines the distribution law of
the sum of independent random quantities (9.23)—(9.26), we have

00 vz
£ ) = O/ b () | - 4 £ () dy| daf) (9.74)
or
£ ) = 7 f (22) £ (v - 20 da®. (9.75)
0

The limits of the y; variation are from —oo to co. As a result we obtain

H=P[(S-Y1)>0].
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Assuming that z = s — Y7, we find the distribution law f (z)
[o0]
@)= [ £ 1(s-2) ds. (9.76)
—o0

Having determined f (z), we find the reliability of no-failure operation of a
system at the action of independent random excitations that have different
distribution laws

H= [ f(z)d=. (9.77)
/

If the integral is not tabulated, it can be approximately determined numeri-
cally. We must obtain in advance the values of f(z) in a set of discrete points
and then using spline functions we must obtain continuous function f(z) on
a bounded interval of z variation and to obtain A numerically.




10. Random Processes at the Action of
Random Functions Bounded in Absolute Value

10.1 Introduction

During the presentation of the theory of random vibrations (see Chap.6-8)
it was considered that all necessary information on random excitations (dis-
tribution laws or probability characteristics of random functions) is known,
which allowed us to obtain the probability characteristics of the output based
on the known probability characteristics of the input.

Besides, a necessary condition for applying methods of the theory of ran-
dom processes is the repeated occurrence of a random event in practically
homogeneous conditions. The application of the probability methods of anal-
ysis is worthwhile only at mass events. Very often, however, in the process
of analyzing specific problems of the dynamics of mechanical systems, the
necessary information on random excitations is either absent or its obtain-
ment represents a problem that is incommensurably more complicated and
labour-consuming than the subsequent solution of equations of motion.

The absence of necessary information on random forces complicates the
solution of applied problems, while introduced assumptions and suggestions
lead to highly approximate and poorly authentic numerical results.

When solving problems related to the random vibrations of a motor vehi-
cle at the movement along a road with random irregularities (see Chap. 6), we
considered that the necessary probability characteristics of the irregularities
of the road are known. In order to obtain these probability characteristics
a very large experimental work is required, therefore these characteristics
are available only for a limited number of roads. Designing a structure (for
example, a motor vehicle) demands that we should take into account the
conditions of its operation. Only with due account of these conditions can
we pose the problem of optimizing a structure and increasing its reliability.
When external conditions are known (for example, the probability character-
istics of the external forces which will act on a structure), we can use methods
of the theory of random processes to determine internal forces (stresses) aris-
ing in the structure that allow us to judge its possible reliability. However,
if the probability characteristics of external excitations are not known, these
methods are of little use [32].

The service reliability of a structure substantially depends on how accu-
rately the external excitations or a structures operation conditions that have
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been taken in an analysis represent the actual excitations or operation condi-
tions. In order to obtain the probability characteristics random functions we
must have a large number of process realizations, which can entail great dif-
ficulties in experimental investigations or large material expenses. This gives
rise to the problem of devising methods that would allow us to estimate the
impact of random excitations on a mechanical system at an easily obtainable
minimum of possible information about them.

The easiest thing in experimental investigations of the random processes
involved is determining the tolerance of a random quantity or the area of
possible values of a random function. The area of possible values of a random
function f(t), when the extreme values of the function f(t) are equal in
absolute value and time constant is shown in Fig.10.1. In what follows a
random function given by the area of possible values will be referred to as a
random function bounded in absolute value. Generally, the boundary of the
area of possible values of the function f (t) can vary in time (Fig. 10.2). As
information on the behaviour of the function f (¢) inside the area of possible

= -

.........

mit)

Fig. 10.2.
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values is absent, we may assume that this behaviour can be arbitrary, i.e.
the class of functions characterizing the possible behaviour of the random
function f (¢) includes, among other things, the class of sectionally-continuous
functions with discontinuities of the first kind. The possible discontinuous
behaviour of the function f(¢) in time is shown in Figures10.1 and 10.2 by
the dash line. In physical terms a discontinuous behaviour of an excitation in
time means an inertialess behaviour. Real random excitations have an inertia.
For example, a random wind load can not change its direction instantly, which
is tantamount to an instant change in the velocity of the wind. Therefore,
the assumptions to the effect that any discontinuous behaviour of a random
excitation is possible, are an idealization of the real behaviour of f(¢). In
what follows it will be shown that this idealization leads to the worst possible
actions on a system.

In order to elucidate the basic features of dynamic problems at the action
of discontinuous excitations bounded in absolute value, let us consider the
following example.

Example 10.1. A body of a mass m moves horizontally under the action
of a force R (Fig. 10.3). The force R has a scatter AR (t), with |[ARmax| = a =
= const (i.e. AR (t) is a random function bounded in absolute value (Fig. 10.4).
We can present the force R as

R(t) = Ry (t) £ AR(%), (10.1)

where Ry (t) is the design value of the force ‘R.
If we ignore all forces other than R, the equation of motion of the mass
m takes the form

. 1
i(t)=—R (10.2)
: >
— e  — — —— — — — i — i — - — i — i f— - —
X
Fig. 10.3.

It is required to determine the greatest possible scatters of z and i, which
the body can have at the given time instant ¢; at the action of the random
force AR given by the area of its possible values. The displacement 2 can be
presented as

z (t) = zo (t) + Az (1), (10.3)
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where zg is the displacement corresponding to the design value Ro; Az () is
the possible scatter of the displacement caused by the random force AR (t).
The equation of the body’s disturbed motion is

Qi () = —;—AR. (10.4)

Assuming that

At =z1; Az = z,, (10.5)

we obtain a system of equations

1 = f(t);

. (10.6)
T2 = 21,

where f (t) = @

Certain vah?gs Az and Zj at the time instant ¢y correspond to each pos-
sible behaviour of AR (t). As the time of the process and the force AR are
bounded, Azy and Az will be bounded as well. Therefore, when using the
phase plane, its points (Azy, Azy) will correspond to each possible behaviour
of AR (t) with the points being localized in the bounded area of the phase
plane. In Fig. 10.5 the area of possible values of Az and Azy is shaded. The
displacement z; and the velocity &y correspond to the design condition of the
bodys motion at the time instant ti. It follows from the boundedness of the
area of possible values that there is a limit curve covering this area (methods
of determining the area of possible values of the solutions of the equations
of motion of a system will be presented below). The limit curve divides the
phase plane into two areas: the area of Azy and Az values whose realiza-
tion is'possible (the'shaded area) and that of Azxy and Ay, values which will
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never be realized (at the given area of possible values of AR), for example
the values of Az, and Az corresponding to the point A in Fig. 10.5.

The knowledge of the area of possible values of Az, and Az allows us
to answer a number of practically important questions, in particular, what
maximum values of Az (Point a) and Ady (Point b) are possible at the
most unfavourable laws of AR (t) variation, in what manner the sizes of the
area depend on the parameters of a system and how, in this context, we can
choose the parameters of a system, at which the area reaches its minimal
sizes.

Let us determine the area of possible values of the solution of system
(10.6) which (at zero initial data) may be presented as

T = Zf (r)drm; 2= Zo/tkde = Z(tk —7) f(7)dT. (10.7)

Relationships (10.7) do not take into account the discontinuous behaviour
of f (), therefore let us obtain the expression for z; and z5 with due account
of the possible discontinuous behaviour of f (t) on the time interval (0, ).
Suppose, for example, that at the time instant ¢’ (¢’ < tx) the function f (t)
reverses sign (dash line in Fig.10.4). For the sake of definiteness we may
consider that it was equal to +a up to ¢/, and to —a after it, i.e.

a 0<t<t;

f(t) = {_a b < b (10.8)
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At such variation of the function f (t) we obtain

t t
T :/adT—/adT,
0 0
10.9
; " (10.9)
Z3 =a/(tk—7')d7'—a/(t;c —7)dr
0 ¢
or after integration
T = (2t/ —tr) a;
a (10.10)

22 = —3 [(tk —t)? — ti] + g [— (t — t’)z] .

The function f may also behave in somewhat different manner, being
f = —a, from zero to t’ and f = +a from t' to tx. At such law of f variation
the signs in front of the integrals in the right-hand side of expressions (10.9)
reverse, i.e. the values z; and z3 can be of opposite signs. The area of possible
values of z; and z5 at t = t;, is limited by curves (10.10) given in parametric
form. If we put ¢, = 1, the expressions for z; and z, will be

1
z1=(2t' —-1)a; zz=a (2t’ -5 t’2> at 0<¢ <1 (10.11)

Expressions (10.11) give only one branch of the limit curve, the second one
being symmetric (with respect to the origin of coordinates), as the values of x;
and z, equal in magnitude but opposite in sign are possible. In Fig. 10.6 the
area of possible values is shaded, occupying only part of the area plotted on

T Xok
Xomax 0.5a

Fig. 10.6.
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the maximum values of z; and z; if the function f had only one discontinuity
on the interval (0, tx). What values will the functions z; and z, take if the
function f has two or more discontinuities? It may be that we shall obtain a
point located on the plane (z;, x3) and lying outside the shaded area. Let us
consider the case of the function f having two discontinuities at the instants
t and t" (¢ > t').

a 0<7T<LHt,
f=4—a t<r<th (10.12)
a t'<T <ty

On integrating the expressions for z; and x2 will be as follows (at ty = 1):
Ty = (2t' = 2t" + 1) q;

Ty = g [1 +2(1-t")?-2(1- t’)z] . (10.13)

Let us take two arbitrary time instants t' = 0.4; ¢ = 0.6 and substituting
in the values of x; and x5, we obtain 27 = 0.6a; o = 0.3a.

Judging from Fig. 10.6 where this point is placed in the shaded area, no
worse case has occurred. The law of functions variation (with one disconti-
nuity) that was taken when plotting the area turned out to be the most ob-
jectionable. In what follows it will be shown that for this system of equations
the worst law of function variation is, in fact, that with one discontinuity.
In this particular example such law of the function f (f = const) variation
on the whole time interval is possible when the simultaneous maximum of
the functions z; and z is reached at ¢ = t; (with simultaneous maxima of
only one sign being possible). What will happen with the area if the function
varies in wider bounds, for example, inside a band limited by straight lines
+2a (instead of =+ a, as in the example)?

It is easy to establish from expression (10.13) that the functions z; and z;
would be two times greater, i.e. the area would become larger, but its form
and position inside the rectangular area would not change. Such increase
or decrease in the tolerance for the functions perturbation leads to a similar
change in the area of possible values of the solutions of a system of differential
equations. In the considered example the area of possible values of z; and z5
proved symmetric with respect to the origin of coordinates, but this is not
always the case. The position of the area of possible values of the solutions
of a system (for the considered example of the functions z; and z3) depends
on the boundaries of possible excitations (of the function f in the given
example). Let us plot the area of possible values of z; and z; for the function
f, specified inside a band shown in Fig.10.7. Let us first consider a case of
the function f variation shown in Fig.10.7 by a solid line. In this case the
function f is given as

UN
f:{a, at 0< 1<t (10.14)

0 at t' <7<t
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Fig. 10.7.

Having made the necessary calculations, we obtain at ¢ = 1

2 =ta z=3 2 -7,

At a change in the function f

fe 0 at 0<7<¢¥
T la att <7<t

z1 and x5 are of the form

1
zy=1-1¢; z2=§(1~t')2.

(10.15)

(10.16)

Systems (10.15) and (10.16) define the equation of the limit curve (two
branches) with the corresponding area being shown in Fig. 10.8. In the con-
sidered examples the boundaries of the area within which the function f
varied were constant in time. Similarly, we can determine the area when its

borders depend on time %, as, for example, is shown in Fig. 10.2, i.e.

m(t) < f(2) < M (2).

(10.17)

Generally, several random excitations fi (t) bounded in absolute value

and satisfying the conditions

X, A

0.5a

Fig. 10.8.
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mi() < fi() S Mi() (i=12..k), (10.18)

can act on a system, where m; (t), M; (t) are known functions of time that
represent the bottom and top boundaries of the possible values area within
which the function f; can take any values. The limiting values of the function
fi (m; and M;) can be independent on time t. The set of functions satisfying
conditions (10.18) includes, among other things, deterministic functions vary-
ing in time according to known laws but remaining within the area of possible
values. The functions satisfying condition (10.18) can embrace those retain-
ing constant random values during the whole process, for example, random
initial data. Let us introduce a notation f? for random functions retaining a
constant numerical value during the process. The functions f can take any
value within the interval

m) < f) <M. (10.19)

Restrictions on excitations of the (10.18) or (10.19) type have a definitive
physical meaning and characterize the utmost possible deviations of excita-
tions that can occur in a given system. As regards technical problems involv-
ing excitations f; that evaluate the scatters of the forces or the parameters
of a system, the tolerances for the deviations of these quantities from their
nominal values can be determined with a sufficient accuracy.

Random functions f; and random quantities f2 that satisfy conditions
(10.18) and (10.19) respectively, are independent. For example, if two random
functions fi (t) and f» (t) meeting conditions (10.18) act on a system, their
possible values are inside rectangular area (Fig. 10.9) at any time instant. In
this case the components of the vector of excitations are independent.

L0 A

fu .0

=
S

my(@)
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Fig. 10.10.

Along with independent random excitations, dependent random excita-
tions limited in absolute value can occur. Let us consider as an example a
mass m (Fig.10.10) subjected to the action of a force f that is randomly
directed (angle o is random) and limited in absolute value |f| < a. The mass
is attached to an inertialess elastic rod. Let us confine ourselves to deriving a
condition that should be satisfied by the projections of the force f onto axes
X and Y. Force f projections, f;, and f,, equal to

foe = fcosa; fy = fsina. (10.20)

will enter in the equations of motion of the mass m written in the projections
on the axes X and Y.
From (10.20) we can obtain a relationship

e+ f=1r
but since f is limited in absolute value

fOl<a=fm

we have

=2} 4+ (=L) <1, 10.21
(7) +(2 (1021
i.e. the possible values of excitations are bounded by the area shown in

Fig.10.11. In a more general case, the force f can also have a projection
onto the axis Z, therefore relationship (10.21) takes the form

(87 (7 (=

Condition (10.22) can be written in a more general form

(Cf ) < 1, (10.23)
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£ A

Fig. 10.11.

where C is a completely positive, self-adjoint square matrix. The left-hand
side of condition (10.23) represents a completely positive quadratic form.

Two types of random excitations f; (t) satisfying (10.23) are possible:
a) fi (t) do not depend on time, i.e. they are the excitations of the f? type;
b) the random excitations f; (t) can be presented as f; = h; (t) f°, where h; (t)
are known functions dependent on time. In the b) case random excitations
fi meeting (10.23) vary in time. The principal problem connected with the
analysis of the non-stationary vibrations of a mechanical system at the action
of excitations that meet limitations (10.18) or (10.19) and (10.23) can be
formulated as follows. It is required to determine the area of possible values
of a vector y that describes the disturbed state of a system at a fixed time
instant ¢, if the components of the vector of excitations are random functions
satisfying conditions (10.18) or (10.19) and (10.23).

The special cases of the formulated problem are: the problem of deter-
mining the projection of the n—dimensional area of the possible values of the
system state vector at non-stationary vibrations onto two-dimensional planes
(areas similar to that presented in Fig. 10.6) and the problem of determining
the greatest possible values of each of the components y; of the state vector
y at a fixed time instant.

10.2 Determining the Maximum Values of the
Components of the Systems State Vector

Let us consider the vector equation of motion of a system that has the form

Yy+AG)y=B@)f(t). (10.24)
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The solution of equation (10.24) at non-zero initial data is
tr

y =K (tr)yo + /G (te,7) B(7)f (7)dr. (10.25)
0

The numerical method of determining the Green matrix G (t;, T) is pre-
sented in Chap. 5.

The components of the initial values vector yo are random numbers sat-
isfying the following conditions (considering yo; as given by areas of possible
values)

(%05 mmin < Y05 < (Y05) max: (10.26)

where (Yo;) nin 20d (Y0;5) . aTe known values.
At first, let us consider the case of the components of the vector f being
independent, i.e. satisfying conditions (10.18)

m; (t) < fi (t) < M; (t).

In scalar form the m—th component of the vector is

n p Ik
Y (k) = D kmsbo; + D / Ay £, 4T, (10.27)
j=1 v=1 0

where p is the number of the components of the vector f, which is not neces-
sarily equal to n; d,,, are the elements of the matrix D = G (r) B(r). The
maximum value of y,, is

P

v=

k
n
max (Ym) = »  max (kmjyos) + max/dmufudT. (10.28)
j=1 1 )

The maximum values of the terms dependent on the components of the

initial values vector are reached at the following values
_ ) Y0jmax at kmj > 0;

;= 10.29

Yo {yoj min at kmj < 0. ( )

The maximum values of the integrals dependent on f, correspond to the
following variation laws of excitations f, (7): f, (1) = M, (7) on time 7
intervals, where d,, (7) > 0 and f, (7) = m, (7) on time 7 intervals, where
dmy (1) <0, i.e.

M, _at_dm, >.0;
f"_{m,, at do < 0. (10.30)
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For example, if 7; are the values of time where the functions dn,, reverse
sign, the maximum values of the integrals entering the right-hand side of
(10.27) (for the sake of definiteness we assume that on the first interval from
0to 7™ d,,, > 0) are

, " %
max/dm,,f,,d'r = / dpo M, dr + / dmom,dr + ... (10.31)
0 0 e

In the particular case of
lijminl = |y0jma.x| = aj; |mj] = |M;| = b;,

the maximum value of the component yp, is

n k tk
s (ym) = 3 ksl as + 30ty [ ldmsl i (10.32)
Jj=1 i=1 3

As a result, we determine the greatest possible values of each of the com-
ponents y,, of the system state vector (10.28) at a fixed time instant, for
example, at the time instant corresponding to the loss of contact between
the rocket and the guide (Fig. 0.2).

The presented method makes it possible to determine not only the great-
est possible values of the components of the system state vector but also
the corresponding worst laws of the variation in time of random excitations
bounded in absolute value. The worst laws of the variation in time of the
excitations f; which impart maximum values to each of the component y,,
of the state vector are different, i.e. these laws cannot occur at a single real-
ization of the process. The knowledge of the greatest possible values of the
components of the system state vector is very useful because these values are
guaranteed.

10.3 Areas of Possible Values of the System State
Vector at the Action of Independent Excitations

The modulus and direction of a state vector y will change depending on the
variation in time of the components of the vector f. Owing to the boundedness
of the components of the vectors f and yo and conditions (10.18) and (10.19),
the vector y will also be bounded at a finite time interval ¢; (Fig. 10.12).
Therefore, all points of the n—dimensional phase space can be divided into
two sets: the set of points, which can be reached by the vector y at all possible
variations of the vector f, and the set of points which vector y can not reach.
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Fig. 10.12.

Let us assume that the maximum values of the projection of the vector
y onto the directions determined by a unit vector ¢ are known. Drawing
hyperplanes through the ends of these projections at different ex and perpen-
dicularly to them, we obtain some closed area contained within the planes.
As the unit vector @ depends on n — 1 parameters (projections onto coordi-
nate axes), we obtain the n — 1 parametric family of hyperplanes. The earlier
described geometrical method of obtaining the area is essentially related to
the assumption that the area is convex, i.e., if any two points belong to the
boundary of the area, all points of the straight-line segment connecting the
two points belong to the area. For example, if a vector £(1) defines point 1
(it corresponds to a state vector y () resulting from the action of the vector
£(1) while a vector f(?) defines point 2 (vector y())), than vector f

f =M 4+ (1)@ (10.33)

defines all points of the straight-line segment connecting points 1 and 2,
when A changes from 0 to 1. The system state vector at a given f can be
presented as

y=xyW+(1-2)y®, (10.34)

and at the continuous variation of A from 0 to 1 the vector y runs through all
points of the straight line connecting the ends of the vectors y(1) and y(?.
This testifies to the fact that all vectors y (at 0 < A < 1) lie inside the area
of possible values, i.e. the area is convex.

Having determined. the maximum values of the projections of the vector
y for each direction of the vector a, we can proceed to the determination of
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a limit surface. The projection of the vector y onto the direction determined
by the unit vector @ with components (a1, @z, ...an) can be written in the
following form (Fig.10.12):

Ypra = (¥ - @) (10.35)
or
n
Ypra = zyiai- (10.36)
i=1

By substituting the expressions obtained for ym, (10.27) in condition
(10.36) we get

Ypra = ZTJyOJ +Z/q; te, T deT, (1037)

j=1 0
where
n
Ty = Zkijai§ (10.38)
i=1
n
g; (tk, 7) = Zdijai- (10.39)

The components of the vector f can, among other things, include excita-
tions ( fio) that do not vary in time, therefore let us present expression (10.37)
as one explicitly dependent on f; and f

k
n n
ora = vy + Y [ 05 (ter7) Frd+ Qo (10.40)
j=1 i=17 v=1
where
tr

Q,(i:/q,,(tk,r)dT, (p+k=n).

0

The problem of finding the area of possible values of a systems disturbed
state vector y has reduced to the determination of the greatest possible value
of expression (10.40) at restrictions met by the functions yjo, f; and I
that maximize the afore-mentioned expression (10.40) with the functions f;
belonging to a closed set. This condition means that these functions may also
have their limit valuesyiteronsomerinterval of time (t1,¢2) f; can be equal
to its limit values, for example
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fi=mi(t) (1 <t<ty), (10.41)

fi=M;@) (t<t<t).

Let us show that the extreme values of vectors y (fx) (Fig. 10.12) forming

the limit surface are reached on the class of discontinuous functions f; that

satisfy conditions (10.18). Then we separately determine the maximum value

of each of the sums entering the right-hand side of expression (10.40). Next
we find the maximum value of the first sum

Y75 () ys0 (10.42)
j=1

with the conditions yim < yjo < yjm being fulfilled, where y;m, y;m are
the minimum and maximum possible values of ;o respectively. Sum (10.42)
takes the maximum value, if y;o are equal to y;ar at r; (tx) > 0 or y;o are
equal to yjm at r; < 0.

The maximum value of the second sum in (10.40) can be obtained if
we take f; (T) according to the band upper bound in those intervals of the
variation of 7, where g; (tx,7) > 0 and according to the lower bound where

g; (te, 7) < 0, i.e. the extreme value of the sum

te

> [ 4 (e, r) fdr

j=1 0
is reached within the functions of the following type (discontinuous functions)

« _ JM;(r) ifg; >0;
o=ty HU20 00.43)

as was to be shown since the laws of the variation of f; that give an extremum
to a scalar product (y-a), also define the extreme values of the vector y (tx).

In order to determine the discontinuity points of the function f; let us
determine 7;; where g; (tx, T) reverses sign. In order to determine 7;; we have
an equation

g; (te,7) = 0.

Knowing 7, we determine the variation laws of f; (7) giving a maximum to
the appropriate term in expression (10.40). The maximum value of the third
sum can be obtained, if we take fO equal to its maximum value at Q% > 0
and to its minimum value at Q% < 0. Thus, for each direction & such values
of yj0, fO and the function f; are determined at which the projection of the
vector y (tx) on this direction takes its maximum value. Knowing y;o, f0 and
[ we determine the components of the vector y (tx) that are coordinates
of points of the vector y (¢x) region of possible values
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n n tk &
bi = Z kijyjo + Z / dijf;adT + Z ‘/iufl(/), (1044)
Jj=1 v=1

Jj=1 0

where

L
m=/@m
0

tr
The integral / dij fiod7T with due account of the variation law of the

0
function f}, can be calculated in terms of antiderivatives

Tjk+1

F)f(r)= / di; M;dr;
o (10.45)
F[J" (r) = / dijm;dr.
e
Then
Ot
/ di; f1dr = FM (1;0) + [FIP (732) — FIP (1)) + - (10.46)
0
if g; (tx,7) >0at 0 < 7 < 75 and
tr )
/ diy frdr = F (110) + [FIP (132) = FM (1)) + ..., (10.47)
0

if g; (te,7) <02t 0 < 7 < 7510
Let us consider the special case of the boundaries of the area of possible
values of the random excitations f; being constant in time

1f5l < aj. (10.48)

For this class of excitations the maximum value of the second term in
expression (10.40) will be equal to

p bk
> / lgj (tg,7)|dT. (10.49)
j=1 0
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In spite of the fact that the initial equations are linear, the problem in-
volving the determination of the area of possible deviations of the solutions
of a system at a fixed instant of time, is nonlinear, since the worst actions of
excitations (the time instants of the transition of excitations from one bound-
ary curve of the area of possible values to another) occur at time instants
dependent on the properties of a system rather than externally given time
instants. The area of possible deviations retains its configuration (in the sim-
ilarity context) given a proportional variation of all excitations. At a similar
variation of excitations we have

f, = gf; £ =pf° (10.50)

where ( is a scalar multiplier.
Conditions (10.18) and (10.19) change accordingly and expressed as

Bm; < fu < BMy;  Bml < fH < BM.

In consequence of the linear dependence of the solution of equation (10.25)
on the vector of excitations, the vectors y (¢x) that determine the limit surface
also change by the factor 8, i.e. a similar variation of the vectors f and f°
results in a similar variation of the area of possible deviations.

Example 10.2. The dynamically stable motion of a rocket can be accom-
panied by its small vibrations on a trajectory that are caused by a scatter in
the thrust of the engine, the linear and angular misalignments of the thrust
and a number of other factors. The equation of the small angular vibrations
of the rocket (Fig.10.13) in pitch is of the form

Jop + ap = My, (10.51)

where Jy is the rocket’s moment of inertia with respect to the axis going
through the center of gravity (perpendicular to the plane of the drawing);
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T

Fig. 10.14.

x"‘ﬁ
~

Mj, is the random exciting moment (caused, in particular, by the gasdynamic
misalignments of the thrust) whose value is usually known in the form of
some field of scatter (Fig.10.14) that has the boundaries of +b; ap is the
restoring moment. It is required to determine the area of possible values of
the angle ¢ and the angular velocity ¢(the area on the phase plane (¢, ¢))
at the time instant ¢, = 5s. When solving the problem, we consider that at
t=0¢(0)=¢(0) =0 Jp = 10 kgm?, a = 1,6-10* N-m, || = 200 N-m.

We may present the solution of equation (10.51) at the time instant ¢ as
a vector @, on the phase plane 0y (Fig. 10.15). The vector of solution ¢,
corresponds to each variation law of the exciting moment M,.

There is such law of variation of the moment M} at which the modulus of
the vector ¢, directed at an angle w to the axis ¢ reaches its greatest value
(Fig. 10.15). If we change the value of the angle o within the limit 0+ 27 and

Fig. 10.15.
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determine |@|,,. , for each intermediate value of a, the end of the vector ¢,
will circumscribe some closed curve on the phase plane, i.e. the boundary of
the area of possible values.

Let us determine the greatest possible values of ¢y and ¢y:

173
)
k= T sinp tk—T Mde;
Pk = 5 J o ( )

N (10.52)
O = 1 /cospg (tr — 7) Mpdr.
Jo
0
Since | M| < b,
b ]
. a
Pk max = —J';'P—O/fsmpo (tx —7)|dT, <Po = ”70) ;
0 (10.53)

te
. b
Pkmax = J_ / ICOSpO (tk - T)IdT'
0
0

In order to determine the boundaries of the area of possible solutions
let us project the vector ¢, onto the straight line determined by the unit
vector o

o= (g - @) = ((pk cosa + %—sina) . (10.54)
0

Having determined the maximum value of the projection of the vector of
solution ¢, for a fixed value of the angle a and the variation law of M, that
corresponds to @4 max, we find the values of the components of the vector
Py, 1.e. the values of ¢, and ¢, which are the coordinates of one of a point
of the boundary of the area of possible values of solutions. As the solution of
equation (10.51) takes the form of (10.52), we obtain the following expression
for projection of the vector ¢, (10.54)

ty

Do = —— /sinpo (ty — 7+ a) My dr. (10.55)
Jopo

0

For example, at o = % expression (10.55) is
-
. is

Do = _JO_P(; /sm [po (& —7) + E] My dr.

0
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™
Assuming that sin [po (ke — 1) + 6] = 0, let us determine 7;, the instants

of the sign reversal of Mp,.

Taking into account that py =~ 0.4m, at t; = 5s, we determine 7, =
= 0.42s; 7o = 0.29s.

Hence, the variation law of the moment M, at which ¢, reaches the
maximum value at the moment ¢, can be expressed as

+b at 0< 71 <042
My=<{-b at 042<7<29;
+b at 2.9 <7 <5.0

Let us calculate the value of y for the obtained variation law of the
moment M :

0.42 2.9
= —— /sinpo(tk—T) dr — /sinpo(tk-'r) dr
Jopo
0 0.42
5.0 b
+ [ sinpg (tx — 7)d7| = 3.494—.
A ( ) Jopd

Similarly, we find ¢ for a = %
b
o = 1.94——.
o Jopo

Having made similar calculations for various values of the angle , we obtain
the following data given in the table:

Table 10.1.

o 0 30° 60° 90°
ok 5-107% 43-107% 24-107° 0
@r/Po 0 24.-107%2 43-107% 5.1072

* The area of possible values of solutions in non-dimensional coordinates
plotted in accordance with the given data is shown in Fig. 10.16.

Let us consider problem 10.2, using the theory of random processes. For
this purpose, let us supplement the available information on the random mo-
ment (field of possible values) with the probability characteristics of M,, by
relating them to the restriction taken for M, (M| < b) . Let us assume that
M, is a stationary random function with a time-constant normal distribution
law (Fig.10.17) and a correlation function of the following type

Ky, = DMe—alTl.
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&

-b

—

Fig. 10.17.

It would appear reasonable to assume that the greatest possible values
of M, are connected with the variance ops by the relationship (three sigma
rule) b = 30, hence, Dy = b?/9.

The correlation function of the solution of equation (10.51) (confining
ourselves to the angle ¢) is (see Chap. 5)

ty g

po (ty — 72) e~ M= 72ldr A7y, (10.56)
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For the purpose of integration let us present expression (10.56) without
the modulus sign K, = K;) + K‘E, ),

i T1

’ D . . —afri—
K(,(a) = J2M2 /Slnpo (tl - '7‘1) /Sll’lpo (t2 - 7’2) e (m TZ)de
0% 0 0

ta
+ /sinpo (tz - Tg)e—a(Tz_Tl)de dTl, at t2 > tl; (1057)

T1

T2

2
Dy : : —~a(T2—T
K, = W/smpo (t2 — T2) /smpo (ty — 1) e~ Udn
0% 0 0

ty

+ /sinpo (t1 —Tl)e_"‘(”_“)d'rz dry, at t; > ts. (10.58)

T2

By way of integration and manipulation we obtain the expression for the
variance of the solution

_ DM {at [0%
“ a2+ p2 k 2po sin 2pgtx

1 2
e s — 2 —atk . t t
+ o2 + p(z) [ Po€ (asin poty + po cos potr)
. 1
+ (pf cos” poti. — o sin” pot)]} 77 (10.59)
0Po

Having made the necessary calculations, we obtain the root-mean-square
value of the angle ¢

b
=0.59—. .
7p = 0595 (10.60)

Considering that for the angle ¢ a normal distribution is true, we obtain

Pmax = 30, = 1-773;%5 =22.107%, (10.61)
0

that is approximately 2 times less than the value for ¢ in the table at
a = 0. The presented method with the use of discontinuous random functions
bounded in absolute value gives higher values of the maximum deviations of
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systems from the undisturbed mode, as the worst variation law of the ex-
citation My, is unlikely if we estimate it in the context of probability. The
obtained value of Ymax (10.61), according to the correlation theory, is mean-
ingful as a characteristic of the process only in the case of mass realization,
i.e. when, for example, the disturbed motion of a large number of rockets is
estimated on the average. Naturally, the average characteristics of the process
(for example, the maximum values of the angle ¢ = 30,,) are smaller than
values ¢ (10.53) that can occur for individual rockets. If we have only one
or two realizations of the process, average characteristics are of no avail, be-
cause it is impossible to reveal the statistical properties of the given process
at such a small number of realizations. The value ¢, found with the use of
discontinuous random functions bounded in absolute value is guaranteed.

10.4 Projections of the Area of Possible Values of the
System State Vector Onto Two-Dimensional Planes

The area of possible values is n-dimensional for a set of equations of the n-th
order. In practical analysis it is often sufficient to know the area of possible
values of two components of the system state vector, i.e. it is enough to know
the projection of an n-dimensional area onto a two-dimensional plane.

Let us consider the scalar product of the vector of solutions y and the
vector a lying in a plane defined by two unit vectors w; and w, (Fig. 10.18).

Fig. 10.18.
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We consider the most general case where the plane defined by the vectors
w1, w2 does not coincide with the coordinate planes. It is possible to present
the vector ax as

a = cos qw) + sinaws. (10.62)
The projection of the vector y onto the direction of the vector ax is

Ypra = (¥, @) = (yw,) cosa + (yw,) sina = y,, cosa + y,, sina

+sino [i (yiwzli)] , (10.63)

=1

n

=cosa [Z (yiw1s)

=1

or

n
Ypra = E (15 cos @ + r2; sin ) yjo
=1

t
p
+ z/ [q1; cos a + gz5sina frdT
Jj=1p

[Vi, cosa + Va, sina] £2, (10.64)

M=

+
1

N
If

where

n n n
T = Z kij (tk) wis; quj = ZQH“’H; Vi = Z Vijwss
i=1 i=1

i=1
- = - (10.65)
Toj = Z kij (tk) wois g2 = ZQH“’%; Va5 = Z Vijwai.
i=1 i=1 =1

In the specific case of the vectors w; and wy coinciding with the coordi-
nate axes, i.e. w; = ex; Wy = e, we obtain

T = Kkj (t}c) v Qi = ij; 925 = Q’/j;
Toj = Kuj (tk); Vvlj = an; I/21' = VVj'

The values of y;o are determined depending on the sign of the expression
71 COsa + 125 sin a.

The maximum value of the sum of integrals is reached at the following
variation laws of random functions:

fi=M;, at [q1;cosa+go;sina] > 0;

fi=mj, at [g;cosa+ gy;sina] <0.
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The maximum value of the sum dependent on time-constant random ex-
citations is reached at values f° equal to

f2=M2, at[Vi,cosa+ Vo, sina) > 0;

f2=m, at[Vi,cosa+ Vy sina] <0.

After determining y; and f} for each o (f}, we derive y;(tx)) (10.44) and
than 3., and y.,, that are coordinates of two-dimension region border points.

10.5 Determination of the Maximum Values of Dynamic
Reactions

When analyzing the motion of a system of bodies it is often required to
determine not only the system “state” y (coordinates and velocities), but also
the force interaction (reactions) between the separate bodies of a system. We
may present the following problem as the simplest physical model of similar
problems. A weight of a mass m moves at a velocity v on an absolutely rigid
beam with an elastic fixation (Fig.10.19 ). The right support of the beam
represents a spring with a stiffness ¢ and a viscous friction damper (coefficient
of friction is a). A random force f (t), bounded in absolute value acts on the
mass m. A reaction force N that depends on the time behaviour of a function
f within the area of possible values takes place between the beam and the
mass m. It is required to determine in analysis the greatest possible value of
the dynamic reaction NV arising between the mass m and the beam.

To carry out a strength design we must know the greatest possible values
of the reaction force for each instant of time. The value of the reaction at
each time instant depends on the behaviour of the function f(t) from the
beginning of the motion up to the given moment. A certain value of the
reaction will correspond to each possible behaviour of the function f (t) in
an interval (0, t;), where ¢; is the arbitrary instant of time corresponding
to the position of the mass m, shown in Fig. 10.19 a. This being so, amongst
infinite set of possible behaviours of the function f, including discontinuous
variations in time, there is a variation law of f, that gives a maximum value to
the reaction at the moment ¢;. If we use the kinetostatics method during the
derivation of the equations of motion of a system, we shall obtain equations
that algebraically (i.e. without derivatives) embrace unknown reactions. Let
us consider the general case of the motion of the system, assuming that the
equations of the systems motion contain k£ unknown reactions entering in
these equations algebraically. Here the complete system of n equations can
be divided into two subsystems (including equations of constraints, with the
constraints being considered bilateral) that can be presented in a vector-
matrix form as

Aoy + Anuyr + Aiayr + Arsz = Bify;

. . 10.66
V1 + Ay + Aooyr + Aosz = Bofs. ( )
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where y; is a vector with n — k£ components that are the generalized co-
ordinates of the system; z is a vector with & components formed from un-
known reactions; f;, fs are vectors whose components are random excitations
bounded in absolute value and satisfying condition (10.18); A;;, B, B, are
matrixes whose elements in the general case can be functions of time.

In what follows we consider that the dimensionality of the vectors f;
and f; is equal to n — k. In system of equations (10.66) the matrixes
Aio, Ai1, A1, Ays, By and B, are rectangular, except for the matrix A3,
that should be square. For the matrix A;3 to be square it is sufficient to take
from the general system of equations the number of equations equal to the
dimensionality of the vector z (first equation of system (10.66)). The sec-
ond vector equation of system (10.66) has the dimensionality equal to n — k.
Multiplying the first equation of system (10.66) by the matrix A7;', we obtain

z = AR Bif) — A Arodh — AR Aud — AL Ay (10.67)
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The break-down of the general set of equations into two equations of the
system is, in general, arbitrary, but it should be such that the determinant
of the formed matrix A;3 does not vanish in any of the points of the motion
interval, i.e. the matrix A;3 should be non-singular. Having substituted the
expression for z in the second equation of system (10.66), we obtain the
following vector-matrix equation with eliminated algebraic unknowns

As¥1 + Asy1 + Agy1 = Bafy — A3 A7l Bify, (10.68)
where
As = E—Ag3Aji Aro; As = Agi— A AT Ani; A = Asa— Ags AT A
Let us lower the order of equation (10.68) having introduced a vector
Y1 =Yz, (10.69)

and transform (10.68) to an equation of the form

¥+ A(t)y = Bsfy — Bufy, (10.70)
where
_|¥2
v= [yl] '

The dimensionality of the vectors f; and f; entering equation (10.70) is
2(n — k) (the first (n — k) components of the vectors f; and f, are non-zero
and the remaining (n — k) components are equal to zero). The solution of
equation (10.70) can be presented as

t
v =K()yo+ / G (t,7) (Bsfs — Bufy)dr. (10.71)
0

The matrix K (t) satisfies the equation
K@) +A@) K (t)=0. (10.72)

In determining the vector z, we are concerned only with the first derivative
of the vector y with respect to ¢ :

t
. T 0
¥ =K () yo+ / G (t, 7) (Bsfs — Bafy) dr
0

+ B3 (t) fo (t) — By (t) f; (t) . (1073)

The partial derivative of the Green matrix with respect to t entering into
the integral in expression (10.73) can be transformed to the form
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15] : -1
~G@ 1 =KOK (1),

or with due account of equation (10.72)

2et =40k, (1074)

Having substituted expression (10.75) in (10.73), we obtain

§ = ~AOK Ovo~ [ A)Gt 1B (t) odr
0

+ / A(t) G (t, T)By (t) f1d7 + Bs () £ () — Ba (£) 1 (t) . (10.75)
0

It is possible to present the expression for the vector z (10.67) as (since
¥1=¥2),

zZ = Agf]_ - Ag}.’ - Aloy, (1076)
where Ag, Ag, Aig are rectangular matrixes. The matrixes Ag, Ajp have

2(n — k) columns and k rows. By the substitution of expressions for y, y
(10.71), (10.75) in (10.76) and manipulations we obtain

t i
z = Cf; — Dfs + Gyo + /K' (t, 7)f1d7 + /K” (t, 7) fadr, (10.77)
0 0
where C = AgB4 + Ag; D = Ang; G = AgAK() - AloK;

K' = [AQA - AIO] GB3; K” = [A10 - AgA] GB4.
In scalar form (10.77) is

n—k n—k
2= [eiifiy = dijfos + Gvos] + D Kl frydr
3=1 =1
n—k
+ S Kb fydr, (i=1,2, ..., k). (10.78)
j=1

When finding the maximum value of each of the reactions the variation
laws of f1; and f,; are determined by the method presented in Sect. 10.2. Let
us find, for example, the variation laws of fi; and fz;, when 2, reaches its
n—k

maximum value. The maximum value of the sum Z cpjf1; is reached in the
=1

following way:
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If Cpj > 0, then flj = Mj (t) N

If Cpj < 0, then flj =m; (t) .

n—k

Similarly we determine the maximum value of the sum Z dpjfaj ¢

j=1

If dpj >0, then f3= Mj (t) 3

Ifd,; <0, then f,=m;(t).

The maximum values of the integrals entering in the right-hand side of
relationship (10.78) are determined at a fixed time instant in the following
manner. If k,; > 0 (or k,; > 0) on the interval (7, 7,41), then fi; = M; (1)
(or fo; = M; (7)), and if k,; < O on the interval(7,, 7,41), then fi; = m; (7).

If the initial data are also given as

Y0j min < Y0j < Y07 max>
then the “worst” values of yg;, at which z,, reaches maximum are determined
from the conditions:

If ggj >0, then Yoj = Y0j max;

If 92]- < 0, then Yoj = Y05 min-

Example 10.3. Let us determine the maximum value of the reaction
N (t) (Fig.10.19 b), if |f (¢)| < a. With the use of d’Alembert’s principle we
obtain the equations of motion of the beam and the mass m :

Job + aL?d + cL*¢ = — NI,
o (10.79)
my+ N —f=0.
Having eliminated the reaction N, from system (10.79), we obtain (as y = 1)
(Jo +ml*) 8 + aL?6 + cL?§ = fl. (10.80)
At zero initial data the solution of equation (10.80) takes the form

i

6= Totm) ml2 /e_"u_T) sinp; (t — 7) fdr, (10.81)
0
0
where
p=+/p%—n% n= al? . p2.__L2'
0 ’ 2(Jo+mi2)’ 07 Jy+mi2

By manipulationsywencanobtain’from the second equation of system
(10.79) the following expression for the reaction N as
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ml? ml2c
N=|(1-
( Jo+ mz2) I+ G mm

t
x / =™t~ gin [py (£ — 7) + B] £ dr, (10.82)
(1]

2
where ¢ = /p} + 4n2p?; tgf = Zfl .
0
The maximum value of expression (10.82) is basically determined by the

integral, which reaches its extreme value, if the function f(¢) changes its
values from +a to —a at time instants 7,, found from a condition

sin[py (t — ) + 8] = 0.

The greatest possible value of the reaction N is reached at £ — oo, there-
fore let us go into expression (10.82) to the independent variable € = ¢t — 7,
that varies from infinity to zero. In this case we determine the instants of
discontinuity e of a function f (¢) from a condition

sin [p1e + 6] = 0. (10.83)

The maximum value of the reaction N is

Nonax = Lp +e1 |sin(B+ B1) + 2sin By ZeXp{—_—"—(’ff———@}] ,

Jo+m 1 D1
(10.84)
where
eml?a 1
“a pop1 (Jo +mi2) g
As the sum in the right-hand side of (10.84) is
—n(r—0)
n (kr — exp -
Zexp { it } { ? } , (10.85)
h 1—exp {_p—’:”}
we finally obtain
—n(n—pB)
Jaa | I G
Nmax = =——— +¢1 [sin (8 + B1) + 2sin fy ———F— |, (10.86)
J0+ml 1_exp{—p_n1r}
where
2np, Po

sinf = ——Ft__: sinf = ——2—.
Pg + 4n’p? pg +n?
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10.6 Areas of Possible Values of the System State
Vector in the Case of Several Sections of Motion

In the previous sections we examined problems involving cases where the
number of a systems degrees of freedom on the given interval of motion time
remained unchanged as did the number of random excitations. Dealing with
real systems, however, we run into violations of these conditions when during
the motion of a system its number of degrees of freedom or the number and
even the type of random excitations can change. A system with one degree
of freedom is shown in Fig.10.20. A mass m moves on an absolutely rigid
beam with a velocity v. A random force f bounded in absolute value acts on
the mass m on an interval (0,[;) and a random twisting moment bounded in
absolute value AM (the mass m begins to rotate) acts on this mass on an
interval (I;, L). The area of possible values of # and @ at the moment of the
mass m losing contact with the beam will depend on two sections of motion,
on each of which different random excitations occur.

A system with varying number of degrees of freedom is shown in Fig. 10.21.
Ring 1 can freely move on rigid guides 2 connected with disk 8. The instants ¢;
of the ring’s contact with the disk 4 are known. When there is a gap between
ring 1 and disk 4, the given system has two degrees of freedom. In the case of

Fig. 10.20.

4\
N

Fig. 10.21.
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the ring being tightly forced against disk 4 (it is supposed that relative slip
of ring I and disk 4 is excluded), the system has one degree of freedom.

If it is required to determine the possible angular displacements of disk 8
at a fixed time instant during the action of a random moment AM bounded in
absolute value, we must consider the motion of the system with due account
of the changes in the number of degrees of freedom.

Let us, first, consider a case where there are two sections of motion and
the dimensionality of the state vector does not vary. On each of its sections of
motion the system is described by its own vector-matrix equation expressed
as

Y1+ Aiy1 = Bifi; y1(0) =y, (0<t<1); (10.87)

Vo + Asya = Bofia;  ya2 (t) = yao, (£ <t <), (10.88)

where y; and y» are the n-dimensional vectors of the disturbed state of the
system on the first and second sections of its motion respectively; f;; is the
vector of random excitations that act on the system on the first section of
its motion; f13 is the vector of random excitations that act on the system on
the second section of its motion. The components of the vectors f;; and £
follow conditions of the form

mg; < fi; < My,

where m;; and M;; are some known functions.
The solutions of equations (10.87) and (10.88) are

i
y1 () = K1 (tk) y1o + / G (t, 7) Bifindr; (10.89)
0
te—tg
va (tk — t) = Ko (tk — t}) y20 + / Gz [(tk —t}), 7] Bofiodr.  (10.90)
0

Since y; (t;,) = y20, then, substituting the expression for y; (¢;) in (10.90)
we obtain

ti
ya (tx — tr) = Kz (te — t;,) K1 (t;) Y10 + /Kz (tk — ty)
0

tk_t;c

x G (£, 7) Bufuydr + / Ga [(t6 — £4) , 7] Bafadr.
[}

(10.91)
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In the case of k sections the expression for y, will include k integral terms
with nonintersecting limits of integration.

The maximum value of the projection of the vector y; onto an arbitrary
direction is determined in the same manner as for one section of motion.

Example 10.4. There are the following equations of a systems motion
on a time interval 0 <t <ty

T = fi; &1 =zn. (10.92)
The equations of motion on a time interval t; < t < t, are
Ti2 = fo; T2 = —T12. (10.93)

Random excitations f; and f; satisfy the condition
1<fi<l

The area of possible values of z]; and z3; at the end of the first section of
motion is the area of initial data for system (10.93). The solution of system
(10.93) is

to—1y
Tig = fsz + x’{l;

0
ta—t1

Zag = — / (t2 = t1 — 7) fodT + 27; (t2 — t1) + 25,
0

(10.94)

where x7;, x5, are the values of z1; and z2; at t = ¢;.
In order to plot the area it is more convenient to present solutions (10.94)
in the form

t1 to—t;
- / fudr + / fadr;
0

0
ty ta—t1

Tog = /(t1 —7) fidr — / [(t2 — t1) — 7] fadT.

0 0

(10.95)

Let us determine the maximum value of the projection of the vector
x (z12,22) onto the direction determined by the unit vector e:

(x-e)= /[cosa + (2t1 — t1 — 7)sina] f1dr
0

ta—t

s [cosa=(tz=t1="7)sin o] fodr.
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The maximum value of the projection (x - e) is equal to the sum of the
maximum values of the terms which can be determined separately (for each
r we determine the instant 7; of discontinuity of the functions fi and f2).
As the integrands in (10.95) linearly depend on 7 on the intervals (0,¢;) and
(t1,t2), they can reverse sign only once, i.e. the extreme values of each of the
integrals are reached at the variation laws of f1 and f; with one discontinuity.
The area from f2 at t = t, shown by the dashed line corresponds to each point
of the boundary of the area at t = ¢; (Fig. 10.22). Envelope 1 bounds the full
area at the moment ¢, on the plane x22212. When the dimensionality of the
system state vector y; varies on different sections of motion, as, for example,
in the system shown in Fig. 10.21, we have systems of equations of different
dimensionality on different sections of motion. For the purpose of greater
definiteness let the dimensionality of the vector y; be equal to n, and the
dimensionality of the vector y» be equal to v (v < n), i.e.

Y11 Y21
Y12 Y22
Yi=| . |5 Y2= | .
Yiv Yov
The components ¥a1,...,Y2, are the continuation of the components
Y11, - -, Y1, o0 the second section of motion, i.e. the components of the vectors

y1 and y2 (¥11,%12) - - - (10, y20) are physically identical. The vector y1 (t})

Fig. 10.22.



384 10. Random Processes at the Action of Random Functions

can be presented as

y1(t,) = L{’Zﬂ = Ky (t}) [y 10] / KB fydr, (10.96)

where y’,, contains the components of the vector y; that have no continu-
ation on the second section of motion. It is possible to derive the following
expression for ya¢ from equation (10.96)

y20 = K7 (t3) ¥ 10 + K7 (t) ¥"10 + /Pflld"', (10.97)
where
kll k12 N k],, k1,V+1 ...... kln
k21 ]C22 ... ko kzy N [ k‘z
Ky=|. .. | K=" "
kui kua ... kuy kupt1 oo oo kun
P11 P12 ... Pin

p= |PaP22.. P
Pv1 Dv2 --- Pun
The matrix K] is a square matrix (of the v-th order); the matrixes K{
and P are rectangular. The matrix P represents a matrix obtained from the

matrix Ky B; by way of retaining the first v rows. Having substituted the
expression for yso into (10.90), we obtain

Y2 (tk - tk) K (t — t;c) K{ (t;c) yllo + K3 (tk - t;c) K” (t;v,) y/llo
te— tk

/K2 ik —-tk) Pfdr + / Kz tk -—-tk) ]Bzflzd’?' (10.98)

The area of possible values of the disturbed system state vector y; (¢x — t;)
at the end of the second section is determined in the same way as for one
section of motion.

10.7 Areas of Possible Values of the System State
Vector at the Action of Dependent Random Excitations

Notrinfrequentlyswercomeracrossirandom excitations that cannot be consid-
ered independent. They include, among others, a scatter of coordinates and
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their first two derivatives at some time instant and projections of a random
force onto coordinate axes. An example of a mechanical system subjected to
the action of dependent random excitations bounded in absolute value is pre-
sented in Sect. 10.1 (see Fig. 10.10). The dependence between the excitations
has the same effect as the additional restrictions imposed on these functions.
One of such restrictions is condition (10.23)

(Cf-f) <1, (10.99)

where C is a square self-adjoint positively definite matrix.

In the general case, the elements c;; of the matrix C can depend on time.
As is known, for a matrix to be positively definite it is necessary and sufficient
that its elements satisfy the Sylvester criterion (for any time instant ¢)

C11 C12

Al =11 > O, Az =
C21 C22

0,...,4,>0.

The vector of random initial data yo can satisfy the similar condition
(Coyo-yo) <1, (10.100)

where Cy is the square self-adjoint positively definite matrix with constant
elements. .
The solution of equation (10.24) is

the
y=K(t)yo+ /G (tk,7) B (1) fdr. (10.101)
0
Let us consider a case where the vector of random excitations can be
presented as
f=H(t)£°, (10.102)

where H (t) is the diagonal matrix with continuously time-dependent ele-
ments and f° is the vector whose components are random numbers limited
in absolute value.

Having substituted expression (10.102) in equation (10.101), we obtain

123
y = Kyo + / P (tg, ) £0dr, (10.103)
0
where P (tx,7) = G (tx,7) - B(7) H (7).
Condition (10.99) is modified into the following form
(C1f°-£°) < 1, (10.104)

where C; = HCH.
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In order to obtain the area of deviations of the vector y let us determine
the maximum projection of the vector y onto the unit vector a:

tr
ore = (¥-@) = (K(¥0-0) + [ P(tx,7) P%r - (10.105)
0

Let us determine the maximum of expression (10.105) at additional con-
ditions (10.99) and (10.100) which must be satisfied by the vectors yo and
0. Having used Lagrangian multipliers, we obtain the following functional:

J=(K(t)yo-a)+/P(tk,'r)f0d‘r-a
0

NI®

[(Coyo o) ~ 1] = 2 [(Cof® - £2) ~1],

or
iy
J=(yo-K* (t)a)+f°/P* (tg,7)dr - @
0

- g [(Coyo - yo) — 1] - % [(Cof® - £°) —1]. (10.106)

The functional J depends on yg; and f?, therefore yq; and f2 at which J
reaches its extreme values are determined from the conditions

oJ _ dJ

9Yoi ’ 3in

=0, (i=1,2,...,n). (10.107)

Conditions (10.107) can be obtained in a more compact form, by differ-
entiating (10.106) with respect to the vectors yo and £°:

or .
B_yo_K a — uCoyo = 0;
(10.108)

ti

aJ N

W:/P dr-a — AC1f° = 0.
0

The vectors yo and 0 that give extreme values to expression (10.106) are
determined from the following equations

K* (tk) a = pCoyo; (10.109)
ty

/P* (tk, ) dT @ = AC;f°. (10.110)

(=}
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Multiplying relationships (10.109) and (10.110) by matrixes Cy* and Cj!
respectively, we obtain

Cy K™ (t) @ = pyo; (10.111)
t

crt /P* (tk,7) dT @ = MO, (10.112)
0

Let us scalarly multiply expression (10.109) by expression (10.111)
[K* (tk) e - Cg K™ (tx) @] = pi?,
or
(KCy'K*a - ) = 2. (10.113)

We shall deal with expressions (10.110) and (10.112) in a similar way:

tr tr
/Ew%ﬂchﬂ/Pwﬁmm =
0 0
or
133 ti
/Pdrc;lfc*dm-a =A%, (10.114)
0 0

Expressions (10.113) and (10.114) define the introduced Lagrangian mul-
tipliers u and A for each direction in space.

Let us determine the maximum value of each of the terms defining the
vector y. Then, we present the vector y as a sum of two vectors:

y=¥y1+Y2 (10.115)
where
Y1 = K(tk) Yo,

ix T
Y2 =/P(tk,T)fodT=/Pde°.
0 1]

Let us prove the following theorem: the maximum value of the projections
of the vectors.y;-and. ys onto.the.arbitrary direction determined by the unit
vector a is equal to the value of the Lagrangian multiplier for this direction.
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Let us multiply both parts of equality (10.111) from the left by the matrix
K(tk):

K (tx) Cg ' K* (tx) @ = pK (tx) yo = py1- (10.116)

Let us determine the maximum value of the projection of the vector y;
onto the direction a from the following relationship

Yipra = (y1- @) = (K (t) yo - @) = (yoK™ (k) - ) ,
or, having used relationship (10.109),
Yipra = (Yo - #Co¥0) = 1 (Yo - Co¥o) = . (10.117)
Similarly we may show that
Yipra = A (10.118)

The formulated theorem is proved. The maximum value of the functional
J or of the projection of the vector onto the direction c is

Jmax = Ypramax = B+ A (10119)

where p and X are determined from relationships (10.113) and (10.114).

Let us determine the vectors yg and f° that give maximum values to y;
and y, for the given direction a. From relationships (10.109) and (10.110)
we obtain

1

Yo = ;co—lK* (tr) a; (10.120)
L f
£ = Xc;l/P* (te, 7) dr . (10.121)

0

The vectors y; and y» for the given direction o are determined from the
following relationships

y1 = %K(tk)C(le* (t) ax; (10.122)
th tr
y2 = %/P(tk,r) drcglfP* (tr,7) dT a, (10.123)
0 0
or
y1 = —KC Ko (10.124)

\/(KCglK*a~a),
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ity tr
/ PdrC;! / PYdra
= 0 0 = A

V2 2 (10.125)
iy tr a
/PdTCII/P*dTa-a
0 0

Formulas (10.124) and (10.125) enable us to determine for each unit vec-
tor & a vector y, that connects the point of origin with some point of the
boundary of the area of possible values of the vector y. Formulas (10.120)-
(10.123) are true provided that ;2 # 0 and X # 0. If the Lagrangian multipliers
for some directions of the vector a vanish, formulas (10.120)-(10.123) are not
applicable.

It follows from relationships (10.116) and (10.117) that in this case the
projections of the vectors y; and y, onto some direction are equal to zero (it
is not always the case that both projections of the vectors y; and y, vanish
simultaneously). The vanishing of one of the projections of the vectors (for
example, that of y;) means that the area of deviations of the vector y;
degenerates, i.e. has a smaller dimensionality. The Lagrangian multipliers
can vanish only when

K* (tk)a =0 (10.126)
i

/ P* (e, 7) dr = 0. (10.127)
0

The dimensionality of the subspace of the vector e for which the La-
grangian multipliers vanish is equal to the following rank of matrixes
ty
K* (tk); /P*(tk,T)dT.
0
If the rank of the matrixes is equal to n, the Lagrangian multipliers do not

vanish. The state-of-the-system vector at a fixed time instant (the greatest
possible value of the vector y) is

- _ K, P,
Ye =Y1s +Y2u = (\/(Kla : a) + \/(Pla : a)) o, (10128)

where

179 tr
Ky =KCs K Py =/Pdrc;1/P*dT.

0 0
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Relationship (10.128) allows us to establish the dependence of the com-
plete area on the scatter of initial data (vector y;.) and on random excitations
that act during the system motion (vector ya.).

Let us find the equations of the areas of possible values of each of the
vectors y; and ys3 of the general solution y. Let us consider the expression
for y1 (10.122):

y1 = Ki (t) ex. (10.129)

Let us show, that the matrix K; is self-adjoint, i.e. satisfies the condition
(K1) = (K1)

.1

(K" = (KGR =+

S BTG5 (')
-1k (CoY) K* = lxy K= -l—KC()‘lK* = K.
7 7 @
In the process of derivation we used the condition of the self-adjointness

of the matrix Cj.
From relationship (10.129) we have

Kily, = a. (10.130)

Scalarly multiplying the left- and right-hand sides of equation (10.130) by
K 'y, and e respectively, we obtain

(Kl—lyl . Kl_lyl) = (a a) = l,
or
(&)’ y1-3m) =1. (10.131)

Equations (10.131) represent an equation of a second order surface in an
n—dimensional space. It follows from the boundedness of the area of devia-
tions that this surface is an ellipsoid. Similarly we can show that the vector
y2 satisfies the following equation

(P’ y2-32) = 1, (10.132)

where P is the self-adjoint matrix.

Relationships (10.124), (10.125) define the greatest possible value of the
vector y (10.115) as a function of the direction of the arbitrary unit vector
o. When the direction of the vector a continuously changes in space, the
end of the vector y, describes the limit surface (the boundary of the area of
possible values of the state vector). It is possible to present the vector e in
terms of projections in the initial coordinate system:
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n
a=> he, (10.133)
1=1

where h; are the projections of the vector & onto the coordinate axes and e;
are unit vectors of the coordinate axes.
The component of the vector y, is

n
Vai = Za,-,-hj, (i=1,2,...,n). (10.134)
j=1

Let us consider a special case where it is required to determine the pro-
Jjection of the area onto a two-dimensional plane. Here

o = hje; + hye; = cosa ey + sinaey.
From relationships (10.134) we obtain

Y1 = a11h1 + a12hs,

10.135
Ys2 = A1 h1 + aooho. ( )

Changing o from 0 to 360°, we obtain from relationships (10.135) the
coordinates of the boundary points of the projection of the area onto a two-
dimensional plane.

Example 10.5. Let us consider the free vibrations of a mass m (Fig. 10.23).
Without considering damping forces the equation of the small vibrations of
the mass is

j+p3y =0, (10.136)
o _ ¢ 3EJ,
where p§ = = ER
Y
m
c

Fig. 10.23.
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The initial data are random dependent quantities that satisfy the condi-
tion

2 N
(ﬂ) + <_y°_) <1, (10.137)
Yom Yom
where yom, Jom are the greatest possible values of the scatter of the initial
data.
In the considered case condition (10.137) has a simple physical meaning.

At the initial time instant the system can have a random deviation yo and a
random velocity 9, i.e. the system obtains a random energy equal to

w8, ™Y

=W 10.138
5 T ( )

The greatest possible energy that can be obtained by the system is lim-
ited and equal to W,,, it can be expressed in terms of the greatest possible
deviation and the greatest possible velocity:

2 -2
Wy, = cy;’m = myz"’". (10.139)

At arbitrary deviations

2 °2
% + _m2yo <W,, (10.140)

or, having divided the inequality by W,,,, we obtain

2 . 2
(_yi) +(__yo_> <1. (10.141)
Yom Yom

Let us pass to non-dimensional quantities, putting

tpo =17, Y= 2Yom-

By transformations we obtain (having passed to non-dimensional coordi-
nate and non- dimensional time)

24+ 2=0; (10.142)
N
7z + (—219—) <1, (10.143)
20m
where Zg,, = —Z-,OL.
(YomPo)

Condition (10.143) can be presented as the following scalar product

(CQZO o Zo) S 1, (10144)
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where
1
0 .
Co = zg’m N Zg = [ZO] .
20
0 1

The solution of equation (10.142) can be presented as
z cosT —sinT 20

z = = . = K (1) zp. (10.145)
z sinT cosT 20

At the time instant ¢t = ) or 7, = txpo (for the purpose of simplification
let us assume that 7, = 1)

z =K (1) zo. (10.146)

Lagrangian multiplier (10.113) for the arbitrary direction of the unit vec-
tor e (see Fig.10.18) is

n=1/(KG; K a o), (10.147)

where

cosl —sinl 2. 0 cosl sinl
K= ; C= ; K*= .
sinl cosl 0 1 —sinl cosl

By transformations we obtain

u= \/ku cos? a + kg sin 2a + koo sin? a

or

p =1/ 2,, cos? (@ — 1) +sin® (a — 1), (10.148)
where a is the angle expressed in radians;

ky = 22, cos?1 4+ sin’ 1;

ki = -;—sinZ (=1+22.);

koy = 23, sin®1 + cos® 1.

Let us find a vector zg, at which the projection of the vector z on the
direction determined by the vector e, reaches its maximum value, from the
expression

_ 1 C—l K*
zo = —Cg 1) e,
7
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or
1
7y = Z [z'gm cos(a— 1)e; +sin (o — 1) ey] . (10.149)

The components of the vector zg are
2 -1
o1 = 4o = 28, cos (o );
# (10.150)
1 .
202 = zp = —sin(a —1).
m

The obtained expressions for %y, zp and p should satisfy condition
(10.144) (the test of the solution). It is easy to verify that this is true. The
system state vector z at a time instant 7 =1 (10.124) is

1 —1 %

z=—-KCj K'a,

I

or

1 1
2= [(z’gm cos®1+sin®1) cosa + 7 sin2 (23, — 1) sin a} e
’

11
+ - [5 (z"gm - 1) sin2cos a + (ng sin? 1 + cos? 1) sin a] es.
7

The components of the system state vector are:

z2(1) = —/1; [(z'gm cos?1+sinl) cosa + %sin2 (23m — 1)} ;

(10.151)

111
z(1) = M [5 cosasin2 (25, — 1) + (23, sin? 1 + cos® 1) sin a] .

Changing the angle a from 0 to 2w, we obtain from (10.151) the coordi-
nates of the boundary of the area of possible values of the system state vector
at a fixed time instant.

Let us consider the special case of 22, = p =1

2(1) =cose; 2(l) =sina. (10.152)

Eliminating « from (10.151), we obtain the equation of the boundary of
the area of possible values of solutions 22 + 22 = 1 which is true for any
time 7.

In the given example the free vibrations of the conservative system, for
which the total energy remains unaltered are considered, therefore the area
of possible values of solutions also remains unaltered in time.

Letsussconsidersthescase-of -a-forcesrandom in its direction and bounded
in its absolute value f (|f| < f,,,) acting on a mass m (Fig. 10.10).
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The equations of motion of the mass m are

) 1 ) 1
j+ply=—fy; E+Py=—Fa (10.153)
where
2_2_EJ$ 2_2_Ejy
b= L T 3Em 2T T 3B

Going on to non-dimensional parameters tp; = 7, y = yol, £ = x¢l, by
way of transformations we obtain

Yo (1) + 4o (1) = ;%%éi = fyo;

1f, (10.154)

Zo (1) +p(2)x0 () = mpzzl = fzo.
1

The non-dimensional components of the vector f satisfy the condition
2 2
fzo o : _ fm
7 + T < 1’ f m0 = P)
mo mo mpil

or

where matrix C; is

1
-0

0
0 1
0 0
0 O

0

C =

It is required to determine the area of possible values of the non-
dimensional coordinates zg, yo of the mass m at a fixed time instant
(T& = p1tx) at zero initial data.

From system (10.154) we obtain the following set of four equations of the
first order (omitting index 0 in non-dimensional quantities)

ntyv2=7f1; %1-y2=0; (10.155)
Us +DoYa = f3; Ys—y3 =0, (10.156)
where

N=y9 Y2=1y f1=fy;
B=% Y=z f3=Ff.
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In vector form we have

y+ Ay =f, (10.157)
where
n 0 10 0 fl
_ |¥=]. A -10 0 0 £ 0
y y3 |’ 000 pg|’ f3
Ya 00-10 0

As follows from formula (10.125), we must know the matrix P (7, 7) in
order to determine the state-of-the-system vector y. In the considered case
the matrix P is the Green matrix of equation (10.157):

P(m,7) = G (1%,7).

As the matrix G (74, 7) is determined from the solution of homogeneous
equations (10.155) and (10.156) that are independent, we can obtain it, hav-
ing determined Green matrixes for each of the systems of equations (10.155)
and (10.156). The Green matrixes for these equations are

G] (Tk,T) - l:

cos (1, — ) sin (1 — T)} .

—sin (7 — 7) cos(mp — 7)

Gg (Tk,T) = ’:

cospo (Tk — ) sinpo (1, — 7)
—sinpo (T, — 7) cospo (1 — T) ’

therefore, we have

G (7, 7) = ﬁl CSZJ .

Integrating the matrix G (7, 7), we obtain

tr

G, 0
/G(Tk,'r) dr = ,
J 0 G
where
/ [ sin7g 1 —cos Ty
Gl - .
|— (1 —cos7g) sintg
— r ;}5 sin pg Ty pio (1 — cospoTi)
2 = .
_—pio (1 — cos po7i) plo sin pgo 7,
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By transformations we obtain the matrix that enters in the numerator
of expression (10.125)

ik tr
B= /PdTCl—l/P*dT =
0 0

where
[ F2,sin® 7 + (cos e — 1) (f2 — 1) sin7x (cos 7 — 1)]
1 =

(f2 —1)sin7g (cos 7 — 1) f2 (1 — cosi)? + sin® 7

B;; O
0 B

?

3

f2, sin® po7y + (cos poTi — 1) (f% — 1) sinpok (cos poi — 1)

22 = .
[(f;‘:l — 1) sin po7k (cospotk — 1) f2 (1 — COSpo’Tk)2 + sin? po7y ]

Under the conditions of the problem it is required to find the area of
possible values in the plane z0y, i.e. the projection of a four-dimensional
area onto the plane z0y, therefore vector a entering in formula (10.125) lies
in this plane, i.e.

0
sina
0
cos a

=0e; +sinaey + 0e3 + cosaey;

A = (f2 —1)sin7y (cosTy — 1)sina e
+ [f'r2n (1- COSTk)2 + sin? Tk] sina ey
1
+ ;5 (frzn - 1) sin poTk (CospoTr — 1) cosaes
i
1
+ 172— [f;i (- COSPOTk)2 + sin? po'rk] COs (x &4,
0

where e; are the unit vectors of the coordinate axes.
The denominator of formula (10.125) for the considered example is

=
a= \/[f,zn (1- cos7x)? + sin? 'rk] sin? a+

=
1 -
+ 3 [f;i (1- COSPOTk)2 + sin® poTk] cos? a.
Py

For plotting the projection of thetarea onto the plane z0y we need the
following projections
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1
Yo = — [ffn 1- cos'rk)2 + sin? 'rk] sin a;
a

1
Yqa = 35 [f.?n (1 - COSpo‘I’k)2 -+ Sin2 pOTk] COS (.
Dol

Changing o from 0 to 360°, we obtain the area of possible values of the
coordinates of the point at the time instant 7.
Let us consider the special case of pyg = 1. By manipulations we obtain

Y2 = \/f;ﬁ (1- COSTk)2 +sin? 73 - sina,

Ys = \/f,zn (1 — cos7x)* +sin® 7 - cos a.

Eliminating the angle a, we obtain the following equation of a circle

(B)+ (%) =2
a a

Example 10.6. Let us consider the mechanical system shown in Fig. 10.24,
A body of a mass m; moves under the action of a force R in an absolutely
rigid tube elastically fixed on the right end. The direction of the force R. is
characterized by two random quantities e and ¢, where e is the linear dis-

placement and ¢ is the angular displacement. The random displacements are
bounded in the absolute value

Iel < €max; IEl < €max-

‘We may consider that both random quantities are small. The projections
of the force R onto the planes y0z and z0z and its position relative to the
points 0 and 0; that depends on the projections of the random displacements
€z, €y, £y and g, are shown in Fig. 10.25. For the purpose of simplification we
take that at the initial time instant the coordinate of the point 0; is equal to
{1/2. Due to the random misalignments of the force R two random moments
acting in the planes y0z and z0z take place:

Fig. 10.24.
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Yy A £y

M, = (zey — ey) R; (10.158)
M,y = (ze; — ez) R. (10.159)

The moments M, and M, will cause a disturbed motion of the tube in
two planes. This motion is characterized by small angular deviations 8 and ¥
(Fig. 10.24). Let us obtain the equations of the tubes disturbed motion about
the equilibrium state in which the system is up to the moment of application
of the force R.

At the moment of the body leaving the tube the axis of the body will
obtain angular deviations 8, 1 and also angular velocities ) and ) that
form a four-dimensional area in the phase space. As the projections are e, =
le|cosa and e, = |e|sin, we obtain a condition satisfied by the random
quantities e; and e, :

2 2
( Co ) +( = ) <1. (10.160)
€max €max

The random quantities €, and €, meet a similar condition

2 2
( S ) +( %y ) <1. (10.161)
€max Emax

When analyzing the disturbed motion of the system under the action of
the random quantities e;, ey, €5, €, that meet conditions (10.160), (10.161),
it is required to determine the areas of possible values of the system state
vector at the instant of the body’s exit. Assuming that the angles are small,
we obtain the following equations of motion:

% [Jzé] + al?0 + ¢1126 = My, —mygz; (10.162)
dop. . .
5 [Jy¢] + 024 b exl2ap = Mgy (T = Jy) - (10.163)
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Since
L\?
J=Jx=Jy=Jo+J01+m1 Z+"2" s

where Jp is the moment of the tube with respect to the point 0; Jy; is the
moment of the body with respect to the axis perpendicular to the axis z and
going through the center of gravity of the body. By manipulations we obtain

é + 0,119 + a120 = bo + b116y + b]gey; (10164)
’l,z + a21’lj) + age¥ = bore; + bagey, (10.165)
where
*2m1(z+l—2’~)2‘:+al2. __.Cll2'
a1l = ¥i ) aiz2 = 7 3
col? migz
ag = ay1; A = 27; bo = f]g ;
Rz R
by =bor = 2 big = bpg = —
11 21 ¥i 12 22 ¥i

Considering that the small vibrations of the system and the small devi-
ations of the line of action of the force from the axis z practically do not
influence the motion of the body along the axis z, we obtain at zero initial
data

R
= —1t°. 10.166

i 2m1 ( )

Equations (10.164) and (10.165) are connected through the right-hand
sides that embrace the random quantities satisfying conditions (10.160) and
(10.161). If we introduce the vector

9: )
— Y] = [¥2 10.167
Y=g vel’ (10.167)
P Ya
equations (10.164) and (10.165) can be written as
y+A@®)y =Bi(t)f1 + By (¢) f2+ by (¢), (10.168)
where
a1 0 a2 0 b1 0 b2 O
1 0 a 0 ag ] 0 b2 0 biaj
A= gmomo e Zs B =10 0 0 0|

0 -10 0 0 0 0 O
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£y 0 bo

0 0

6= |3, = e,|" Po= |0
0 €z 0

We can obtain the solution of equation (10.168) only by using numerical
methods because the elements of matrix A(t) are varying in time. The general
form of the solution at zero initial data is

y= /G (tk,t) [B1 (f1 + f2) + bo] dt. (10.169)
0

The matrix G (k,t) can be determined from the solution of the homoge-
neous equation adjoint with the following homogeneous equation

dz
_ *g = = —t). ]_ R
ar +A*Zz=0, (1=t ) ( 0.170)

The fundamental matrix of solution (10.170) K (7) is connected with the
matrix K (tx,t) by the relationship
K* (1) = G (tr, ). (10.171)

Let us confine ourselves to the determination of the projection of the four-
dimensional area onto the phase planes (ék, «pk) and (O, ¥x) .

Let us take the arbitrary vector e, = ax, (cos 83, sin 3, 0, 0), lying in the
plane (9, 1,0) , and determine the projection of the state-of-the-system vector
y onto the direction defined by the vector a.:

t
Yo, = (¥ @) = /K(tk,t) [By (f1 + £2) + bo] e, dt. (10.172)
0

To plot the area it is required to determine the maximum of the projection
Ya. at additional conditions (10.160) and (10.161) imposed on the vectors f;
and f, i.e. we must find the maximum of a functional of the form

A A
J= o = 5 (Crfi 1) = 1] = T ((Cafe - £2) ~ 1], (10.173)

where A; and Ag are Lagrangian multipliers;

1 10 0 O
— 0 0
€ ax 0 01 0 0
1
Ci=| 0 Z—00], Cy= 100 0
Emax €max

0 0 10 1
00 0 —
0 0 01 €2
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According to the theory presented in Sect. 4.3, the maximum value of the
functional J is equal to the following sum of Lagrangian multipliers:

Jmax = AL+ )\2, (10174)
that are determined from the relationships

(C{'Da, - Dar,) = A%

10.175
(C;'Dax, - Dat,) = A3, ( )
where
te
D= /(KBl)*d'r.
0

It follows from expressions (10.175) that in order to obtain the values \;
for any direction of the vector a, it is sufficient to determine the numerical
values of the matrix D once. The vectors f; and f2 that give a maximum
value to the projections of the vector y onto the direction of the vector ar,
are:

1
fim = —C7 ' Daws;  fom = —C5' Dax,. (10.176)
A1 A2

Having substituted the values fi,, and f5,, into solution (10.169), we ob-
tain

ti
Ym = D*f\m + D*fp, + /KbodT. (10.177)
0

To plot the projection of the area onto the plane (ék, wk) it is sufficient

to determine two projections of the vector y., (Yim and yon,) :

ék =Yim = dﬁ)sym + dg;)szm + dg*:;)eym + d§z)emm + Y1x;

j (%) (*) (*) (*) (10'178)
Ve = Yam = dg; Eym + d22 Exm + d23 €ym + d24 €zm + Yok,

where €ym, €zm, €ym; €zm are the components of the vectors fi,, and fo,,
(10.176).
A point of the boundary of the projection of the area corresponds to

each pair of the numbers y1,, and ys,, on the plane (9k,¢k) Expressions

for projections ¥1,, and yam, (10.178) embrace the non-random components
Y1, and ysx that can be ignored when plotting the area, because they do
niot influence its form The numericall values of parameters that enter into
equations of motion (10.164), (10.165) and conditions (10.160), (10.161) are
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e10'd o =210° ¢, =310°
¢, =10°
¢, =4+10°

w

Fig. 10.26.

l=6m;l; =1m; mg=600N; Jo =4-10° kg-m?; Jo; = 50 kg-m?;
c2 = 4:10° N/m; a; = 0; emax = 5-1073 m; epax = 1073 rad; R = 10% N;
tr = 0.49s.

Changing # (Fig.10.26) from 0 to 360° and determining 31, and yon,
for each value of 3 (practically for a number of discrete values of §), we
obtain the projection of the area of possible values (Fig. 10.26) of the angular
velocities of the axis of the body at the instant of its exit from the tube.

An area for a number of rigidity values ¢; is given in Fig. 10.26. It substan-
tially depends on the parameters of the system, in this case — on its rigidity
(at a fixed value of cp). There is such value of ¢;, at which the area becomes
minimal. This value may be considered optimal (as, when solving technical
problems, it is desirable to have the minimal area of possible values of the
vector of the systems disturbed motion).

10.8 Determination of the Maximum Values of Linear
Functionals at Independent Excitations

In analyzing the motion of a dynamic system it is often required to determine
the extreme values of some function J that characterizes the quality of a
process and depends on the vector y of the disturbed state of a system at a
fixed time instant ¢, for example

J=L(yk), (10.179)
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where the vector y satisfies an equation of the form
y + Ay = Bf, (10.180)

and the components f; of the vector f satisfy restrictions (10.18) or (10.23).

In applied problems the function L (yi) represents a certain estimation
characteristic (process quality criterion) that describes the deviation of a
process from the given state. In these cases the disturbed-state vector yy is
considered a small one and the function L (yx) can be expanded into a series

L(yx) = (Lk - y) + (Loyk - yx) + AL, (10.181)

where (Lg, yx) is the linear part of the expansion presented as a scalar
product; (Loyk, yx) is the square-law part of the expansion; Ly is the

vector with components (-—-Ii-> ; Lo is the matrix with elements
ayki Yr:i=0

0%L
OYriOYx; | yi=9

For exarrjlple, Sect. 10.3 dealt with the motion of a rocket subjected to
the action of a random exciting moment M} limited in absolute value (see
Fig.10.13). Such a moment can take place at the action of random wind gusts
or at random misalignments of thrust. Although it is usually very difficult to
obtain information on the random action of a wind, which is indispensable
when applying methods of the theory of random processes, at the same time
we cannot ignore the effect of the winds possible action. Therefore there is
a necessity for estimating its greatest possible effect with a limited volume
of information on this score, including data on the greatest possible wind
velocities in a given geographical place, which allows us to determine the
area of possible values of the exciting moment M, (Fig.10.14).

Example 10.2 involves the obtainment of the area of possible values of the
angle ¢ and ¢ at the time instant ¢;. These values can be considered as the
angular deflection of the axial line of a rocket (and its first derivative) from
its nominal value, i.e. ¢ and ¢, can be considered small quantities. If by the
time instant ¢; we shall basically mean the instant of termination of the action
of the force R, the subsequent motion of the body will follow a trajectory
differing from the estimated one. The estimated trajectory that corresponds
to the distance xp on the axis z, terminates in point A (Fig.10.27). The
possible trajectories at all other conditions being equal depend on ¢ and
¢x. Let Az denote the deviations of the body’s fall points from point A.
Then Az becomes a function of ¢r and ¢;. Owing to the boundedness of
the area of possible values of (pr, k) and of the time of motion on the
passive segment of the trajectory the distance dispersion Az(px, ¢i) is also
a bounded function. Let us take that Axy.. < z. Expanding the function
Z(Pry @) rintorar Taylor seriestand confining ourselves to the linear part of
the expansion, we obtain

=0; and AL’ is the remaining sum of a series.
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Fig. 10.27.
Oz oz
A pr) = —— — 10.182
z (pk, Pk) 3or 2% g (10.182)
or
J= (L), (10.183)
oz
_ |9k | _ ek
where Ly = 5 ;W= o are the components of the vector Ly that
z
Opx

are considered known.

It follows from (10.183) that Az is a linear functional dependent on the
vector @y. It is required to determine the extreme value of Ax at the known
area of the possible values of the random exciting moment M), and the possible
effect (the worst one) of the random wind action.

In the general case, this problem is stated in the following way: at the
fixed time instant ¢y it is required to determine the extreme value of a linear
functional of the form

J=(Lk yk), Y=y (t) (10.184)
provided that the vector y satisfies the following vector-matrix equation
y+ Ay = Bf, (y(0) =yo), (10.185)

and the components of the vector f satisfy conditions (10.18) and (10.23).
The vector Ly is specified with its components being linearly independent,
n

i.e. the relationship ZLk,-a,- can be satisfiedonlyif oy = ags =--- = a, =0.

i=1
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Let us consider the case of excitations f; being independent, i.e. satisfying
conditions (10.18). Then, we multiply scalar equation (10.185) by some vector
L:

(L-3)+ (L- Ay) = (L - Bf). (10.186)

Let us transform the first term in the left-hand side of equation (10.186)
to the form

L-y)=L-y) - (I': : y) : (10.187)
Equation (10.186) with the use of (10.187) takes the form

(L-yj - (L : y) + (L - Ay) = (L - Bf). (10.188)
Let us integrate both parts of equation (10.188) with respect to ¢:

tr ti

+/[(L-Ay)—— (L-y)]drzf(L-Bf)dT.
0 0

L-y)|_ - @)
t=tg

(10.189)
The expression under the integral sign can be transformed to the form
(L - Ay) — (IL - y) = (A*L-y) - (L : y) - (A*L - L) -y.  (10.190)

Let us demand that the vector L at the time instant t; be equal to the
vector L. From relationship (10.189) we finally obtain

J = (Lg - &) :/(L—A*L-y)dr+/(L-Bf)dT+(L0-y0). (10.191)
0 0

Let us require that the introduced vector L satisfy the equation

L—- AL =o0. (10.192)

Finally, we obtain the expression for the functional
th
0

For solving equation (10.192) it is better to pass to a variable 1, =t — 7
(at m =0 K (0) = E):
dL

— + A*L =0. 10.194
Tt (10.194)
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The solution of equation (10.194) is
L = K (1) Lg. (10.195)
(atm=0 K(0)=E).
By manipulations we obtain
tx
= [ (K ) Le- B dn + (Lo yo),
0
or
te
J1= /(B*K (1) Lg - f) dm1 + (Lo - yo) - (10.196)
0

We obtain the vector Lg from (10.195) at 71 = tg, i.e.
Lo = K (to) L. (10.197)

If the vector of initial values yg is zero, we have

te
J1 =/(B*K(71)Lk -f) di. (10.198)
0

At random functions with time-constant boundaries (f;; = +a) we have

tr .
5= (1B K @)ldn L -a (10.199)
]

From relationship (10.198) it is easy to find the variation law of the com-
ponents of the vector f that give a maximum value to the functional J. In
scalar form expression (10.196) is

n U n

Ji= Z/ Zpiijjfi dm + Z (Loiyoi), (10.200)
i=1

=17 \Jj=1

where p;; are the elements of a matrix P = B*K (71) .
n

We find the maximum of expression Z (LoiYoi), having determined yo;

i=1
from the following conditions:

Yoi = Yim, if Lo >0,
Yoi = Yim, i Lo <O0.
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n
Let 73, be the values of time in which the integrand Zpiijj reverses
j=1
sign.
The maximum value of the first term in right-hand side of (10.200) is
determined from the formula

tik+1

n n n 4 n M.
> [ (Srstite)an =303 [ |(Snote | {2} an
'i=10 Jj=1 j=1

i=1 k=1 0
(10.201)

Either the function M; or m; depending on the sign of the function

n
Zpiijj =0 (10.202)

will be under the integral on each of the intervals from ¢; ¢ to ¢; x+1.
If on the interval (¢; x,ti k+1) 0; > 0, there will be M; under the integral
in the right-hand side of expression (10.201), and if §; < 0, m; will be there.
The presented method enables us to determine not only the maximum
value of Ji, but also the worst variation law of the function f;. If the bound-
aries of the areas of possible values of f; are independent of time, i.e. f; = +a;,
the expression for the maximum value of J; takes the form

i=1

n tx
=Y a / |6:] dr; + mz Loiyos.- (10.203)
= 0

When determining the maximum value of J;, we established the variation
laws of the functions f; that give a maximum value to Jj. If to include these
laws in expression (10.25), some vector y will be obtained. Will it be inside
the area of possible values or only touch its surface?

If the vector y for the found laws f; is inside the area of possible values,
it means that the maximum of the functional J; is reached on the internal
vectors y; if this vector only touches the surface bounding the area, the
maximum is reached on the vectors which determine the limit surface of the
deviations area.

Let us show that the maximum value of the linear functional J = (L - yx)
is reached on the vectors which define the limit surface of the area of possible
values of the system state vector. To make it clearer let us consider the
particular case of the vector y, having two components. Here the area of
possible values is bounded by a flat curve on the phase plane (Fig. 10.28).

Let us assume that, the maximum J = corresponds to the vector yj
(Fig. 10.28):
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Fig. 10.28.

J = (Lg - yx) = max. (10.204)

Any vector yj, directionally coinciding in direction with the vector yi max
can be written as

Yk = kYkmax; (10.205)

where k is the scalar multiplier that varies from zero to unity.
Substituting yx into expression (10.204), we obtain

J=k (Lk . ykmax) . (10.206)

It follows from expression (10.206) that for any vector y, directionally
coinciding with the vector yxmax the value of the functional J for a given
angle can only be smaller than that for the vector yxmaxthat determines the
boundary of the area, as was to be shown.

Let us determine the maximum value of the linear functional in the case
of several sections of motion being available. We shall consider the motion
of a system on the interval (0,t;) when there are several of time intervals
(s, ti31) on which the action of different random excitations f; occurs while
the dimensionality of the vectors f; may differ (their dimensionality consid-
ered to be smaller than that of the equations of motion of the system). Let
us, first, consider a case where the dimensionality of the equations of mo-
tion of the system is the same on all intervals of motion. We shall begin our
consideration with determining the maximum value of the functional J at
the end of motion (at ¢ = ¢), with this value being depends on all stages of
motion. On each of the time intervals embracing the action of the vector of
random excitations f;, the equation of motion is

Y + A;y; = Bif; (1, =12,..., n) , (10.207)

where n is the number of sections.
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tr
Let us connect linear functional (10.196) J = / (L - Bf)dr + (Lo - yo)

with the n—th (last) section of motion:

thy
Jn = / (Lin - Bpfn) d7 + (Lon - Yon)- (10.208)
0
The value of Ly, (t,) is known, therefore it is possible to find L, (0) from
equation (10.134).

In its turn, the scalar product (Ly, (0) -y, (0)) represents the value of the
functional on the previous section of motion, i.e.

tkn—l
(Lon - Yon (0)) = / (Ln-1 - Ba1£-1) dr + (Lon_1 - Yon—1 (0)), (10.209)
0

and so on, therefore it is possible to obtain the expression for the functional
dependent on the motion of the system on the whole interval (0, t;):

J= zn: / (Lz . Bifi) dr -+ (LOl 'yi (0)) s (10210)

=17

where Loz, y1 (0) are the values of the vectors L, and y; in the beginning of
the first interval of motion.
The maximum value of functional (10.210) is

i,
n T
Tmase = ) /(Lz' - Bif;) dr + (Lot ¥1 (0)) s (10.211)
i=1 0

max

n
where Z te, = tg.
i=1

The method of determining the maximum value of each of the terms
entering into the right-hand side of expression (10.210) is presented above.

A mechanical system with the varying dimensionality of a state vector
Y is shown in Fig.10.29. A body moves along a rod and comes into contact
with it in two points: A and B. In the beginning of the motion of the system
the latter has one degree of freedom (Fig.10.29 a), and after the loss of the
contact of the forward support (point ) the system has two degrees of freedom
(Fig. 10.29 b). There are also mechanical systems with the dimension of the
veetoryonsthe first,sectionsofymotionsbeing greater than that on the second
one (Fig. 10.21).
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a)

Fig. 10.29.

Let us consider a system involving two sections of motion, and for the pur-
pose of definiteness we assume that the dimensionality n of the state vector
y1 on the first section of motion is greater than the dimensionality v of the
vector y2. Then we shall consider the second section of the system’s motion
of and some vector Ly connected with this section and having the dimension-
ality of the vector y2. The vector L satisfies adjoint equation (10.194). On
the second section of motion there is a functional

te—tk-1
J2 = / (Lz - Bof) d7 + (Loz - y2(0)), (10.212)
0

where ti, is the time of the systems motion on the first section.

The vector y5 (0) is equal to the vector y;; at the end of the first section,
where yi; is a vector with components that retain their value on the second
section, i.e. the vector y; represents a continuation of the vector y;;. Since,
under the condition of the problem, the vector y; has the dimensionality n
(that is greater than that of the vector y,), then at ¢t = t,

v (tk,) y2 (0)
y1 (te,) = [y12 (tk‘)] = [y12 (tkl):l : (10.213)

The vector y;2 has the dimensionality n — v.
The vector L (0) is determined from the solution of the following equation

dL
-a;% + A3l =0, (7= (th—tw)—1). (10.214)
At 7 = 0 the vector L, is given.

Let us introduce the vector L with n components

L2 (0
1k = [ © . (10.215)
The vector Ly is initial values vector for the equation
dL
AL =0, (r=tk —1). (10.216)

dr
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At 7=0 L; = Lik. Let us present the vector y; (tx1) as
y"1 (te) y2(0)

Yik = [ ) =1 (10.217)
¥y (k) Y1 (tky)

and consider the scalar product (L - y1x) which, according to (10.215) and
(10.217), is

(Lak - ¥1 (tk,)) = (Loz - y2(0)) . (10.218)

In its turn, scalar product (10.218) is a functional connected with the first
section of motion, i.e.

tey

Jy = (le : ylk) = / (Ll . Blfl) dr + (L01 ‘Y1 (0)), (10219)
0

therefore, we finally obtain the expression for the functional J for two sections
of motion

tkl tr —tkl

J = / (Ll . Blfl) dr+ / (L2 . Bgfz) dr + (L01 -¥Y1 (0)) (10220)
0 0

10.9 Maximum Value of a Linear Functional at
Dependent Excitations

Let us determine the maximum value of a linear functional at dependent
random excitations satisfying condition (10.23).
It is required to find the maximum of the following functional

J:/(L-Bf) dr + (Lo - yo). (10.221)
0

A vector of excitations f can be written as
f=H(t)f, (10.222)

where H (t) is the diagonal matrix with continuously time-dependent ele-
ments; fg is the vector, whose components satisfy the condition

(Cifo - fo) < 1.

The components of the vector yo satisfy a similar condition



10.9 Maximum Value of a Linear Functional at Dependent Excitations 413

(Coyoyo) < 1.

Having used Lagrangian multipliers, we obtain a functional of the form

5= [ @ BEE) dr+ (Lo yo)-5 (Cifo - fo) — 114 [(Cayo - y0) 1] =0.
0

(10.223)
Since L = K'Lg, we have
tr
Jy = / [(BH)* KLo - £5] dr + (Lo - yo) - % (Cifo - £) — 1] —
0
- —g [(Coyo - yo) — 1] = 0. (10.224)

Functional (10.224) is similar to expression (10.106) for the projection of
the state-of-the-system vector onto the arbitrary direction determined by a
vector e;. Therefore its maximum value is

Jimax = A+ 4, (10.225)

where
te
A= (C{'DLy - DLo); D =/(BH)*Kd7'; p? = (Cy 'L - Ly).
0

Let us consider the case of the components f; of the vector of excitations
being random discontinuous functions bounded in absolute value, as, for ex-
ample, independent random excitations (see Fig. 10.1). Here it is possible to
present the vector f as

f=H()S ) fo, (10.226)

where H (t) is the diagonal matrix similar to the matrix entering in (10.222);
S is the diagonal matrix whose elements are unit discontinuous functions

The latter can take values +1 with the instants of their discontinuity being
random. Physically it means that the components f; can instantaneously
reverse the sign at random time instants, while the components of vector
(10.222) vary in time continuously. Condition (10.23) for vectors (10.226) is
modified to the form

(C1(H)fo, fo) <1, (10.227)

where
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C1 (t) = (HS)* C () (HS).

If the matrix C (t) is diagonal, the matrix C} (¢) is diagonal too. For example,
for the case of the vector f having three components the matrix C; (t) is

[ h%l 0 0 1
2
|| o
Ci(t) 0 P 0
1 = )
e,
h33

2

N 'flma.x..

where h;; are the elements of the matrix H.

In this special case (when the matrix C () is diagonal) condition (10.227)
does not depend on s;;, as s?i, that are equal to unity enter into the elements
of the matrix C; (t).

Linear functional (10.223) with due account of (10.226) takes the form

tr )\
= /(L  BHSfo)dr + (Lo yo) ~ 5 [(Cufo - £o) ~ 1
0

- g [(Coyo - yo) — 1] (10.228)
The maximum value of J; (10.228) is
Jimax = Am -+ 1, (10.229)

but as opposed to similar expression (10.225) the Lagrangian multiplier A,
is determined with due account of the possible discontinuous variation of the
components of the vector f in time.

Depending on the discontinuous variation of f; in time, the Lagrangian
multiplier X can take different values. Among the possible discontinuous vari-
ations of f;, however, there are such laws of variation, at which A reaches its
maximum value. For this value of A the notation A, is introduced. Let us
determine A, considering expressions for the square of the Lagrangian mul-
tiplier (explanation to (10.225))

22 = (CTb b)), (b = D(°>L0), (10.230)

where
ty
DO = / (BHS)* K dr.

0

The elements bgjl») andrdgrof thexmatrixes BY) = (BHS)" and D = BK
are respectively equal to:
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bg;-) = hissiibjis  dij = hiisii (me’km‘) .

p=1

Therefore, the components of the vector b are

tr n
bk = / (de,,lo,,) hkkskde; (10.231)

0 v=1

as the matrix C !l is diagonal and its elements are positive, the maximum
value of quadratic form (10.230), or, what is the same, of the square of the
Lagrangian multiplier \,, is reached when the components of the vector b
take their maximum values, which occurs at the following variation laws of
functions:

(m) _ { 1, at ge >0, (10.232)

Skk- T\ -1, at gk <O,
where
n
gk = (deulo,/) Rk
v=1

The time instants 7,, when the functions sk reverse the sign (the points
of discontinuity), are determined from conditions

gk = 0. (10.233)

Having determined sg,z), we find a vector f((,m) that corresponds to these

laws. When determining the maximum value of J; condition (10.107) is used

oJ;
o

which in the considered problem results in the following relationship

ti
/ (BHS)* KLdrg — AnCif™ = 0. (10.234)
0

Having determined the maximum value of A, and the variation laws of
the unit functions s{7 (10.232), we find the vector £{m)

i
£ = :\LC{I / (BHS)" KLodr. (10.235)
0
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The vector £™ at which functional J (10.221) with due account of the

. . . . m . . . .
discontinuous variation of components f; ) in time reaches its maximum
value is

£m) = Fgmg{m™) (10.236)

Let us consider a case where during the motion of the system on different
time intervals act different random excitations bounded in absolute value and
satisfying the following conditions

(Cmfgi) .fgf)) <1; (CW = (HS)" C;HS), (10.237)

where the index j corresponds to the j — th interval of the motion of the
system. The time instants of the beginning (to;) and end (tx;) of the in-
tervals are known. Let us confine ourselves to the case of the dimensional-
ity of the system state vector remaining unchanged on all intervals of mo-
tion. Let us determine the maximum value of the linear functional J for

m
the time instant ¢y [ tx = j = 1) tx,; | with due account of the excitations

fYW (5 =1,2 ... m) that act on the system and satisfy conditions (10.237).
For each of the intervals of motion (to;, tx;) we can obtain a functional
similar to (10.221)

tr
JO = / (S(J‘)D(J')*L(J') .féj)) dr+ (L(J') .y(()j)> , (10.238)
0

where
DU = (B(J')H(j))* )

It is possible to present the expression for the functional J) as

1291
J0) = / (Sm D(j)*L(j).f(gi)) dry 476D, (10.239)
0
where
trj—1

JU-1 = / (Su—nD(rl)*L(j-l) _ f(gj_l)) dry+ (L(j—l) .ygi~1>> ,

o

(10.240)
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Let us confine ourselves to the case of one random vector fU) acting on
each of the sections.

The vectors L(()] , entering into (10.238), are determined from the following
equations (at 7, = tx;)

dL
dn

+ ALY = 0; (L<J’> = K; (1) LSj)) . (10.241)

The value of the vector L,(cj ) is known (at the end of the jth section of

motion), which allows us to determine the value of the vector L(()j )

LY = K; (tx;) LY, (10.242)

representing the value of the vector (L{~1)) at the end of the previous section
of motion

) A A2 (10.243)

For the last section of motion we have
tkm

Jm = / (s<m>D<m)*L<m) -fé"”) dry+Jm=1, (10.244)
0

Sequentially eliminating J(™~1) from (10.244) (with the use of recurrent
relationship (10.239)), we obtain

Ms

try
/ Sm DO*LG) .féj)) dr+ (Lg) .ygl)), (10.245)
0

j=1

The integrals entering into the right-hand side of (10.245) contain the
vectors L) which satisfy equations (10.241). The solution of these equations
can be obtained, if we know the value of the vector LY at r = 0, ie. if
the values of L(Y) are known. Only the vector L( ™) is known among the vec-
tors L), This is quite sufficient, however, for the obtainment, by sequential
calculations, of the values of the integrals for each of the sections, beginning
from the last one. Solving equation (10.241) at j = m, we obtain L(()m) that
is equal to the initial values vector Lgcm_l)intended for the solution of this
equation on the previous interval of the systems motion, etc.

As on each of the sections of motion of the system the vectors féj ) satisfy
conditions (10.237)

(C(j)f(gj) -féj)) IS S I E—)
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then, without performing intermediate transformations during the determi-
nation of the maximum value of J; (similar to those considered earlier in the
case of one section of the systems motion), we obtain

m
J1max = p + Z )‘j7 (10'246)
j=1
where
S\ 1 ) .
A= [(C(])) NG .b(J)] ,
tk; (10.247)

b0 — / SODPOLOar, DO = (Bm H(j))* K,.
0

The greatest possible value of the functional J; will be reached at maxi-
mum A;, which occurs at the following variation laws of the unit discontinuous

functions s&)

1 at (Z dkulm/hkk> > 0;
s = - (10.248)
—1 at (Z dkleyhkk) < 0.
v=1]

At the variation laws of the matrixes elements S(), (10.248), the com-
ponents of the vectors b() are equal to their greatest possible values and
with the diagonal matrix (C’(j))_1 having positive elements we obtain the
maximum values of /\?j). Therefore we finally obtain

m
J1max = p+ Z /\j max- (10.249)
Jj=1

10.10 Vibration Protection of Mechanical Systems

In the introduction to this textbook we considered an automobile moving
along a road with random irregularities and an airplane running on an aero-
drome pavement characterized by random asperities (Fig0.1a, b) to illus-
trate the impact of vibrations that arise in the context of randomness. The
acceleration and braking of the automobile and the airplane cause random
vibrations that can be quite strong. These vibrations are fraught with the
failure of control systems and to prevent it different measures of vibration
protection are used in them for instruments.
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Fig. 10.30.

Figure 10.30 a shows a special-freight automobile very vulnerable to great
overloads or shock loads resulting from a breakdown in the suspension during
acceleration or braking.

That is why an additional vibration protection system is used between
the vehicle and the freight to diminish overloads and do not let the masses
my and mg collide with each other at the suspension’s break-down.

The need for the protection of instruments also arises during the active leg
of the flight trajectory of a rocket (Fig.10.31). Random perturbations that
act on the rocket include those depending on the operation of the engine, e.g.,
the random angular misalignment of the thrust (¢), the linear misalignment
of the thrust (e) and the scatter of the thrust (AR), which cause random
inertia forces components acting on the mass m (instrument). As a result
random vibrations of the mass m turn up. For the instrument to operate
normally it is necessary that the displacements of the mass m do not lead
to its collisions with the body of the rocket For example the displacement
of the mass must be within the area shown in Fig. 10.31 by the dotted line.
Methods making it possible to determine the two-dimensional areas of the
possible values of state vector components at a given instant of time are
presented in Sects. 10.4, 10.5 and 10.6. Therefore the vibration protection
system of the instrument should be designed in such a way as to prevent
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the mass m from colliding with the rocket’s body. Other operation quality
criteria of vibration protection systems are also possible. For instance, the
values of linear functionals depending on the component of the state vector
of the system at a given instant of time must not exceed the given values (the
relevant theory is set forth in Sects. 10.7 and 10.8).

Vibration protection systems that do not use power sources are usually
referred to as passive and embrace absorption systems without feedback. Be-
low we shall discuss mechanical systems with a passive vibration protection
of instruments and transported freights. Passive vibration protection systems
have become extremely popular because they constitute very simple struc-
tures. As a rule, they consist of elastic and dissipative elements. Fig. 10.30
shows passive vibration protection devices (shock absorbers) made of elastic
elements and of viscous-friction ones (stiffness of elastic elements is denoted
by ¢ and viscous-friction coefficient is indicated by a).

However, passive vibration protection systems have a disadvantage: they
function effectively (at ¢ and o chosen by calculations) only at certain per-
turbations.

If the perturbations change, e.g. the frequency range for determined per-
turbations or spectral densities for random perturbations change, we have
to determine new appropriate values of ¢ and a to make the performance of
shock absorbers effective.

Vibration protection systems using feedback (active vibration protection
systems at determined perturbations) are free of this drawback as the control
system of the vibration protection device realizes a continuous variation in ¢
and « at a continuous variation in perturbations, which allows the vibration
protection system to operate effectively all the time.

It is very difficult to analyze vibration protection systems (passive and
particularly active ones) at random perturbations during non-steady (non-
stationary) processes even in cases when we have all necessary information
about random perturbations. In addition to this, probabilistic estimations
of vibration protection systems are not always acceptable. For example,
when transporting dangerously explosive freights, where collisions between
the freight and the vehicle are impermissible, the probability of motion of the
system without collisions obtained by calculations, however small it may be,
does not guarantee the absence of collisions at a particular process realization.
The probabilistic estimation of the possibility of collisions is advantageous for
making comparisons of different designs of vibration protection systems. The
design of a vibration protection system that has the smaller probability of
collisions can be considered more appropriate. One cannot, however, be sure
of the absence of collisions.

Therefore, the probabilistic methods of analysis of vibration protection
systems that must guarantee the fulfilment of quality criteria, for example,
the absence of collisions between the instrument (freight) and the foundation
are'notralwaysracceptablemIfiwerhiave no necessary statistical information
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about random perturbations (this is most abundant case) it is impossible to
analyze vibration protection system using methods of statistical dynamics.
Therefore we must use a theory and methods that allow us to determine
by calculation numerical values of parameters of vibration protection design
(for example, ¢ and «) in conditions of uncertainty of acting perturbations.
The methods presented in the above mentioned paragraphs are some of such
methods of analysis of dynamic processes that are used when there is no
statistical information about random perturbations.

Let us formulate a problem of passive vibration protection, bearing in
mind mechanical systems presented on Fig. 10.30 and 10.31. Random contact
forces f; induced by the random irregularities are acting on a moving vehicle
with a freight (Fig.10.30). To make it easy to grasp let us confine ourselves
by a case where vibrations occur in the plane of the drawing. The mass m
(Fig. 10.31) is acted by a random inertia force linearly dependent on the small
misalignments € and e and on the small scatter of the thrust AR. In both cases
we have mechanical systems with a finite number of degrees of freedom. In
the problem of transportation (Fig. 10.30) the vibration protection system
of the freight must guarantee the absence of collisions between the freight
and the vehicle during the time intervals corresponding to acceleration and

braking. This means that the mutual approach of points (K3, Kél)) and
(K4, K §”) must not exceed the allowable value. An indispensable condition

for a rigidly fixed freight is that the mutual approach of points K3 and Kél)
of the mass m and the body of the vehicle (Fig. 10.30 b) also does not exceed
allowable values.

We need to obtain such numerical values of parameters of the vibra-
tion protection system (c;, a;) at which there are no collisions during the
time intervals corresponding to acceleration or braking, when we have certain
limitations on the random irregularities of the road and on the velocity of
transportation v. As to the vibration protection of the mass m (Fig.10.31),
our task is to determine such values ¢;, a; at which the displacements of the
point O would be inside the given area during the interval of the motion on
the active leg under the action of random inertia forces depending on ¢, e
and AR.

Let us consider a mechanical system with a finite number of degrees of
freedom whose motion is described by a non-homogeneous linear equation of
the following type

ALY + A Y + A3Y = DOFO), (10.250)

where Y = (y1, ¥2, - .-, yn)T is a vector whose components are generalized
linear and angular coordinates; f(1) is a vector whose components are ran-
dom forces and moments; A4; and D) are matrices whose elements in the
general case can be both constant numbers and known functions depending
on time (e.g., for mechanical systems with a variable mass). The term A,Y
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takes forces of viscous friction into account. The elements of the matrix As
depend on the characteristics of elastic elements and on the parameters of
the vibration protection system (c¢;, a;).

Assuming Y = Z, and Y = Z, we obtain an equation similar to that of
(10.24),

Z + A(t,\)Z = D (t)f, (10.251)
where

Z= (Zlaz2)T = (.7]1, yZ;”-ayn; Y1, y27"'ayn)T;

_[ATY AT A _[A7*D®D o £
A‘[o ‘e |0 P= o o =0

A is a vector whose components are the parameters of the vibration protection
system.
The information about random functions (i.e., about components f;l) of

vector f (1)) necessary for the implementation of statistical dynamics is not
available. We know only the areas of the possible values of random functions,

ie. f}l) are random functions bounded in absolute value. Random perturba-
tions f}l) can be independent or dependent.

For independent perturbations the components of the vector f;l) satisfy
conditions (10.18) (Fig. 10.32)

min £ (t) < £ (t) < max £ (). (10.252)

In a specific case max f; and min f; can be constant, including an equality
in absolute value

|max f;| = |min f;| = ;. (10.253)

During the motion of an automobile on a road with random irregularities
the forces f; depend on the height of the irregularities h (z) (x = vt). If we

Fig. 10.32.
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consider the irregularities of a road relative to its average state, then the area
of possible values h(vt) is similar to that presented in Fig. 10.32.

If we tackle a more complex problem where spatial vibrations arise at the
motion of a vehicle, the equations of the small vibrations of a vehicle with
a freight will contain projections of contact forces that are dependable and
therefore meet conditions (10.22)

2

W\ W\
jz Jy I L < 1. 10.254
(ma.xlfﬂ) + (maX|fj(> * (ma.x|fj|) B ( :

The equations of small vibrations of the mass m (Fig. 10.31) relative to
the body of the rocket will include projections of the random inertia force f
that are equal to the sum of three terms dependent on each of the random
perturbations €, e, AR (f,, f.,far) meeting conditions similar to those of
(10.254). The equation of small vibrations of the mass m relative to the body
of the rocket is similar to equation (10.251). For the point mass m vector Y
has six components.

In order to determine the numerical values of parameters ¢; and a; of a
vibration protection system at which collisions will be absent, let us determine
the projections of area D of the possible displacements of the mass m at an
instant tx on three coordinate planes (y10y2), (¥10y3), (y20y3). The algorithm
of determination of two-dimensional areas for dependent and independent
perturbations is presented in paragraphs 10.4 and 10.6 respectively.

If the two-dimensional projections of area D are inside of the projection
of area Dy of the allowable values of the state vector Y (¢x) on coordinate
planes, then ¢; and «; guarantee the absence of collisions during the interval
(0,tx) of the system’s motion.

We can minimize area D by varying parameters c;, a; of the vibration
protection system. This area is denoted by D* and is presented in Fig. 10.33
by dotted line. The appropriate values of c; and aj can be considered optimal.

Fig. 10.33.
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y
I

\'
—_—

Fig. 10.34.

Let us consider a mechanical system with three degrees of freedom shown
in Fig. 10.34 as an example of the numerical determination of values c3, a3 of
the parameters of a passive vibration protection system of the weight (mass
m3). This is not very important in the practical plane but it allows us to
show the algorithm of the numerical analysis applied to the passive vibration
protection of objects under non- stationary vibrations of systems with a finite
number of degrees of freedom at random perturbations bounded in absolute
value.

For the example considered we obtain an equation of small vibrations

Y+ AVY + 4@y = pWsM) 4 p@g@) (10.255)

where

. T
Y= w0, 10 =4,0,07, £ =(0,h0),

o + ao (e %) 0 b
ma ma
A0 | _o2 (oato3) o
mo meo moy
a3 Qas
0 it -
L ms3 mg3 J
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Fc1 + Co _C2 0
mi mao
AD | _C2 atca &
ma ma ma
0o & o
L mg Mg
1 1 2) _ 1
DW= 17" g0f» D® =100 o
| 0 00 0 00

Letting Y = Z,, Y = Z, we obtain
Z + AZ = Df + Dof>,

where

. T ... T
Z= (Zh Z) = (91, Y2, U3, Y1, Y2, ¥3)

£, = (f“), o)T, fy = (f<2>, O)T

AD A® _[DW g D@ ¢
_[—E o] P1=l0 o P2=|0 of

(10.256)

At the initial instant of time the system was at rest. Then it began to
move with an increasing velocity v (acceleration) up to the value v = vk at
an instant t = tx . It is necessary to determine c3 and a3 at which masses mj3
and my would not collide with each other during the interval of time (0, tx)

corresponding to the acceleration.
The solution of equation (10.256) is of the form

t
Z = /G t T leldT+/G t T Dgfzd’T‘

0
From (10.257) we obtain Z; and Zs at an instant {x

tix 174
Z1 = / G DVYfVar + / G11 D@ qr,
0

ti tk
7o = / Gy DVfMar + / G DP£dr,
0

where G11 and G3; are block matrices entering in matrix G.

(10.257)

(10.258)

(10.259)
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After transformations we obtain from (10.259)

tr tr
C1 ay
25 = Yo =/gslr—n;hd7'+/951m—hd7’,
1
0 0
tr iy

(10.260)

The derivative of road irregularities with respect to time (h) enters in expres-
sion (10.260) and we have no information about this derivative. Therefore,
using integration by parts, let us present terms containing h in the form

tr t ti
aq ; aq .
/951—th = g51—h —/g5l‘~hd‘l‘,
ma my 0 my
0 0
tr e tr

. o
/96191]“17': g1 —h
mi my
0

«a
- / g1 —hdr.
0 m
0
As a result we obtain

iy t

c Lo a
Y2 =/(951—1- — gs1—)hdT + gsi—h
ma ma mi
0

)
0

ty

ty
C1 . o1 231
Y2 = /(961""‘ — ge1—)hdT + g1 —h
J my my mi1 |y

(10.261)

(10.262)

The Green matrix at ¢t = ¢ is equal to identity matrix, therefore

173
[e%] (631
—h| =-— 0) —h(0),
951m1 . g51 ( )ml ( )
231 b 25}
ge1——h| = —gg (0) —h(0).
my1 o my

Expressions (10.262) contain derivatives of Green matrix elements (gs;

and gs1) that can be obtained in the following way.

Let us consider an identity
K@t)K™'(t)=E.
Taking derivatives with respect to £ we obtain

KK 1+KK1=0

(10.263)
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By eliminating K (the matrix K meets equation K + AK = 0) we obtain
—A+ KK '=0. (10.264)

Let us multiply equation (10.264) from left by matrix K~! and by matrix
K (tk)

K(tg)K ' - K({tg)K 'A=0,

or

G (tk,t) = G (tk,t) 4, (10.265)

where G (tg,t) is the Green matrix .
Therefore §51 and ge; are equal to

6 6
951= ) 955051, g1 = D O6jaj1. (10.266)
j=1 j=1

In order to determine the area of possible values of y» and y; at an instant tx
let us determine h (7) at which functional J (10.63) attains maximum value
for a given angle o

ty
m'?xJ:yz cosa + ygsina = /(d1 coso+ dgsina)h (1) dr
0

. (6
~ (g51 (0)cosar+ gor (0)sina) 21 (0),

where

6
C1 251

dy = gs1— — E g5;@1 | —,
mi

m
=1 !
6
d C1 aq
2= 061 —— — E 96551 | —.
my = ma

The maximum value of functional J is determined by an integral term. There-
fore a law of h (7) variation which for a given o produces values y, (tx) and
y3 (tx) corresponding to the boundary of the area is

ha () = {max h, at (d1 cosa + dasina) > 0, (10.267)

min h, at (dj cosa + dysina) < 0.

In'order to avoid collisions between the masses m2 and mg (Fig. 10.35) the
following condition
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l=
N
N
N

0.6 -0.4 0.2 / I Mnm 06| y, [m]
JES
sy
-0.4
0.6
Fig. 10.35.
lo+ ys3 (t) — Y2 (t) > 0. (10.268)

must be fulfilled.
During the numerical solution the following quantities entering in equa-
tions were considered

my =20kg, my=100kg, m3=80kg, c; =5 10* N/m,
co=4-10" N/m, c3 =2-10* N/m, a; =1.2-10°Ns/m,
ap =24-103Ns/m, t; =45, |hmax|=|hmin]=0.15m

The areas of the possible values of y2 and ys at an instant ¢, for a series of
values of the coefficient of viscous friction force agj ) (agl) = 760, agz) = 1560,
ag?') = 3040) are presented in Fig. 10.35.

The boundary between the values y, and y3 at which collisions are absent
and values y» and y3 at which collisions are possible is determined by an
equation of a straight line

lo + ys —y2 = 0. (10269)

For the case where [y = 0.2 m this straight line is shown in Fig.10.35 (it is
denoted by a(!)). For a half-plane of the plane (y2,ys) that is situated to the
left of the straight line a(!) an inequality
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lo+ys—y2>0,

fulfills, i.e. there are no collisions.
For a half-plane of the plane (y2,y3) that is situated to the right of the
straight line a(!) an inequality

lo+ys~y2<0

fulfills, i.e. collisions are possible.

In order to have no collisions the straight line a(!) must not intersect the
area (ya,ys)-

In Fig.10.35 the straight line a(!) intersects the areas obtained for the
coefficients of viscous friction agl) = 760 and a:(f) = 1560 (the area of values
of y» and ys for which collisions are possible is shown by hatching). For the
area at a:(f’) = 3040 possible values y, and y3 are situated to the left of the
straight line a(!) i.e. for values cs = 2 - 10 and a3 = 3040 collisions are
excluded.

The result obtained is true for any values {max h| = |min k| < 0.15 m. For
the value l((,l) = 0.28 m (straight line a(?) there would not be collisions at

all values of agj ) because this straight line does not cross the area. And this
result is guaranteed for the given irregularities of the road (h).
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A.1 Elementary Generalized Functions

Dirac Delta Function . Let us consider a function (Fig. A1)

5(t) = % (1—;1—55) : (A1)

having the maximum value at ¢ = 0 and decreasing at modulus [t| growth.
Let us transform the function & (t) by increasing its value at t = 0 by the
factor m

m

W. (A.2)

1
@1 (mt) = ;

The functions @, (mt) for several m are presented in Fig. A2. It can be shown
that the integrals of the functions (1) and (2) are equal to unity, i.e.

+o0 +o0

/@(t) dt=1, /¢1(mt)dt=1.

—0o - 00

As m increases indefinitely (m — o0) we obtain the function that is named
as the Dirac delta function (Fig. A3):

) &(1)

I NG

{

Fig. A.1.
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P(mt)

Fig. A.2.
ot ' l
l dit-t,)
0 t, ¢
Fig. A.3.

The principal properties of the Dirac delta function are:

0 t<O, 0 t<t,
1)6(t)=<00 t=0, d&(t—ty) =00 t=to, (A.3)
0 t>0, 0 t>0

2) §(t) = 6(-1);

oo
3) / 5(t— to) dt = 1;
—o00
4) 8(t) = 6(ae) = ﬁa(e),
where ¢ is a dimensionless quantity.
The integrals containing the Dirac delta function and its derivatives are
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/so(twt—to) dt=—/¢(t)6(t—to) dt = — (t),

where § is the derivative of the Dirac delta function.
For the derivative of n-th order we obtain

[e o]

/ 5 () (1) dt = (1) 9" (ko).

— 00

433

The derivatives of the Dirac delta function can be obtained (as easy-to-

grasp presentation) as a limit of the function derivatives, i.e.

s m AN
”}grloo T (mt) = 6" (t).

The Heaviside Function. The integral of the Dirac delta function with

variable upper limit is

t 0 t<ty;
1
/5(t—to)dt:H(t—t0), H(t—t0)= —2— t = 1g;
—o0 1 t> i,
where H(t) is the Heaviside function (Fig. A4).
Differentiating (4) with respect to ¢ we obtain
dH(t - to)
————L =45(t—to).
T (t —to)
The Function sign(t) (Fig. A5) is
-1 t<0; -1 t < tg;
sign(t)=< 0 t=0; sign(t —to) = ¢ 0 t=1o;
1 >0 1 t>to;

Fig. A.4.

(A.4)

(A.5)

(A.6)
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!

Fig. A.5.

Iz

Fig. A.6.

dsignt
dt

The function f(t) = [t| (Fig. A6) is
dft]

|t} = tsignt; el signt;

—26(t), H(t)= %(1 + signt).

d t|
de?

=28 (t). (A7)

A.2 Values of Integrals J,,

1 T Gliw)
1 ) o
2r J | A (w)|

where

A (iw) = ag (zw)" + a; (iw)"_l + ot a;
G (iw) = bo (i)™ 2 + by (iw)™ 4+ .- + by_y;




Values of Integrals J,

a0a162
b —bg + 2ebs —azbo + agby —
= 0 . Jo=—22 . J.= as
1= El 2= 2 ’ 3=
2(100.1 aoga 2(10((10(13 - a.1a2)

aobs
bo(—a1a4 -+ azag) — apazay + aga1bs + a—(aoag, - alaz)
4 .

Ji =
4 2ap(aoa? + aas — ayazasz) !
M,
Js = —5‘—»
20,0A5
where

Mg = by — (apasas + alai + a%as — azazaq) + aoby (—azas + azaq)+
+ aobg(aoag, - a1a4) + a0b3(—aoa3 + a1a2)+
apb.
+ athe (-—aoalas + a0a§ + a%a‘; - alagag) ;
b4a5

2 2 2 2
A = agay — 2apa1a4a5 — Aga3a2as5 + Aga3za4 + G104 — G1020304.
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A.3 Correlation Functions and Spectral Densities

Corresponding to Them

Correlation functions

Spectral densities

2aD
Dge~elTl PO okl KOO
: 27(a? + w?)
k() As(w)
) '\‘_
o T 0 g
Doe~<l"l cos Br 20Dy w? 4+ 6%+ a?
T (W2— 3 —a?)? - da?u?
Slw)
0 z ol >
2aDy a? + ﬁ2

Dye=ell (cos Br + %sin ,6[1'.')
K(r)

T (W?2-B% - a?)? — 4022

A S{o)

J\
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Correlation functions

Spectral densities

sinwgT &
S » at |w| < wp
0 at |w| > wg
x(f} “'3(93)
0 T 0 D
K(7) = 2msod(T)
bk
1{1
1 I
-
0 T 0 w
B _a21'2 2D, WP
pexp ——— P2
K(7)
S(o)
} —
0 T 0 i
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A.4 Hiawatha Designs an Experiment
by Maurice G. Kendall

1. Hiawatha, mighty hunter
He could shoot ten arrows upwards
Shoot them witli such strength and swiftness
That the last had left the bowstring
Ere the first to earth descended.
This was commonly regarded
As a feat of skill and cunning.

2. One or two sarcastic spirits
Pointed out to him, however,
That it might be much more useful
If he sometimes hit the target.
Why not shoot a little straighter
And employ a smaller sample?

3. Hiawatha, who at college
Majored in applied statistics
Consequently felt entitled
To instruct his fellow men on
Any subject whatsoever.

Waxed exceedingly indignant
Talked about the law of error,
Talked about truncated normals.
Talked of loss of information,
Talked about his lack of bias
Pointed out that in the long run
Independent observations

Even though they missed the target
Had an average point of impact
Very near the spot he aimed at
With the possible exception

Of a set of measure zero.

4. This, they said, was rather doubtful.
Anyway, it didn’t matter
What resulted in the long run:
Either he must hit the target
Much more often than at present
Or himself would have to pay for
All the arrows that he wasted.
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Hiawatha, in a temper

Quoted parts of R.A. Fisher
Quoted Yates and quoted Finney
Quoted yards of Oscar Kempthorne
Quoted reams of Cox and Cochran
Quoted Anderson and Bancroft
Practically in extenso

Trying to impress upon them

That what actually mattered

Was to estimate the error.

One or two of them admitted
Such a thing might have its uses
Still, they said, he might do better
If he shot a little straighter.

Hiawatha, to convince them
Organized a shooting contest
Laid out in the proper manner
Of designs experimental
Recommended in the textbooks
(Mainly used for tasting tea, but
Sometimes used in other cases)
Randomized his shooting order
In factorial arrangements

Used in the theory of Galois
Fields of ideal polynomials

Got a nicely balanced layout
And successfully confounded
Second-order interactions.

All the other tribal marksmen
Ignorant, benighted creatures,
Of experimental set-ups

Spent their time of preparation
Putting in a lot of practice
Merely shooting at a target.

Thus it happened in the contest

That their scores were most impressive
With one solitary exception

This (I hate to have to say it)

Was the score of Hiawatha,

Who, as usual, shot his arrows

Shot them with great strength and swiftness
Managing to be unbiased

Not, however, with his salvo

Managing to hit the target.

439
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10. There, they said to Hiawatha,
That is what we all expected.

11. Hiawatha, nothing daunted,
Called for pen and called for paper
Did analyses of variance
Finally produced the figures
Showing beyond peradventure
Everybody else was biased
And the variance components
Did not differ from each other
Or from Hiawatha’s
(This last point, one should acknowledge
Might have been much more convincing
If he hadn’t been compelled to
Estimate has own component
From experimental plots in
Which the values all were missing.
Still, they didn’t understand it
So they couldn’t raise objections
This is what so often happens
With analyses of variance).

12. All the same, his fellow tribesmen
Ignorant, benighted heathens.
Took away his bow and arrows.
Said that though my Hiawatha
Was a brilliant statistician
He was useless as a bowman,
As for variance components
Several of the more outspoken
Made primeval observations
Hurtfull to the finer feelings
Even of a statistician.

13. In a corner of the forest
Dwells alone my Hiawatha
Permanently cogitating
On the normal law of error
Wondering in idle moments
Whether an increased precision
Might perhaps be rather better
Even at the risk of bias
If thereby ore, now and then, could
Register upon the target.
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The sense of the poem lies in the fact that in the case when it is required to
obtain the guaranteed final result it is impossible to replace it by its
probability estimation.

The theory and the numerical methods of the determination of guaranteed
final results are presented in the last chapter
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Formula

— Bayesian, 14

— Chebyshev, 20

— Wiener-Khintchin, 86, 93, 151

Fokker-Planc-Kolmogorov equation,
103

Fatigue

— crack, 321

— damage, 321

— failure, 325

— strength,

Green matrix, 70, 140, 220, 360, 376,
396, 426

Generalized

— coordinates, 131, 195, 199, 375, 421

— displacement, 299

— function, 92

— virtual work principle, 299, 303

Kolmogorov, 103, 106, 190

Kinematic excitation, 153, 159, 261,
279

Lagrange

— equation, 157, 2562

-~ method, 139

Lagrangian multiplier, 211, 235, 386,
393, 401, 413

Local derivative, 282, 289

Load-carrying capacity, 313

Limit state, 58, 174, 313, 317, 320

Linear functional, 403, 413

Mathematical expectation, 18, 40, 49,
73, 105, 194, 200, 266, 303, 331, 343

Markov process, 101, 119, 183, 189

Numerical characteristics, 18, 32, 42

Orthogonality condition, 223

Probability, 11, 13, 46, 123, 150, 171,

213, 263, 320, 322

— density, 17, 22, 48, 101, 102, 120

— no-failure, 320, 323,325, 330, 335,339

— failure, 320

Probability characteristics, 48, 55, 62,
65, 74, 81, 83, 136, 167, 194, 217, 314

Pulse loading, 202, 227, 321

Principal

- axis, 227, 283, 288, 290, 310

— coordinates, 222

— moments of inertia, 282

Passive vibration protection, 420, 424
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